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The arch is a common structural form in bridge engineering; its collapse is often
caused by instability. In this article, in-plane nonlinear instability of pin-ended functionally
graded material (FGM) arches with two cross-sectional types under local radial loads
is studied. New analytical solutions to nonlinear equilibrium paths, limit point instability,
bifurcation instability, and multiple limit point instability of pin-ended FGM arches under
local radial load are obtained. Modified slenderness corresponding to different instability
patterns of FGM arches is also derived. Comparison with the numerical results of
ANSYS demonstrates that the analytical solution is accurate. The results show that
cross-sectional types of FGM arches have a great influence on limit-point instability and
bifurcation instability. Localized parameters increase lead-to-limit point instability load
and bifurcation instability load increases, while increasing the modified slenderness ratio
results in decreased limit point instability load and bifurcation instability load. In addition,
a material proportion coefficient and power law index increase can also lead to limit point
instability load and bifurcation instability load decrease.

Keywords: pin-ended arches, functionally graded materials, non-linear instability, limit point instability, locally
distributed radial loads

1 INTRODUCTION

Functionally graded material (FGM) pin-ended arches are usually subjected to local radial forms
of load, and they also may be composed of a variety of materials. The forms of load on arches are
generally local, such as local pedestrian and local vehicle load. However, these local loads may lead
to instability and damage to arches. This article investigates the nonlinear instability of pin-ended
FGM arches with locally uniform radial loads. The instability of arches is being researched by many
scholars at present. Most research has found that the multiple forms of loading acting on arches
may lead to their loss of stability. Accordingly, much of the literature is concerned with arches under
different forms of load or different conditions. The stability of arches is an important problem in
theoretical analysis, which can be termed the “classical buckling theory” (Timoshenk et al., 1962;
Simitses George et al., 1976). However, this theory assumes that nonlinearity and deformation are
not relevant in the pre-buckling of shallow arches. Pi et al. (2002) adopted an energymethod to solve
the theoretical solution of the in-plane buckling loads of arches with a radial uniformly distributed
load on the whole arch axis, thus avoiding the classical buckling theory without considering
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the influence of deformation on pre-buckling. Bradford et al. 
(2002) analyzed the in-plane elastic stability of arches with a
central concentrated load using a virtual work formulation that
considers the effect of nonlinearity and deformation on pre-
buckling. It has also been found that the stiffness of the end
rotational restraints of arches greatly influences the buckling
load (Pi et al., 2007). The buckling and post-buckling research
of shallow circular arches with elastic rotational end-restraints
has been studied by Pi et al. (2009). Cai et al. (2010) studied
the nonlinear pre-buckling of parabolic shallow arches with
elastic supports, finding that the rotational stiffness of elastic
braces has a great influence on the buckling load. The in-
plane stability of shallow arches under vertical uniform load
and temperature variation has been studied (Cai et al., 2012).
The post-buckling differential equilibrium equations of arches
in horizontal and vertical directions are established through the
principle of virtual work (Cai et al., 2013). Based on principles
of virtual variational calculus and displacement, research on the
governing equilibrium equation and the boundary conditions
of circular shallow arches was conducted by Bateni et al. (2014)
and Bateni et al. (2016). Han et al. (2016) addressed three limit
shallowness values and the critical flexibility of the arch for
elastic horizontal support to distinguish buckling patterns.
Pi et al. (2017) analyzed instability and the in-plane nonlinear
equilibrium of the arch with an arbitrary radial point load.
Liu et al. (2017) investigated analytical solutions for the limit
points and instability of arches subjected to an arbitrary radial
concentrated load. Yan et al. (2017) applied the equilibrium
equation of non-uniform shallow arches using the least potential
energy principle. Lu et al. (2018) presented a novel theoretical
solution for limit point, non-linear equilibrium, and bifurcation
instability of arches subjected to locally uniform radial load by
analyzing large amounts of data from finite element analyses.
The out-of-plane buckling theory of doubly symmetric I-
section arches with different parameters has been tested, with
the theoretical solution agreeing with the experimental results
(Lu et al., 2019a). Lu et al. (2019b) studied the transverse flexural
buckling of an elastic steel circular arch with boundary rotation
constraints under locally uniform radial load, conduced the pre-
buckling shear force, axial force, and bending moment of the
circular arch, and the analytical solution to the critical value of
local uniform radial load under flexural and torsional buckling
of the elastic steel arches.

The instability of the homogeneous cross-sectional materials
of arches was discussed in the previous paragraph. At present,
many scholars are studying the instability of FGM arches.
FGMs are a new kind of material, with material changes that
continuously reduce the concentration stress of materials and
improve their properties and function. FGMs are being used
in various fields (e.g., automotive, aerospace, and bridges).
Lu et al. (2021a) researched the non-linear buckling of FGM
arches of three materials with different cross-sectional materials
under locally uniformly distributed radial loads. The multiple
equilibrium and buckling of FG-GPLRC pinned-fixed arches
under central point load were analyzed, and the nonlinear
equilibrium path and buckling load of FG-GPLRC pinned-
fixed arches were derived (Yang et al., 2020). Yang et al. (2022)

assumed that the nanofillers were uniformly dispersed and the
porosity coefficient varied along the direction of the arches’
thickness. The analytical solutions of the dynamic buckling
loads of FG-GPLRC arches were derived by using an energy-
based method (Yang et al., 2021). Lu et al. (2021b) analyzed the
non-linear stability of the axial compression characteristics of
graphene nanoplatelet random-reinforced composites. A new
model was established to decouple the elastic properties of single-
walled boron nitride nanotubes and their material thickness, and
the physical significance of the thickness determination process
and scale parameters of one-atom-thick materials was clarified
(Yan et al., 2022a). Yan et al. (2022b) researched the mechanical
bistability properties and analyzed the stable configuration and
transformation process of bistable graphene under distributed
compressive and uniformly out-of-plane loads according to
a multi-scale computational framework. Rastgo et al. (2016)
derived an instability equation for FGM curved beams. The
properties of the material are identified as a power function of
thickness in the analysis of the FGM arches (Song et al., 2008).
Bateni et al. (2014) examined the in-plane nonlinear instability
of FGM arches and also determined the existence of secondary
equilibrium paths. Asgari et al. (2014) researched an analytical
solution to primary equilibrium paths for FGM arches. Two-
dimensional FGMs were used to explore the buckling of
beams subjected to various boundaries (Şimşek et al., 2016).
The finite element formulation of the general FGM plate and
shell structure is given by using the theory of high-order
shear deformation (Moita et al., 2018). Li et al. (2019) explored
the buckling behavior of FGM arches under pressure and
temperature loading. Lanc et al. (2016) analyzed the nonlinear
instability of FGM thin-walled beams, obtaining numerical
results of responses under lateral and flexural torsional instability
loads. Some analytical studies on the nonlinear instability of pin-
ended FGMarches with locally uniformly distributed radial loads
can be found in previous articles.

In order to discuss the instability of arches under the local
load of pedestrians and vehicles, this article studies the in-plane
instability of pin-ended FGM arches with local radial loads.
In order to analyze the in-plane instability behavior of FGM
arches, two different types ofmaterials are studied.New analytical
solutions are offered to the nonlinear equilibrium path, limit
point instability, and bifurcation instability of pin-ended FGM
arches under local radial load. A modified slenderness ratio of
FGM arches instability mode is here obtained. The localized
parameter, modified slenderness ratio, material proportion
coefficient, and power law index p also are researched in this
article. Additionally, the analytical solution is accurate according
to the finite limit element of shell element SHELL181, compared
with the results of ANSYS.The results illustrate that the analytical
solution to the FGM arches of the limit-point instability load and
bifurcation instability load is accurate.

2 MATERIALS ANALYSIS

In this section, two types of cross-sectional material distributions
are studied.The FGMpin-ended arches are made of metal Al and
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ceramic Al2O3. It is assumed that the material property of pin-
ended FGM arches through the wall thickness is a continuous
gradient change, which can be stated as

Λ = ΛcVc +ΛmVm, (1)

with Λc and Λm being the properties of Al2O3 and Al,
respectively, where Vc and Vm are the volume fractions of Al2O3
and Al, which satisfy

Vc +Vm = 1 (2)

Two material distribution modes for the cross-section of
pin-ended FGM arches are studied in this paper, shown in
Figures 1A,B, respectively, where metal (Al) is pure cyan and
ceramic (Al2O3) is pure blue. In Figure 1A, Type 1 has three
layers: the first and third layers are symmetrical at the top and
bottom of the cross-section. The second is the middle layer,
which is a pure ceramic (Al2O3) layer with thickness αh. The
top surface of the first layer is made of metal (Al) and the
bottom surface of the first layer is of ceramic (Al2O3). In the
first layer, the cross-sectional material distribution of the ceramic
(Al2O3) mass fraction of the layer decreases gradually from the
bottom surface to the top surface, while the metal (Al) mass
fraction increases gradually from the bottom surface to the top.
In the third layer, the cross-sectional material distribution of the
metal (Al) mass fraction of the layer decreases gradually from
the bottom to the top surface, while the ceramic (Al2O3) mass
fraction increases gradually from the bottom surface to the top
surface. In Figure 1B, Type 2 has four layers. The first and fourth
layers are pure ceramic (Al2O3) layers with thickness αh/2. The
second layer is from αh/2 to the midline of the cross-section.The
second and third layers are twomiddle layers and are symmetrical
in the middle of the cross-section. The second layer is made of
ceramic (Al2O3) material on its top and metal (Al) material on
its bottom.The second layer with a material distribution of metal
(Al) mass fraction of the layer increases gradually from the top
to bottom surface in this layer, while the ceramic (Al2O3) mass
fraction decreases gradually from top to bottom in this layer.

In Figure 1, based on the power law function, the volume
fractions Vc of the two distribution modes are determined by

Type1 ∶ Vc =

{{{{{{{{{{{{
{{{{{{{{{{{{
{

[[

[

z + 1
2
h

1
2
(1− α)h

]]
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p
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and

Type2 ∶ Vc =
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{
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1
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(4)

where α is the proportional coefficient of the uniform ceramic
(Al2O3) layer and p is the power law index. Therefore, the
elastic modulus of pin-ended FGM arches can be expressed as
(Lanc et al., 2016):

E (z) = EcVc +Em (−Vc + 1) (5)

where Em is the Young’s modulus of metal (Al) and Ec is the
Young’s modulus of ceramic (Al2O3).

In order to analyze the in-plane instability of pin-ended
FGM arches, the related stiffness parameters of the materials are
calculated. A1k, B2k, and D3k are the stiffness parameters of the
pin-ended FGM arches, respectively, which are defined as

{A1k B2k D3k} = b

1
2 h

∫

− 12 h

E (z) {1 z z2} dz (6)

Case 1: When thematerial distribution is subjected toType 1, the
stiffness parameters A1k, B2k, and D3k of pin-ended FGM arches
can be respectively established as

A1k =
{[Em + α (Ec −Em)]p+Ec}bh

1+ p
(7)

B2k = 0 (8)

D3k =
bh3p2 {Ec (6+ p) + (Ec −Em)[3α

2 + 3α3 + p(α3 − 1) − 6]}
12(p3 + 6p2 + 11p+ 6)

+
bh3p[(6α + 3α2 + 2α3 − 11)(Ec −Em) +Ec (11p+ 6)]

12(p3 + 6p2 + 11p+ 6)
(9)

Case 2: When thematerial distribution is subjected toType 2, the
stiffness parameters A1k, B2k, and D3k of pin-ended FGM arches
can be respectively established as

A1k =
{p[Em + (−Em +Ec)α] +Ec}bh

1+ p
(10)

B2k = 0 (11)

D3k =
[(−Em +Ec)(α3 − 3α2 + 3α)p+Emp+ 3Ec]bh3

36+ 12p
(12)
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FIGURE 1 | Cross-sectional material distribution: (A) Type 1. (B) Type 2.

FIGURE 2 | Mechanical model of the pin-ended FGM arches: (A) Pin-ended FGM arch. (B) Cross-section.

3 NON-LINEAR EQUILIBRIUM ANALYSIS

In the polar coordinates of Figure 2A, the center of the pin-ended
FGM arch is the original point. The central angle 2Θ, arc length
S, radius R of the pin-end FGM arches, and the load q are also
respectively shown in Figure 2A, where w and v are the axial and
radial displacements and 2c is the load regional angle for the pin-
ended FGM arches under the locally distributed radial loads. In
addition, b and h represent the width and thickness of the cross-
section, respectively, as shown in Figure 2B.

The longitudinal normal strain of pin-ended FGM arches
under locally distributed radial loads can be stated as

ε = εm + εb, εm = − ̃v + ̃w
′
+ 1
2
̃v
′2 and εb = −

z ̃v
″

R
(13)

where ()
′
= d ()/dϕ, ()

″
= d2 ()/dϕ2, ̃v = v/R and ̃w = w/R. ̃w

and ̃v are the non-dimensional radial displacement and non-
dimensional axial displacement. The total potential energy Π of
the pin-ended FGM arch and the local uniformly radial load
system can be written as

Π = 1
2
∫

Φ

−Φ
Rb∫

h/2

−h/2
E (z)ε2dzdϕ−R2∫

Φ

−Φ
q ̃vH1 (ϕ,c)dϕ (14)

whereH1 (ϕ,c) is the piecewise function, which can be defined as

H1 (ϕ,c) =
{
{
{

0 ϕ < −c
1 −c < ϕ < c
0 ϕ > c

(15)

By substituting Eq. 13 into Eq. 14 and performing variational
analysis, the variation of total potential energy can be stated as

δΠ = −∫
Θ

−Θ
[Mδ ̃v

″
+RN (−δ ̃v + δ ̃w

′
+ ̃v
′
δ ̃v
′
)]dϕ

−R2∫
Θ

−Θ
qδ ̃vH1 (ϕ,c)dϕ = 0 (16)

whereM andN represent the bendingmoment and the axial force
of the pin-ended FGM arches, respectively, which can be written
as

M = B2k( ̃w
′
− ̃v + ̃v

′2

2
)−

D3k

R
̃v
″

(17)

N = −A1k( ̃w
′
− ̃v + ̃v

′2

2
)+

B2k

R
̃v
″

(18)

with A1k, B2k, and D3k being the stiffness parameters of the
pin-ended FGM arches obtained from Eqs 7–12. The bending
moment M can then be rewritten by substituting Eq. 18 into
Eq. 17 as

M = −(D3k −
B2
2k

A1k
) ̃v
″

R
−
B2k

A1k
N (19)

For the nonlinear equilibrium of the pin-ended FGM arches,
the variation of the total potential energy should vanish, which
results in

(RN)
′
= 0 (20)
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and

RN + (NR ̃v
′
)
′

−M
″
− qR2H1 (ϕ,c) = 0 (21)

Hence, the second order differential equations for solving
radial displacement can be derived by substituting Eqs 19–21
into Eq. 22 as

̃viv

ϖ2 + ̃v
″
= −1+

RqH1 (ϕ,c)
N

(22)

with ϖ being dimensionless axial force parameter and γ being the
equivalent stiffness, which can be respectively given by

ϖ2 = NR
2

γ
and γ = D3k −

B2
2k

A1k
(23)

In addition, one of the displacements at a pin support should
be relaxed to allow displacement in an outer direction. However,
this paper focuses on in-plane instability of the FGM arch, and
so the boundary conditions for the out-of-plane displacement
are not expressed. Therefore, the following essential boundary
conditions of the pin-ended FGM arches can be expressed as

̃v = 0, ̃w = 0, and ̃v
″
= 0 at ϕ = ±Θ (24)

The non-dimensional radial displacement can be solved by
substituting the boundary conditions obtained from Eq. 24 into
Eq. 22 as

̃v =
H2 (ϕ,c)P (ϖβ2ϕ− sin (ϖϕ) sin β2)

ϖ2 +
β1

2 + 2− 2Pβ2β1
2ϖ2

+ PH1 (ϕ,c)(
cos (ϖϕ)cos β2

ϖ2 +
ϕ2

2
+
β2

2 − 2
2ϖ2 )

+
cos (ϖϕ)P sin β2 sin β1 − cos (ϖϕ)

ϖ2 cos β1
−
ϕ2

2
(25)

where β1 = ϖΘ, β2 = ϖc and H2 (ϕ,c) is also the piecewise
function, which can be defined as

H2 (φ,c) =
{
{
{

−1 φ < −c
0 −c < φ < c
1 φ > c

(26)

The non-dimensional load P can be expressed as P = Q/(2cN)
with Q = 2cRq.

Equation 25 shows that the dimensionless radial
displacement ̃v is a function of P and β1. It is noted that the
axial force N can also be expressed as

2ΘN = ∫
Θ

−Θ
[−B1k( ̃w

′
− ̃v + ̃v

′2

2
)+

B2k

R
̃v
″
]dϕ

= ∫
Θ

−Θ
−B1k(

̃v
′2

2
− ̃v)dϕ+ (

B2k

R
̃v
′
)|

Θ

−Θ
− ̃w|Θ−Θ (27)

Considering the essential boundary conditions ̃w = 0 at ϕ =
±Θ, Eq. 27 can be changed to

2ΘN = ∫
Θ

−Θ
−B1k(− ̃v +

̃v
′2

2
)dϕ

⇒∫
Θ

−Θ
( ̃v − ̃v

′2

2
)dϕ+ 2ΦN

B1k
= 0 (28)

Substituting Eq. 25 into Eq. 28 and integrating it over the
entire pin-ended FGM arches results in a quadratic equation of
equilibrium between P and β1 as

a1P
2 + b1P + c1 = 0 (29)

with the coefficients a1, b1, and c1 being respectively given by

a1 =
2 cos (2β2)β2 − 5 sin (2β2)

8β31
+
sin β2 sin β1 (2 β2 cos β2 − 5 sin β2)

4β31 cos β1

+
sin 2β2

4β21  cos
2 β1
+

β22
2β21
+
β2
β31
(1−

β22
3
) (30)

b1 =
3 sin β2 − β2 cos β2

2β31 cos β1
−

sin β1 sin β2
2β21 cos

2β1
−
β2
β31

(31)

c1 =
β1 − cos β1 sin β1

4β31 cos
2β1
− 1
6
+

γβ21
B1k(𝜆sh)

2 (32)

where the modified geometric slenderness 𝜆s is

𝜆s =
SΘ
2h

(33)

The equivalent slenderness 𝜆 can comprehensively consider
the influence of the cross-section of composite structures, which
can be given by (Lu et al., 2021a)

𝜆 = SΘ
2 ̄rx
= 𝜆sh√

B1k

γ
(34)

with equivalent radius of rotation ̄rx being given by

̄rx = √
γ
B1k

(35)

By substituting Eq. 34 into Eq. 32, Eq. 32 can be rewritten as

c1 =
β1 − cos β1 sin β1

4β31 cos
2β1
− 1
6
+
β21
𝜆2

(36)

According to Eqs 29–31 and Eq. 26, when β1, β2 and the
equivalent slenderness 𝜆 are given, the non-dimensional force
parameter P can be solved by the quadratic equation of
equilibrium given by Eq. 29.

4 INSTABILITY ANALYSIS

4.1 Limit Point Instability
According to Lu et al. (2018), a pin-ended arch subjected to a
locally distributed radial load can lose its stability in a limit point
instability pattern. At limit points, the equilibrium equation can
be given by

a2P
2 + b2P + c2 = 0 (37)

where
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FIGURE 3 | Equilibrium paths of limit point instability for pin-ended FGM arches using different types of cross-section: (A) v/ f−Q/(2NEc2Θ) curves. (B)
N/NEc2 −Q/(2NEc2Θ) curves.

FIGURE 4 | Effects of different parameters on the limit point instability load of the pin-ended FGM arches: (A) Material type. (B) Modified geometric slenderness 𝜆s.
(C) Power-law index p. (D) Proportional coefficient of homogeneous ceramic layer α.

a2 = −4a1 +
β1∂a1
∂β1
, b2 = −2b1 +

β1∂b1
∂β1
, c2 =

∂c1
∂β1

β1 (38)

Thus, by solving Eqs 29, 37 at the same time, the limit point
instability loads can be obtained. By considering the proportional
coefficient α and the power law index p of homogeneous layer
and the types of cross-section, the limit point instability loads
and the limit point instability equilibrium paths for pin-ended
FGM arches under locally distributed radial loads are studied as
follows.

According to Eqs 29, 37, the limit-point instability load
and the equilibrium path of limit-point instability of pin-
ended FGM arches are solved. The nonlinear behavior of pin-
ended FGM arches subjected to locally distributed radial loads
having different types of cross-section (i.e., Types 1 and 2)
is shown in Figure 3A as variations of v/f with Q/(2NEc2Θ)
and in Figure 3B as variations of N/NEc2 with Q/(2NEc2Θ)),
where v/f represents the dimensionless central displacement,
N/NEc2 represents the dimensionless axial force, and Q/(2NEc2Θ)
represents the dimensionless locally distributed radial load.
In these figures, the modified geometric slenderness 𝜆s = 4,
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S/h = 100, η = c/Θ = 0.5, α = 0.2, p = 1 of the pin-ended FGM
arch.

Figure 3 shows that this point on the equilibrium path snaps
through the remote point on the equilibrium path; pin-ended
FGM arches then occur to the point where the instability reaches
its upper limit, called “limit point instability loads”. In addition,
different types of cross-section have a great effect on the limit
point instability load and the limit point instability equilibrium
path. The limit point instability load of the cross-section of Type
2 is higher than that of Type 1, which illustrates that the material
with high stiffness distributed on the cross-sectional surface can
effectively reduce the in-plane instability of pin-ended FGM
arches.

Also investigated were the influence of the type, the power-law
index of material distributions and the proportional coefficient
of homogeneous layer, the modified geometric slenderness 𝜆s
of pin-ended FGM arches, and the localized parameter η on
the limit point instability load of pin-ended FGM arches. The
c/Θ−Q/(2NEc2Θ) curves are shown in Figure 4Awith pin-ended
FGM arches using a different material type section (Type 1, Type
2), in Figure 4B for pin-ended FGM arches using the different
modified geometric slenderness 𝜆s (𝜆s = 3, 4, 5), in Figure 4C
for pin-ended FGM arches using the different power-law index of
material distributions p (p = 0.5, 1, 2), and in Figure 4D for pin-
ended FGM arches using the different proportional coefficient of
homogeneous ceramic layer α (α = 0.1, 0.2, 0.4). Figure 4 shows
that, when the localized parameter c/Θ, proportional coefficient
of homogeneous layer α and the modified geometric slenderness
𝜆s increases, the limit point instability load Q/(2NEc2Θ) also
increases. In Figure 4A, the limit point instability load of Type
2 is greater than the limit point instability load of Type 1. In
Figure 4C, the limit point instability load Q/(2NEc2Θ) decreases
with the increase of the power-law index p.

4.2 Lowest Limit Point Instability
The fixed FGM arch subjected to a locally distributed radial
load can buckle in the lowest limit point instability pattern,
while the arch, having the equivalent slenderness 𝜆, is given
(Lu et al., 2021b). Homoplastically, a pin-ended arch subjected
to a locally distributed radial load can also buckle in the
lowest limit point instability pattern, while an arch having the
equivalent slenderness 𝜆 is given. Referring to the limit point
instability theory of pin-ended homogeneous arches subjected to
central point load (i.e., c→ 0) (Lu et al., 2019a), the axial force
parameters βb1 for arches buckling in lowest limit point instability
pattern can be expressed as

βb1 =
π
2
⇒ N = NE1 =

π2 γ
S2

(39)

By substituting Eq. 39 into Eq. 29, the non-dimensional load
P for arches buckling in lowest limit point instability pattern can
be given by

P = 1
sinβ2

(40)

The above theory of homogeneous arches can be used for this
analysis: the central displacement ̃vsc for an arch buckling in the

lowest limit point instability pattern is obtained by substituting
Eqs 44, 45 into Eq. 26 and making the limit analysis

lim
β1→π/2
̃vsc =

Θ2

2
[π

2 + 8
π2 +

4β2 (β2 − π) + 8 (cos β2 − 1)
π2 sin β2

]

± 2Θ2√B1 −
1
𝜆2

(41)

with

B1 =
32β2

π5 sin β2
−
8 (8β2 − 5π)cos β2

π6 sin β2
+
2(π4 − 6π2 + 96)

3π6

−
4β2 (π − 12β2)cos2β2 + 4[3π2 + (18− 8β22)β2π]

3π6 sin2β2
(42)

According to Eq. 46, the central displacement ̃vsc has
solutions, while

B1 −
1
𝜆2
⩾ 0 (43)

Hence, the equivalent slenderness for an arch buckling in the
lowest limit point instability pattern can be expressed as

𝜆l = √
1
B1

(44)

The nonlinear behavior of pin-ended FGM arches with
locally distributed radial loads having different types of cross-
section (i.e., Type 1 and Type 2) is shown in Figure 5A
as the v/f−Q/(2NEc2Θ) curves, and in Figure 5B as the
N/NEc2 −Q/(2NEc2Θ) curves. In Figure 5, there is an inflection
point in the equilibrium path for a pin-ended FGM arch having
equivalent slenderness. When there is an inflection point in the
equilibrium path and no limit point in the equilibrium path,
the load corresponding to this inflection point can be called the
“lowest limit point instability load”. According to Figure 5, the
lowest limit point instability load of a cross-section of Type 2 is
higher than that of Type 1.

4.3 Multiple Limit Point Instability
A pin-ended arch with a central point load can buckle in a
multiple limit point instability patterns (i.e., the number of limit
points >2) (Lu et al., 2019b). Furthermore, the v/f−Q/(2NEc2Θ)
curves are shown in Figure 6A with the FGM arches using
different the localized parameter η(η1/2,η = 1/3), where 𝜆s =
4, S/h = 100, α = 0.2, p = 1, material type section is Type 1,
and the N/NEc2 −Q/(2NEc2Θ) curves are shown in Figure 6B.
In Figure 6, the localized parameter η has a major effect on
the limit point instability equilibrium path and the limit point
instability load. Furthermore, as the localized parameter η
decreases from η = 1/2 to η = 1/3, the number of the limit point
instability changes. Multiple limit point instability appears when
the localized parameter η = 1/3.

Analogously, the v/f−Q/(2NEc2Θ) curves are shown in
Figure 7A with the FGM arches using different equivalent
slenderness 𝜆(𝜆 = 8, 𝜆 = 16), where η = 1/3, S/h = 100, α = 0.2,
p = 1, material type section is Type 1, and the
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FIGURE 5 | Inflection point of limit point instability for pin-ended FGM arches using different types of cross-section: (A) v/ f−Q/(2NEc2Θ) curves. (B)
N/NEc2 −Q/(2NEc2Θ) curves.

FIGURE 6 | Multiple limit point instability for pin-ended FGM arches using different localized parameters: (A) v/ f−Q/(2NEc2Θ) curves. (B) N/NEc2 −Q/(2NEc2Θ)
curves.

FIGURE 7 | Multiple limit point instability for pin-ended FGM arches using different equivalent slenderness: (A) v/ f−Q/(2NEc2Θ) curves. (B) N/NEc2 −Q/(2NEc2Θ)
curves.

N/NEc2 −Q/(2NEc2Θ) curves are shown inFigure 7B. InFigure 7,
it is found that the equivalent slenderness 𝜆 has a great influence
on the limit point instability load and the equilibriumpath of pin-
ended FGM arches. In particular, as the equivalent slenderness
𝜆 augments from 𝜆 = 8 to 𝜆 = 16, the number of the limit point
instability changes. When the modified geometric slenderness 𝜆
= 16, the multiple limit point instability particularly appears.

Figures 6, 7 indicate that a pin-ended FGM arch under
locally distributed radial loads can buckle in a multiple
limit points instability pattern, while the arch has a certain

localized parameter η and equivalent slenderness 𝜆. Referring
to the multiple limit points instability theory of pin-ended
homogeneous arches under central point load (i.e., c→ 0)
(Lu et al., 2019a), the axial force parameters βbk for arches
buckling in the lowest limit point pattern (i.e., k = 1) and the
multiple limit points instability patterns (i.e., k = 3, 5, 7, …, odd)
can be expressed as

βbk =
kπ
2

(45)
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By substitutingEq. 45 intoEq. 29, the non-dimensional loadP
for arches buckling in themultiple limit points instability patterns
can be given by

P =
(−1)

k − 1
2

sin β2
(46)

The above theory of homogeneous arches can be used for
this analysis; the central displacement for a pin-ended FGM arch
buckling in the multiple limit point instability pattern is given by
substituting Eqs 45, 46 into Eq. 26 and performing limit analysis,
as

lim
β1→π/2
̃vsc = 2Θ

2(−1)
k − 1
2 [

β2 (β2 − kπ) + 2 (cos β2 − 1)
(kπ)2 sin β2

+ 4
(kπ)3
(2−

β2 cos β2
sin β2
)] Θ

2

2
(kπ)2 + 8
(kπ)2

+±2Θ2√Bk −
1
𝜆2

(47)

with

Bk =
32(−1)

1
2 k−12 β2

(kπ)5 sin β2
−
8 (8β2 − 5kπ)cos β2
(kπ)6 sin β2

+
2[(kπ)4 − 6(kπ)2 + 96]

3(kπ)6

−
8β2 [6 (kπ − β2)cos2β2 + 9kπ − 4β22 + 3(kπ)2β2]

3(kπ)6 sin 2β2
(48)

According to Eq. 46, there is a solution for the central
displacement ̃vsc, while

Bk −
1
𝜆2
⩾ 0 (49)

Hence, the equivalent slenderness for an arch buckling in the
multiple limit point instability pattern can be expressed as

𝜆lk = √
1
Bk

(50)

The condition for Eq. 45 has a solution only when

B
sin2β2
−

γπ6

4A1k(𝜆sh)
2 ⩾ 0 , β2 =

ηπ
2

(51)

In order to discuss the relationship between the number
of limit points and parameters (i.e., equivalent slenderness 𝜆,
localized parameter η), the c/Θ− 𝜆 variations are shown in
Figure 8 for the pin-ended FGM arch having a different number
of limit points (e.g., number = 0, 2, 4, 6, 8, 10, 12, 14, or
more). According to Figure 8, it can be seen from Figure 8
that the number of multiple limit points augment an increase
in equivalent slenderness 𝜆 and a decrease of the localized
parameter η.

FIGURE 8 | The number of multiple limit points of limit point instability for
pin-ended FGM arches.

4.4 Bifurcation Instability
Instability of the pin-ended FGM arches also occurs in
a bifurcation pattern. The radial equilibrium differential
equation of the FGM arches in the initial equilibrium state
is given by Eq. 22, while the radial equilibrium differential
equation of the FGM arches in the infinitesimal closed
bifurcation equilibrium state can similarly be attainted
as

̃viv + ̃vivb
ϖ2 + ̃v

″

b + ̃v
″
= PH1 (ϕ,c) − 1 (52)

Combining Eq. 22 and above Eq. 52, the bifurcation
equilibrium differential equation of pin-ended FGM arches
becomes

̃vivb
ϖ2 + ̃v

″

b = 0 (53)

These equations show that the equilibrium of the bifurcation
mode is same as that of homogeneous arches (Lu et al., 2021a).
Similarly, referring to the theory of homogeneous pin-
ended arches with locally distributed radial loads, the axial
force parameters βb1 and the axial force N of FGM arches
are

βb1 = π andN =
(π)2 γ
(S/2)2
= NE2 (54)

The parameter βb2 of the bifurcation mode is expressed as

βb2 = π
c
Θ

(55)

Substituting Eqs 54, 55 into Eq. 53, the bifurcation instability
equation can be given by

a3P
2 + b3P + c3 = 0 (56)
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FIGURE 9 | Equilibrium paths of limit point instability for pin-ended FGM arches using different localized parameters: (A) v/ f−Q/(2NEc2Θ) curves. (B)
N/NEc2 −Q/(2NEc2Θ) curves.

FIGURE 10 | Instability pattern for pin-ended FGM arches having different
localized parameters.

FIGURE 11 | The limit point instability and bifurcation for pin-ended FGM
arches having different localized parameters.

a3 =
(2βb2 − π)cos(2βb2) + π − 5sin(2βb2)

8π3

+
βb2 (3βb2π − 2βb22 + 6)

6π3 (57)

b3 =
βb2 cos βb2 − 2βb2 − 3sin βb2

2π3 (58)

c3 =
1
4π2 −

1
6
+ π

2

𝜆2
(59)

The bifurcation instability load of pin-ended FGM arches with
locally uniform radial loads will be obtained by giving the local
parameter.

The equivalent slenderness 𝜆 solved from Eq. 59 can make
pin-ended FGM arches buckle in the bifurcation buckling mode.
The equivalent slenderness 𝜆b1 can be expressed as

𝜆 ⩾ 𝜆sb1 =
2√3π2√(2π2 − 3)a12 + 3π2a1a22

(3a22 + 2a1)π2 − 3a1
(60)

When instability emerges in the pin-ended FGM arches in the
bifurcation buckling dominant pattern, the modified geometric
slenderness 𝜆sb2 corresponding to this pattern can be given by
equaling Eqs 29–56.

This section studies when pin-ended FGM arches are
under local uniformly distributed radial loads, the localized
parameter η, bifurcation instability load, and the bifurcation
instability equilibrium path. When pin-ended FGM arches
have different localized parameters η, the bifurcation instability
load and bifurcation instability equilibrium path are shown
in Figure 9A for v/f vs. Q/(2NEc2Θ) and in Figure 9B for
N/2NEc2 vs. Q/(2NEc2Θ), where 𝜆s = 4, S/h = 100, 𝜆 = 0.2,
p = 1, and material type section is Type 1. According to
Figure 9, the upper bifurcation instability points are located
on the primary equilibrium path and the bifurcation instability
equilibrium path. When the pin-ended FGM arch is under
the bifurcation instability equilibrium path between the upper
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FIGURE 12 | Cross-sectional material distribution of ANSYS: (A) Type 1. (B) Type 2.

FIGURE 13 | ANSYS result and theoretical result of limit point instability for pin-ended FGM arches having different types of cross-section: (A) Type 1. (B) Type 2.

FIGURE 14 | ANSYS result and theoretical result of multiple limit point instability for pin-ended FGM arches having different types of cross-section: (A) Type 1. (B)
Type 2.

and lower bifurcation instability points, the dimensionless axial
force parameter N/2NEc2 remains constant. When the instability
equilibrium is at a lower bifurcation instability point, the
equilibrium path of arches from the bifurcation instability
equilibrium path is back to the primary equilibrium path. It
was also found that the localized parameter η has an important
influence on the bifurcation instability equilibrium path and the
bifurcation instability load. The local bifurcation instability load
augments the localized parameter η; FGM arches bifurcation
instability are more likely to occur when the localized parameters
η become larger.

The c/Θ − 𝜆 curves of pin-ended FGM arches are shown in
Figure 10. The instability pattern of the pin-ended FGM arches
is obviously influenced by the equivalent slenderness 𝜆 and
localized parameter c/Θ. In Figure 10, the instability pattern of
the pin-ended FGM arches can be divided into four areas: Area
I is the case of no instability, Area II is the case of limit point
instability, Area III is the case of the lowest bifurcation instability,
and Area IV is the case of dominant bifurcation instability.
In addition, Figure 10 shows that the equivalent slenderness
(i.e., 𝜆sl,𝜆sb1,𝜆sb2) increases with the decrease of the localized
parameter c/Θ.
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FIGURE 15 | ANSYS result and theoretical result of bifurcated instability load for pin-ended FGM arches having different types of cross-section: (A) Type 1. (B) Type
2.

Also researched was the influence of the localized parameter
c/Θ and the equivalent slenderness 𝜆 for the instability load
of the pin-ended FGM arches. The 𝜆−Q/(2NEc2Θ) curves are
shown in Figure 11 for pin-ended FGMarches using the different
localized parameters c/Θ (i.e., c/Θ = 1/4, c/Θ = 1/2, c/Θ = 3/4).
The localized parameter c/Θ and the equivalent slenderness 𝜆
also have an important effect on the limit instability load and
the bifurcation instability load of the pin-ended FGM arches.
The instability load increases with an increase in equivalent
slenderness 𝜆 and the localized parameter c/Θ.

5 COMPARISONS OF ANSYS RESULTS

Adopting Donnell’s shallow shell theory, the Young’s modulus
of metal (Al) and ceramic (Al2O3) are 70 and 380 GPa in
the model of ANSYS, respectively. FGM arches’ geometrical
parameters are shown in Figure 2A and the rectangular section
is shown in Figure 2B, where geometric slenderness S/h = 100,
total thickness h = 0.07 m, width b = 0.14 m, the proportional
coefficient of homogeneous ceramic (Al2O3) layer α = 0.2, and
the power-law index p = 1.

Multilayer ceramic (Al2O3) was used to simulate the
properties of continuous gradient material. When the number of
ceramic (Al2O3) layers is large enough, the results of simulating
the properties of continuous gradient material are accurate. This
section investigates the nonlinear instability of pin-ended FGM
arches under locally distributed radial loads, with two section
types (Type 1 and Type 2) as shown in Figure 1. In the ANSYS
model, material distributions of Type 1 have 201 layers: Layers
1 to 100 are a gradient from metal (Al) to ceramic (Al2O3),
Layer 101 is a pure ceramic (Al2O3) layer, and Layers 102 to
200 are a gradient from ceramic (Al2O3) to metal (Al). The
boundary of FGM arches adopts the pin-ended pattern, as shown
in Figure 12A. Analogously,material distributions of Type 2 have
202 layers: Layer 1 is pure ceramic (Al2O3), Layers 2 to 101 are a
gradient from ceramic (Al2O3) to metal (Al), Layers 102 to 201
are a gradient from metal (Al) to ceramic (Al2O3), Layer 202
is pure ceramic (Al2O3), and the boundary of the FGM arches
adopts a pin-ended pattern, as shown in Figure 12B.

ANSYS finite element analysis results verify that the
theoretical solution of the bifurcation instability load, the limit
instability point, and the instability equilibrium path for pin-
ended FGM arches under locally distributed radial loads is
correct. SHELL181 ofANSYS is used to research the convergence;
the results show that all 80 elements can produce convergence
results. Hence, it is reasonable to use 80 SHELL181 units to
simulate pin-ended FGM arches.

The comparison of the theoretical solution of Eqs 33, 53
of the bifurcated instability equilibrium path and bifurcated
instability load and corresponding ANSYS results are shown
in Figure 13, where 𝜆s = 4, S/h = 100, η = 1/2, α = 0.2, and
p = 1. The v/f−Q/(2NEc2Θ) curves are shown in Figure 13A
with the FGM arches using Type 1 of the material section. The
v/f−Q/(2NEc2Θ) curves are shown in Figure 13B with the FGM
arches using Type 2 of the material section. In Figures 13A,B,
the theoretical solution to the limit instability point load of
the FGM arches and corresponding ANSYS results are highly
consistent.

Comparison of the theoretical solution of Eqs 33, 53 of the
bifurcated instability equilibrium path and bifurcated instability
load with the corresponding ANSYS results are shown in
Figure 14, where 𝜆s = 4, S/h = 100, η = 1/3, α = 0.2, and p = 1.The
v/f−Q/(2NEc2Θ) curves are shown in Figure 14A with the FGM
arches using Type 1 of the material section.The v/f−Q/(2NEc2Θ)
curves are shown in Figure 14B with the FGM arches using
Type 2 of the material section. In Figures 14A,B, the theoretical
solution of the limit instability point load of the FGM arches and
corresponding ANSYS results are highly consistent.

Comparison of the theoretical solution of Eqs 33, 53 of the
bifurcated instability equilibrium path and bifurcated instability
load and the corresponding ANSYS results are shown in
Figure 15, where 𝜆s = 4, S/h = 100, η = 1/3, α = 0.2, and p = 1.The
v/f−Q/(2NEc2Θ) curves are shown in Figure 15A with the FGM
arches using Type 1 of the material section.The v/f−Q/(2NEc2Θ)
curves are shown in Figure 15B with the FGM arches using
Type 2 of the material section. In Figures 15A,B, the theoretical
solution of the bifurcation instability load, primary equilibrium
path, bifurcation instability equilibrium path of the FGM arches,
and corresponding ANSYS results are highly consistent.
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6 CONCLUSION

This paper discussed the nonlinear instability analysis of pin-
ended FGM arches with locally distributed radial loads. It
was assumed that the two cross-section components of the
arch are graded according to a power law function along
the thickness direction. New analytical solutions of limit
point instability for pin-ended boundary conditions, lowest
limit point instability, multiple limit point instability, and
bifurcation instability were discussed. In conclusion, it was found
that:

(1) FGM arches material distribution results in property
changes. For arches of cross-section Types 1 and 2, the
material with high stiffness distributed on the cross-
sectional surface can effectively improve the in-plane
stability of the pin-ended FGM arch.

(2) Analysis of the parameters of material type, modified
geometric slenderness, power-law index, and the
proportional coefficient of the homogeneous layer of
the pin-ended FGM arch shows that the load point
monotonically varies with these parameters.

(3) In a loading process, the number of multiple
limit points augment an increase of the equivalent
slenderness and a decrease of the localized
parameter.

(4) The instability pattern of division under conditions of
equivalent slenderness and the localized parameter found

that the case of the dominant bifurcation instability is the
largest part of the four areas.
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