
TYPE Original Research
PUBLISHED 16 February 2024
DOI 10.3389/fmats.2024.1338251

OPEN ACCESS

EDITED BY

Zhuo Chen,
Sichuan Agricultural University, China

REVIEWED BY

Bing Bai,
Beijing Jiaotong University, China
Xiaodong Pan,
Zhejiang University of Technology, China

*CORRESPONDENCE

Peng Wang,
wrypscre@163.com

RECEIVED 14 November 2023
ACCEPTED 29 January 2024
PUBLISHED 16 February 2024

CITATION

Tang Y, Wang P, Ren P and Zhang H (2024),
Fractional derivative-based normalized
viscoelastic model of strain-hardening clays.
Front. Mater. 11:1338251.
doi: 10.3389/fmats.2024.1338251

COPYRIGHT

© 2024 Tang, Wang, Ren and Zhang. This is an
open-access article distributed under the
terms of the Creative Commons Attribution
License (CC BY). The use, distribution or
reproduction in other forums is permitted,
provided the original author(s) and the
copyright owner(s) are credited and that the
original publication in this journal is cited, in
accordance with accepted academic practice.
No use, distribution or reproduction is
permitted which does not comply with
these terms.

Fractional derivative-based
normalized viscoelastic model of
strain-hardening clays

Yin Tang1, Peng Wang1,2*, Peng Ren1 and Hua Zhang2

1Geotechnical Engineering Institute, Sichuan Institute of Building Research, Chengdu, China, 2School
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Introduction: The stress-strain relationship of clays characterized by strain
hardening exhibits varying curves under different confining pressures and dry
densities.

Methods: Considering the viscoelastic properties of clays, a normalized
viscoelastic model of strain-hardening clay was established based on fractional
derivatives, and normalization factors were proposed.

Results: The experimental results showed that the stress-strain relationship
of the clay was strain hardening. It shows that Chengdu clay has better
normalization conditions. Furthermore, the normalized analysis of this clay
through the viscoelastic normalization model revealed that the straight line of
normalized data displayed a goodness-of-fit of over 0.98. The obtained values
were consistent with experimental results, suggesting the reasonability of the
normalized strain-hardening parameters and elastic moduli.

Discussion: In addition, the superiority of the developed model was verified
by testing the strain-hardening clays in Wuhan, China and Bangkok, Thailand.
After analyzing the strain-hardening parameters and normalization factors of our
model, it was found that the slope of the normalized line can accurately reflect
the strain-hardening ability of the clay. These findings demonstrated that the
proposed normalization factor is preferred for a normalized viscoelastic model.
It shows that the model proposed in this paper has clearer physical meaning and
advancement.
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1 Introduction

Clays significantly influence human activities with their wide distribution worldwide
(Malehmir et al., 2013; Biswas and Krishna, 2018; Chen et al., 2019; Wang and Chen,
2019; Liu et al., 2020). The physicomechanical properties of clays depend on the
interplay of factors such as mineral composition, gradation, structure, density, water
content, stress characteristics, and temperature, exhibiting complex mechanical properties
(Sun et al., 2015; Liu et al., 2016; Zhang et al., 2017; Shan et al., 2020; Chen et al., 2021;
Middelhoff et al., 2021; Bai et al., 2023a; Bai et al., 2023b). Several studies have investigated
the stress-strain relationships of clays. For example, Shang et al. (2015) measured the
stress-strain characteristics of red clay in China under different consolidation stresses
through undrained triaxial compression tests. Under high stress, a significant decrease
was observed in the stress-strain curves and shear strength of this clay after reaching
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TABLE 1 Normalization factors and conditions for Konder hyperbolic
strain-hardening curves.

Normalization factor Normalization
condition

Confining pressure σ3 σ3 = k1E0; σ3 = k2(σ1 − σ3)u

Mean principal stress σm σ3 = km1E0; σ3 = km2(σ1 − σ3)u

Extreme value of deviatoric
stress (σ1 − σ3)u

(σ1 − σ3)u = kuE0

Exponential relation of
confining pressure σn3

σn3 = kn1E0; σ
n
3 = kn2(σ1 − σ3)u

Note: k1, k2, km1, km2, ku, kn1, and k n2 indicate the scale factors.

TABLE 2 Basic physical properties of the clay in Dayun Village, Chengdu.

Clay
sample
site

Water
content/%

Dry
density/g⋅

cm-3

Liquid
limit/%

Plastic
limit/%

Chengdu 23.58 1.64 46.81 20.34

Wuhan 44.16 1.22 51.22 24.10

Bangkok 122–130 0.72–0.74 118 43

peak values. Adachi et al. (1995) probed into the mechanical
properties of clay in Osaka, Japan in undrained triaxial tests.
According to their findings, the stress-strain relationship of Osaka
clay exhibited strain-softening characteristics, and strain rates
exerted obvious effects on the stress-strain relationship of lightly
consolidated clays. Gens (1982) assessed the mechanical properties
of Lower Crorner Till based on triaxial tests and determined the
total stress, effective stress strength, and stress-strain characteristics
under different triaxial test conditions.The stress-strain and strength
properties of two clays, considering different water contents under
triaxial tensile and compression loadings, were examined by Ajaz
and Parry (1975). Furthermore, Cai et al. (2017) evaluated the
mechanical properties of soft clay under traffic loading and reported
that traffic loads significantly affected the deformation of soft clay.
Graham et al. (1983) considered the influence of time on the stress-
strain relationship and strength of clays and summarized that clay
plasticity and stress history were not responsible for the impact of
strain rates on the stress-strain relationship and undrained shear
strength. By investigating the triaxial compression and tensile stress-
strain relationship of saturated remolded clay under various stress
paths, Mitachi and Kitago (1979) discovered that stress paths and
conditions markedly impacted the stress-strain relationship of this
clay and proposed a new method for predicting clay stress-strain
relationships.

Clay is a typical soil with pronounced viscoelasticity.
Hammouda and Mihoubi (2014) compared the elasticity and
viscoelastic mechanical properties of clays under dry conditions
and observed that the actual mechanical properties of clays
highly conformed to viscoelastic mechanical properties. Liu et al.
(2015) introduced a generalized Kelvin-Voigt model to analyze the
viscoelastic properties of marine clay. They reported that this clay

FIGURE 1
Deviator stress-strain curves for the Chengdu clay: (A) ρd =
1.60 g cm-3; (B) ρd = 1.64 g cm-3; (C) ρd = 1.68 g cm-3.

possessed good viscoelasticity, significantly affected by the degree
of consolidation. Based on the influence law of three pure clay
minerals (kaolinite, montmorillonite, and illite) on viscoelasticity,
Ni and Huang (2020) discovered that mineral composition had
the maximum influence on the viscoelasticity of clays. Specifically,
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TABLE 3 Cohesive forces and internal friction angles of Chengdu clay at
different dry densities.

Clay
sample
site

Dry
density/g·cm-3

Cohesive
force/kPa

Angle of
internal
friction/°

Chengdu

1.60 43.566 11.160

1.64 52.968 13.342

1.68 55.359 17.500

Wuhan 1.22 10.600 18.000

Bangkok 0.72–0.74 0 21.700

FIGURE 2
Normalized curves of the Chengdu clay under various dry densities
and confining pressures.

montmorillonite exerted a greater effect on clay viscoelasticity
than the other two minerals. Studies also analyzed the viscoelastic
properties of clays, considering their rheological properties (Li and
Yang, 2018; Ren et al., 2021).

Strain hardening of clay is an important indicator of stress-
strain relationships and viscoelastic properties. Strain-hardening
curves are influenced by confining pressure, dry density, etc.,
typically constituting a family of similar curves. On this basis,
a normalized model of strain-hardening clay was proposed to
describe the strain-hardening relationship. Vucetic (1990) pointed
out that normalized analysis of stress-strain curves could be
achieved using effective consolidation stress as a normalization
factor in their study on the undrained stress-strain characteristics
of marine clay under irregular cyclic simple shear loading. Stróžyk
and Tankiewicz (2016) studied the stress-strain relationship and
elastic modulus Eu50 of stiff clay and proposed an improved
normalized model. Gurtug (2011) established two normalized
models to predict the compressive behavior of high plastic
clay, considering the void ratio and consolidation pressure. The
results showed that both models had a good predictive effect. By

investigating the mechanical behavior of normally consolidated
and over-consolidated clays under cyclic loading, Vucetic (1988)
found that clay shows good normalization behavior under
consolidation stress and proposed corresponding normalization
methods. Lyu et al. (2020) explored the influencing pattern of
structure and depth on the stress-strain relationship of red clay and
devised a new normalization method to determine the mechanical
law of clays.

Despite diverse perspectives from current studies delving
into stress-strain relationships and normalization methods of
clays, a research gap on the normalized model characterizing
the stress-strain relationship of clays considering viscoelasticity
remains. To address this research gap, we developed a normalized
viscoelastic model of strain-hardening clay, and the rationality
and applicability of this model were analyzed utilizing clays
from Chengdu and Wuhan in China and Bangkok in Thailand
under varying dry densities and confining pressures. It is
found that the normalized linear slope can accurately describe
the strain-hardening ability of the clay, conferring a preferred
alternative for normalization factors. This paper provides a
novel reference for exploring the normalized viscoelastic model
of clays, effectively promoting research on the mechanical
properties of clays.

2 Stress-strain relationship of the clay

In traditional triaxial compression shear tests, stress-
strain relationships of clays under deviatoric shear mainly
include strain-hardening, strain-softening, and ideal elastoplastic
relationships (1963). The strain-hardening relationship curves
exhibit identical trends under different confining pressures,
and normalization factors can be employed to unify these
curves, allowing for a simplified relationship. Common
normalized models for strain hardening of clays are derived
from the hyperbolic strain-hardening model by Konder [30], as
expressed in Eq. 1.

σ1 − σ3 =
ε1

a+ bε1
(1)

where a and b represent the hyperbolic parameters, σ1 and σ3 are the
axial stress and confining pressure of the triaxial test, respectively,
and ε1 stands for the axial shear strain.

According to the property of the hyperbolic strain-hardening
relationship, common normalization factors and conditions are
listed in Table 1.

Although normalization of strain-hardening curves
using the Konder hyperbolic model provides a good
fitting effect, it has shortcomings such as lacking physical
significance, excess restrictions on normalization conditions,
and poor performance in reflecting the influence of
stress history.

Given the memory effect of fractional calculus on the stress
history of materials, it is widely applied to describe the mechanical
properties of viscoelastic materials. In this paper, fractional calculus
was introduced to reveal the viscoelasticity of clay featuring a strain-
hardening relationship.
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TABLE 4 Calculations of viscoelastic parameters with various dry densities and confining pressures.

Dry density/g·cm-3 Confining pressure/kPa Calculation parameters

E0/MPa α

1.60

100 3.7554 0.8151

200 4.5879 0.8050

300 5.3359 0.7973

1.64

100 4.4395 0.8066

200 5.4131 0.7966

300 6.4405 0.7878

1.68

100 5.1332 0.7993

200 6.1641 0.7900

300 7.6275 0.7792

According to the Riemann-Liouville fractional calculus theory,
the integral of the α-order function f (t) is defined as in Eq. 2.

d−α f(t)
dt−α
= 1
Γ(α)
∫
t

a
(t− x)

α−1
f(x)dx (2)

Fractional calculus is expressed as in Eq. 5.

t0D
α
t f(t) =

dα f(t)
dtα
= dn

dtn
[D−(n−α) f(t)] (3)

where α > 0 indicates a fractional order, Γ(∗) is a Gamma function
defined as Re(z) > 0 Γ(τ) = ∫∞0 e−xtτ−1dx.

The viscoelastic model for strain-hardening of clay is shown in
Eq. 4.

σ1(t) = E0Dαε1(t) (4)

where E indicates the elastic modulus of clay, α reflects the
viscoelasticity and strain-hardening ability of clay, and 0<α < 1.

In triaxial tests, constant strain rate loading is typically used, and
the strain-time relationship is described as follows:

t =
ε1
v0

(5)

where v0 denotes the applied strain rate in triaxial compression tests.
Substituting Eq. 5 into Eq. 4, a clay viscoelastic model in triaxial

tests can be derived in Eq. 6.

σ1 − σ3 = E0v
α
0
ε1(

1−α)

Γ(2− α)
(6)

3 Normalized viscoelastic model

3.1 Normalized model

To establish a normalized model of strain-hardening clay, the
logarithms of Eq. 6 are taken from both sides, and the outputs are
shown in Eq. 7.

ln(σ1 − σ3) = A× ln (ε1) +B (7)

where A and B are model parameters, calculated according to Eq. 8.

{{
{{
{

A = 1− α

B = ln[
E0v0

α

Γ(2− α)
]

(8)

N is defined as the normalization factor of the model and
introduced into Eq. 7 can be obtained as in Eq. 9.

N× ln(σ1 − σ3) = AN × ln (ε1) +BN (9)

where A N and B N are illustrated in Eq. 10.

{{
{{
{

AN = N(1− α)

BN = N× ln[
E0v0

α

Γ(2− α)
]

(10)

AN and BN are taken as normalization constants when analyzing
the normalized strain-hardening curves.

3.2 Normalization factors

According to Eq. 10, the normalization conditions for the
viscoelastic model is that N is inversely proportional to both
(1-α) and ln [E0v0

α/Г(2-α)]. The normalization factor of clay
viscoelasticity can be expressed by Eq. 11.

N = 1

ln[(σ1 − σ3) f]
(11)

where (σ1-σ3)f is the deviatoric stress-induced damage in
triaxial tests or the deviatoric stress applied to clays under
different strain conditions, depending on the needs of the
normalized analysis.
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FIGURE 3
Correlation between experimental and calculated values for the
Chengdu clay:(A) ρd = 1.60 g cm-3; (B) ρd = 1.64 g cm-3; (C) ρd =
1.68 g cm-3.

Given the plane strain conditions of the triaxial shear test, when
(σ1-σ3)f is determined by the deviatoric stress, (σ1-σ3)f can be
calculated as Eq. 12.

(σ1 − σ3) f = (AF − 1)σ3 +BF (12)

FIGURE 4
Deviator stress-strain curves: (A) Wuhan clay; (B) Bangkok clay.

whereAF and BF are the criterion parameters of soil failure strength.
After substituting Eq. 11 into Eq. 9, we obtain the clay

normalized viscoelastic model, as shown in Eq. 13, where AN and
BN are illustrated in Eq. 14.

ln(σ1 − σ3)

ln[(σ1 − σ3) f]
= AN × ln (ε1) +BN (13)

{{{{{
{{{{{
{

AN =
(1− α)

ln[(σ1 − σ3) f]

BN = ln[
E0v0

α

Γ(2− α)
]/ ln[(σ1 − σ3) f]

(14)

4 Triaxial tests

4.1 Basic properties of the clay

The clay from the construction site in Dayun Village, Chengdu
was utilized. Its basic physical properties are shown in Table 2.
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FIGURE 5
The relationship curves between the normalized factor and confining
pressure of Wuhan clay and Bangkok clay.

FIGURE 6
Normalized curves: (A) Wuhan clay; (B) Bangkok clay.

FIGURE 7
Correlation between experimental and calculated values: (A) Wuhan
clay; (B) Bangkok clay.

4.2 Test methods

The triaxial shear tests under axisymmetric test conditions are
performed: 1) Specimen preparation. The specimens were prepared
at 76 mm in height and 38 mm in diameter. Dry densities were
determined at 1.60 g cm−3, 1.64 g cm−3, and 1.68 g cm−3, and water
content was 23%. Since the samples are fine-grained clays that
cannot be easily saturated, specimen 2d (2 days) was saturated by
water filling under vacuum conditions, followed by backpressure
saturation using GDS. 2) Consolidation. Confining pressure of
100 kPa was applied to the loaded samples at 0.1 kPa/min. After
that, the specimens started to consolidate, and this process was
completed when the pore water pressures dropped to backpressures,
and the corresponding history curve became stable. 3) Consolidated
undrained (CU) triaxial shear tests. CU triaxial shear tests were
conducted with confining pressures under different dry densities of
100 kPa, 200 kPa, and 300 kPa, a maximum shear strain of 15%, and
a shear rate of 0.01%/min.
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FIGURE 8
Normalized lines with various strain-hardening parameters.

4.3 Experimental results

Figure 1 shows the deviator stress-strain curves of the clay in
Dayun Village. It can be seen that under tested confining pressures,
the stress-strain relationship curves of the clay belong to strain
hardening, and the deviatoric stress increases with the increasing
strain. When the confining pressure elevates, the deviatoric stress
upgrades noticeably under the same strain conditions. The cohesive
forces and internal friction angles of Chengdu clay under different
dry densities are described in Table 3.

5 Analysis of normalized properties of
the strain-hardening relationship

5.1 Normalized analysis of Chengdu clay

The soil failure strength was determined following the Mohr-
Coulomb failure criterion, and the normalized parameters AF and
BF are expressed in Eq. 15.

{{{
{{{
{

AF =
1+ sin φ
1− sin φ

BF =
2c cos φ
1− sin φ

(15)

From Eqs 12, 15, (σ1-σ3)f can be obtained, as expressed by
Eq. 16.

(σ1 − σ3) f =
2c cos φ+ 2σ3 sin φ

1− sin φ
(16)

The strain-hardening curves of the clay under dry densities
and confining pressures in Figure 1 were normalized and analyzed
according to Eqs 7–16, and the results are summarized in Figure 2.

The viscoelastic parameters E0 and α of the clay under different
dry densities and confining pressures are calculated according to the
fitting results in Figure 2 and Eq. 14, and the calculations are given
in Table 4.

FIGURE 9
Normalized fitting curves with different normalization factors (ln (∗ )
represents the normalization factor in figures): (A) Chengdu clay;
(B)Wuhan clay; (C) Bangkok clay.

Under normalization conditions, the elastic modulus E0 of
Chengdu clay increases with the elevated dry densities and
confining pressures.The strain-hardening index α decreaseswith the
increment in dry densities and confining pressures, demonstrating
that the soil-hardening ability is enhanced under the influence of
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dry density and confining pressure. These findings indicate that
the viscoelastic mechanical parameters solved under normalization
conditions are scientifically reasonable.

The resulting values from tests and the normalized viscoelastic
model were compared, and the results are depicted in Figure 3.

The compared values are in good agreement. The computed
results can accurately describe the whole process of strain
hardening of the clay under different dry density and confinement
pressure conditions, indicating the reasonability of the present
normalized model.

5.2 Normalized analyses of clays in Wuhan,
China and Bangkok, Thailand

To validate the applicability of the proposed model, the strain-
hardening curves of clays in Wuhan (Zhang et al., 2006)and
Bangkok (Surarak et al., 2012) were normalized, and (σ1-σ3)f
represents the deviatoric stress under the maximum strain
conditions.The basic physical properties of the two kinds of clay are
shown in Table 2 and Table 3. The stress-strain curves for the two
clays are plotted in Figure 4. And the relationship curves between
the normalized factor and confining pressure of Wuhan clay and
Bangkok clay are plotted in Figure 5.

The two clays are characterized by strain hardening. Normalized
analyses were conducted on their strain-hardening curves according
to Eqs 7–14, and the outcomes are illustrated in Figure 6.

Referring to the normalized results, the experimental values for
strain hardening of the two clays were compared with the calculated
values of the normalized viscoelastic model.The comparison results
are described in Figure 7.

The test values of both strain-hardening clays are highly
consistent with the calculated ones of the proposed model,
indicating that this model can accurately describe the clay strain-
hardening law. In summary, the present normalized viscoelastic
model is applicable to strain-hardening clay.

6 Discussion

6.1 Strain-hardening parameter α

From Eq. 6 and Table 3, α decreases with the increasing
confining pressure and dry density, indicating that strain hardening
is correlated to both factors. In addition, α reflects the strain-
hardening ability of the clay, which is also enhanced with the
elevation of the two mentioned variables.

The normalized viscoelastic curves under different α values are
shown in Figure 8. Curve families under various α rotate in the
stress-strain plane with ln (ε1) = 0 as the center under normalization
conditions. When ln (ε1) < 0, ln (σ1-σ3)/ln (σ1-σ3)f increases with
the increasing α; otherwise, it decreases with the rising α. Despite
the growth at ln (ε1) < 0 (ε1 < 1%), the strain-hardening ability of
clays is mainly observed after ε1 > 1%. It can be concluded that
α can reflect the strain-hardening ability of clay when the strain
is greater than 1%. Within the total strain range, the linear slope
of the normalized viscoelastic model decreases with the increasing
α, indicating no effects on strain curves. The slope of the straight

line can reflect the strain-hardening ability of clay with relatively
high accuracy.

6.2 Normalization factors

Taking Chengdu clay, Wuhan clay and Bangkok clay as
an example, ln (σ3), ln (σ1-σ3)f , and ln (σm) were selected as
normalization factors to analyze their influences on the model,
and the results are presented in Figure 9. In the case of ln (σ3),
the normalized data for clay of Chengdu and Wuhan are highly
discrete. In the case of ln (σm), the results of the experimental
data of Chengdu clay are poor, but the results of the experimental
data of Wuhan clay and Bangkok clay are good. In the case of
ln (σ1-σ3)f , the normalization of test data of three kinds of clay is
the best. Based on the above analysis, ln (σ1-σ3)f is recommended
as the preferred normalization factor for normalized viscoelastic
models of clays.

7 Conclusion

In this paper, a normalized viscoelastic model for clays
under strain-hardening conditions was proposed to investigate the
viscoelastic properties and strain-hardening relationships.Themain
findings are summarized as follows.

(1) A viscoelastic model for strain-hardening clays in triaxial
shear tests was established according to fractional
calculus theory. Additionally, ln (σ1-σ3)f was selected
as the normalization factor to construct a normalized
viscoelastic model.

(2) The viscoelastic normalized model is used to normalize
the strain hardening test data of clay in different sites.
It is found that the fractional derivative viscoelastic
normalized model proposed in this paper can accurately
describe the strain hardening relationship of clay, indicating
that the model proposed in this paper is scientific,
applicable and superior.

(3) Through the discussion of strain hardening parameter α and
normalization factor of clay, it is found that the normalized
linear slope can describe the strain hardening ability of clay
more accurately. ln (σ1-σ3) f is the preferred normalization
factor of clay viscoelastic normalization model. It further
shows that the model proposed in this paper has clearer
physical meaning and advancement.
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