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A modified formula for average crack spacing and a numerical model for crack width in
hogging moment regions of steel–concrete composite beams under fatigue loading are
proposed in this article. First, the existing calculation formulas and test data of average
crack spacing are discussed and summarized. By introducing the factor of transverse
reinforcement spacing, a modified formula of crack spacing is suggested based on the
method of non-linear fitting. Then, a numerical model for crack width in negative moment
regions under fatigue loading is proposed. In the analytical model, the explicit formulations
of slip occurring at both the beam–slab interface and the reinforcement–concrete interface
are included by considering fatigue effects, as well as the stress of reinforcement in the
cracked section. Finally, a fatigue test on two steel–concrete composite plate beams
subjected to hogging moment is designed and conducted. Compared with the crack
width evaluation methods in the existing literature, the analysis results of the numerical
model show more reasonable agreement with the data of the experimental beams
performed in this study.
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INTRODUCTION

A steel–concrete composite beam is a new type of structure developed on the basis of steel structures
and reinforced concrete structures. It has been widely accepted by the engineering field, such as
buildings and bridges (Liu et al., 2016; Wang et al., 2021). The steel beam and concrete slab are
combined as a whole by welding shear connectors to achieve the purpose of synergistic work.
Through reasonable section design, steel–concrete composite beams can give full play to the
advantages of tensile strength of steel and the compressive strength of concrete. However, in the
negative moment regions near the intermediate support of steel–concrete continuous composite
beams, a complex non-linear behavior under the action of a low static load is due to the existence of
adverse factors such as concrete tension and steel beam compression (Chen et al., 2009; Sun et al.,
2014). In addition, under the long-term action of fatigue loads such as moving vehicles and wind
strength, the service performance and durability of the structure are often further weakened (Wang
et al., 2018). Among these shortcomings, cracking of the concrete slab has been one of the most
crucial issues in hogging moment regions in composite girder bridges. For the design of a
steel–concrete composite bridge, it is an economical and convenient solution to allow for the
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formation of cracks within the limit of acceptable widths (Ryu
et al., 2004; Ryu et al., 2007). Moreover, the introduction of high-
performance materials such as engineered cementitious
composites (ECCs) (Qin et al., 2020; Zhang et al., 2021; Zhang
et al., 2022) and ultra-high performance concrete (UHPC) (Luo
et al., 2020) also provides an effective method for crack control.

There have been considerable experimental and theoretical
studies on the concrete cracking and crack control of composite
beams subjected to negative moments in the past. Ryu et al.
(2007) studied the crack development and crack control measures
in negative bendingmoment regions through fatigue loading tests
of a full-size model of a two-span continuous composite beam
manufactured with a prefabricated concrete slab. The structural
strength and stiffness under fatigue loading still presented a good
performance for the composite section, and the crack width of the
prefabricated slab can be effectively controlled within the
allowable range. El-Shihy et al. (2010) and El-Zohairy et al.
(2017) conducted experimental tests and finite element
analysis on composite beams under negative moments bonded
with CFRP laminates. The results showed that CFRP laminates
can effectively improve the cracking performance and bearing
capacity in negative bending moment regions. Su et al. (2012)
conducted an experimental study on the inelastic behavior in
negative moment regions of steel–concrete composite box girders
manufactured with inclined webs. The results showed that the
longitudinal reinforcement ratio has an important influence on
the crack propagation of concrete slabs, and the higher the
reinforcement ratio, the better the effect of crack control. Fan
et al. (2020) conducted static loading tests on steel and ECC
beams under negative moment by taking the reinforcement ratio
as the characteristic parameter. The results showed that ECC
could significantly improve the stiffness and crack resistance of
composite beams in the negative moment regions. Based on the
four-parameter fiber bridge model, the tensile hardening
equation of reinforced ECC members was deduced, and the
crack width in negative moment regions of steel–ECC beams
was calculated and analyzed. Song et al. (2021) developed a
numerical calculation model of the crack width of
steel–concrete composite beams under static negative moment
regions by taking the bond–slip relationship at the
reinforcement–concrete interface and the slip effect at the
beam–slab interface into consideration. In addition, it was
reported that the development of cracks is decisively
influenced by transverse reinforcement (Ryu et al., 2005; He
et al., 2010). To determine the minimum reinforcement with
reference to the service load and to calculate the crack width, the
transverse reinforcement must be taken into account (Ramm and
Elz, 2002).

Till now, there are still no standard and applicable analytical
methods for crack spacing and crack width in the negativemoment
regions of steel–concrete composite beams in the present design
codes. In Eurocode 4-2 (2005), a simple way is suggested that crack
width under negative moment could be calculated according to
Eurocode 2 (2004). In China Code GB 50917-2013 (2013), the
calculation formula for crack width in China Code GB 50010-2010
(2010) is employed to check the crack width of continuous
composite beams. Moreover, very limited reports have studied

the development laws of crack spacing and crack width in negative
moment regions. Nie and Zhang (1997) conducted an
experimental study on four simply supported composite
steel–concrete beams under negative moments and two
continuous two-span composite beams under point loads. Based
on the experimental results and analysis, the formulas were
proposed for estimating crack spacing and maximum crack
width, which have been applied to the design practice of
engineering. Yu and Guo (2004) conducted an experiment of
eighteen partially prestressed steel-concrete composite beams
subjected to negative moment. In terms of the test results, the
formulas for calculating crack width in the negative bending region
were presented, which coincided well with the current code for the
design of concrete structures.

However, it is found that themodels of present codes proposed
to calculate the crack width of composite beams were employed
from axial tension members, while the combination effect of steel
beam on concrete slab was not fully considered. Like the
analytical models presented in some existing literature, the
fitted data from the tests conducted previously was limited
and the slip at the beam–slab interface was not included. As a
result, the existing models may attain unreasonable crack widths
in the negative moment regions. For these reasons, it is very
important to have a reliable analysis method for crack width that
takes into account the effective behavior of steel–concrete
composite beams under hogging moment. As a detailed and
accurate method in the last decades, the finite element model
based on suitable numerical procedures was utilized for the
analysis of non-linear mechanical behavior and the calculation
of crack width of reinforced concrete beams (Manfredi and Pecce,
1998; Fabbrocino et al., 2007; Oliveira et al., 2008; Castel et al.,
2012), as well as the overall flexural behavior of composite beams
under hogging moment (Manfredi et al., 1999). However, few
researchers have conducted numerical research on crack width in
the negative moment regions of continuous composite beams. In
addition, most of the analytical methods were presented statically,
while fatigue effects were rarely considered.

Set against the above background, this study aims to
investigate the analytical methods of crack spacing and crack
width in the hogging moment regions of steel–concrete
composite beams under fatigue loading. A modified formula
for crack spacing is suggested based on the existing equations by
introducing the factor of transverse reinforcement spacing. The
parameter associated with transverse reinforcement spacing is
achieved by fitting the data from this study and some literature
data. Owing to the fact that the current studies have not yet
included an accurate method to evaluate the crack width in the
negative moment regions of continuous composite beams
considering fatigue effect, a numerical model is then
proposed that includes explicit formulations of slip occurring
at both the beam–slab interface and the reinforcement–concrete
interface. Finally, a fatigue test on a steel–concrete composite
plate beam subjected to hogging moment was conducted.
Through comparing with the measured values of
experimental work and the crack width evaluation methods
in existing literature, the analysis results of the numerical model
were verified.
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MODIFIED FORMULA FOR AVERAGE
CRACK SPACING

Crack spacing directly affects the crack width of concrete.
When the fatigue upper limit of the test beam is set at the crack
development stage, new cracks will occur after a certain
number of repeated cycles. And with the increase in
loading times, the number of cracks tends to be stable.
However, fatigue loading has little influence on the final
crack spacing in the negative moment regions of composite
beams when compared with static loading, which is similar to
the development law obtained in reinforced concrete
structures (Song, 2006). Therefore, the calculation method
of the average crack spacing given in this section can be
applied to the composite beams with studs both under
fatigue loading and static loading, which can provide a
basis for the establishment of the analytical method of
crack width in the negative moment regions in the
following section.

Analysis of Existing Formula for Average
Crack Spacing
At present, several formulas have been proposed to predict the
average crack spacing in the negative moment regions of
continuous composite beams. However, the views on the
influence factors of the existing formulas are not yet unified.
The models employed by the design codes to calculate the average
crack spacing were based on reinforced concrete structures, while
the factors associated with composite beams were not fully taken
into account. The common models in CEB-FIP (1978), China
Code GBJ 10-89 (1989) and China Code GB 50010-2010 (2010)
can be expressed, respectively, as follows:

lcr � 2(cs + ls
10
) + k1k2

deq

ρte
, (1)

lcr � 1.1(2.7cs + 0.11
deq

ρte
)], (2)

lcr � 1.1(1.9cs + 0.08
deq

ρte
). (3)

An improved model based on China Code GBJ 10-89 (1989)
was proposed by Wu et al. (1993), while the transverse
reinforcement ratio and diameter were considered. The
equation obtained was then as follows:

lcr � 2.7cs + 0.1

ρte/deq + 1.2ρHte/dHeq

. (4)

As the aforementioned models for average crack spacing
showed no relation with the combination effect, the previous
studies took the combined force ratio and spacing of stud
connectors into consideration (Nie and Zhang, 1997; Yu and
Guo, 2004), and two novel models were then proposed according
to China Code GBJ 10-89 (1989) and China Code GB 50010-2010
(2010). The two equations are shown, respectively, as follows:

lcr � 1.1⎛⎝2.7cs + 0.11

ρte/deq + 0.25R2
p/p⎞⎠] (5)

lcr � 1.9cs + 0.08

ρte/deq + 0.04R2
p/p. (6)

The development of cracking in slabs as part of composite
beams is decisively influenced by the transverse reinforcement
(Ramm and Elz, 2002). But this influence factor was not
considered in the models mentioned earlier. A simple model
which took the combined force ratio and transverse
reinforcement spacing into account was established then by
Zhang et al. (2011), while other important factors were not
taken into account. The equation is given as follows:

lcr � la(1 − R3
p). (7)

In the aforementioned equations, lcr is the average crack
spacing; k1 is the bonding performance coefficient of
longitudinal tensile bars, and k1 = 0.4 is for a deformed bar;
k2 is the influence coefficient of component stress distribution,
and k2 = 0.25 is for a tension member; ] is the surface
characteristics coefficient of longitudinal tensile bars, and ] =
0.7 is for deformed bar; cs is the concrete cover thickness of
reinforcement; ls and la are the spacings of longitudinal
reinforcement and transverse reinforcement, respectively; deq
and dHeq are the equivalent diameters of longitudinal tensile
bars and transverse bars, respectively; ρeq and ρHeq are the tensile
reinforcement ratio and transverse reinforcement ratio,
respectively; Rp is the combined force ratio; and p is the
spacing of stud connectors.

In summary, the average crack spacing in the negative
moment regions of continuous composite beams is mainly
related to the concrete cover thickness of reinforcement,
equivalent diameters of longitudinal tensile bars, the tensile
reinforcement ratio, the combined force ratio, the spacing of
stud connectors, and transverse reinforcement. However, the
influence factors considered in the existing formulas
mentioned before, proposed by researchers and codes, were
not comprehensive.

Analysis of a Modified Formula for Average
Crack Spacing
In this section, a total of 38 specimen tests from previous
literature were summarized and analyzed to study the
influence factors of average crack spacing, as can be seen in
Table 1. According to Eq. 6, which was based on China Code GB
50010-2010 (2010), a modified formula of crack spacing was
proposed by introducing the factor of transverse reinforcement
spacing la and taking the consistency of dimension into
consideration. The parameters were achieved by fitting the
data listed in Table 1 with the procedure shown in Figure 1.
In this way, the novel model obtained was then as follows:

lcr � 1.9cs + 0.08

0.25ρte/deq + 0.05R2
p/p + 0.07/la. (8)
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The physical meaning of Eq. 8 is consistent with Eqs. 1–7 which
were empirical formulas derived from data fitting. To verify the
validity of the modified model described before, existing experiments
conducted by Song et al. (2021) andHe et al. (2010) were selected and
analyzed with other proposed models expressed in Eqs 3–7. As is
shown inTable 2, the maximum error was controlled within 10% for
Eq. 8. Generally, it can be seen that the results of the modified
formula are in better agreement with the experimental results
compared with existing models. Hence, it is effective to use the
modified model to study the average crack spacing in the negative
moment regions of continuous composite beams.

ANALYTICAL MODEL FOR CRACK WIDTH
UNDER FATIGUE LOADING

Crack opening of reinforced concrete beams under fatigue
loading depends on several factors, most of which can be
related to bond quality and to the effective area where
reinforcement–concrete bond interaction may develop
(Fabbrocino et al., 2007). As for composite beams, shear force
at the beam–slab interface should also be included as an
important factor in the analysis of the cracked section
(Manfredi et al., 1999). In order to model these behaviors, it is

TABLE 1 | Analysis of experimental test data obtained from the existing literature.

Specimen Test
results

lcr
(mm)

Equation 3 Equation 4 Equation 5 Equation 6 Equation 7 Equation 8

lcr3
(mm)

lcr/lcr3 lcr4
(mm)

lcr/lcr4 lcr5
(mm)

lcr/lcr5 lcr6
(mm)

lcr/lcr6 lcr7
(mm)

lcr/lcr7 lcr8
(mm)

lcr/lcr8

Nie and Zhang (1997) SCB1 188 109.3 1.72 105.8 1.77 112.3 1.67 108.5 1.73 198.6 0.94 165.0 1.14
SCB2 169 97.3 1.74 100.4 1.69 90.9 1.86 94.8 1.78 185.2 0.91 147.0 1.15
SCB3 207 109.3 1.89 105.8 1.95 112.3 1.84 108.5 1.90 198.6 1.04 161.9 1.28
SCB4 214 109.3 1.96 105.8 2.02 108.1 1.98 107.8 1.99 198.6 1.08 162.0 1.32
SCB5 167 97.3 1.71 100.4 1.66 82.2 2.03 92.5 1.80 185.2 0.90 133.9 1.25
SCB6 200 109.3 1.83 105.8 1.89 108.1 1.85 107.8 1.86 198.6 1.01 159.1 1.26

Ryu et al. (2005) CR1 165 145.0 1.14 — — 154.5 1.07 144.8 1.14 172.2 0.96 183.2 0.90

Yu and Guo (2004) SCB-1 121 130.9 0.92 108.0 1.12 85.7 1.41 113.8 1.06 77.3 1.57 111.5 1.09
SCB-2 129 130.9 0.99 108.0 1.19 91.9 1.40 117.4 1.10 77.3 1.67 115.7 1.11
SCB-3 125 130.9 0.95 108.0 1.16 96.8 1.29 119.7 1.04 77.3 1.62 118.6 1.05
SCB-4 146 209.2 0.70 104.4 1.40 127.6 1.14 182.0 0.80 87.5 1.67 131.8 1.11
SCB-5 123 136.9 0.90 99.6 1.23 98.4 1.25 124.1 0.99 77.3 1.59 119.6 1.03
SCB-6 135 183.1 0.74 103.1 1.31 86.1 1.57 137.1 0.98 34.1 3.95 112.8 1.20
SCB-7 119 163.3 0.73 101.9 1.17 70.7 1.68 108.8 1.09 90.7 1.31 96.2 1.24
SCB-8 95 98.9 0.96 94.0 1.01 78.5 1.21 91.5 1.04 46.9 2.03 103.9 0.91
CCB-1 115 130.9 0.88 108.0 1.06 94.9 1.21 118.8 0.97 81.5 1.41 117.5 0.98
CCB-2 110 134.2 0.82 108.6 1.01 99.0 1.11 122.7 0.90 85.1 1.29 119.8 0.92
CCB-3 119 195.8 0.61 116.3 1.02 96.5 1.23 153.1 0.78 71.3 1.67 119.8 0.99
CCB-4 140 272.7 0.51 121.2 1.16 173.7 0.81 242.8 0.58 96.4 1.45 140.9 0.99
CCB-5 85 130.9 0.65 108.0 0.79 77.9 1.09 107.7 0.79 36.4 2.34 104.6 0.81
CCB-6 141 209.2 0.67 104.4 1.35 142.5 0.99 189.0 0.75 92.6 1.52 135.2 1.04
CCB-7 130 136.9 0.95 99.6 1.30 101.6 1.28 125.5 1.04 81.5 1.60 121.1 1.07
CCB-8 89 105.4 0.84 95.3 0.93 73.2 1.22 92.0 0.97 — — 98.6 0.90
CCB-9 128 136.9 0.94 99.6 1.28 109.4 1.17 128.5 1.00 81.5 1.57 124.4 1.03
CCB-
10

122 136.9 0.89 99.6 1.22 96.3 1.27 123.1 0.99 81.5 1.50 118.5 1.03

Hou et al. (2001) T1 89 96.6 0.92 115.9 0.77 103.7 0.86 96.5 0.92 139.2 0.64 136.2 0.65
T2 89 96.6 0.92 115.9 0.77 102.9 0.87 96.4 0.92 139.2 0.64 135.5 0.66

Zhang et al. (2011) CCB-1 112 143.5 0.78 116.5 0.96 141.3 0.79 141.4 0.79 74.1 1.51 116.2 0.96
CCB-2 72 95.3 0.76 102.2 0.70 86.2 0.84 91.9 0.78 63.8 1.13 100.4 0.72
SCB-5 145 143.5 1.01 116.5 1.24 146.1 0.99 142.3 1.02 74.1 1.96 116.8 1.24
SCB-6 103 119.7 0.86 110.7 0.93 119.1 0.86 118.1 0.87 71.8 1.43 112.0 0.92
SCB-7 81 109.4 0.74 107.5 0.75 105.7 0.77 107.3 0.75 69.8 1.16 108.4 0.75
SCB-8 78 95.3 0.82 102.2 0.76 91.4 0.85 93.2 0.84 63.8 1.22 102.8 0.76

Wu et al. (1993) L-1 123 160.0 0.77 116.3 1.06 158.1 0.78 157.8 0.78 148.4 0.83 170.8 0.72
L-2 108 122.8 0.88 110.1 0.98 112.4 0.96 119.1 0.91 138.9 0.78 148.4 0.73
L-3 116 122.8 0.94 116.4 1.00 112.6 1.03 119.1 0.97 185.2 0.63 164.7 0.70
L-4-L 89 94.1 0.95 104.0 0.86 83.7 1.06 90.0 0.99 114.3 0.78 118.2 0.75
L-4-R 100 94.1 1.06 107.5 0.93 83.7 1.20 90.0 1.11 152.3 0.66 125.0 0.80

Statistical results Average value 1.001 1.174 1.223 1.072 1.350 0.978
Standard deviation 0.377 0.349 0.359 0.361 0.608 0.193
Coefficient of variation 0.377 0.297 0.293 0.337 0.450 0.198
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necessary to give suitable constitutive laws of materials and an
analytical model for crack width prediction.

Constitutive Relations
Material Models
When the fatigue upper limit is reached under normal service
conditions, cracks in the concrete slab of composite beams under
hogging moment will develop into the stabilized stage after a
certain number of repeated cycles, and crack spacing will be
almost unchanged. Then it can be assumed that the material
properties between the two cracks in the negative moment
regions of continuous composite beams under fatigue loading
can be considered linear elastic (Han et al., 2014). Thus, the
stress–strain laws considering the fatigue effect of steel and
concrete in tension can be formally expressed as follows:

{ σct(n) � Ecεct(n)
σs(n) � Esεs(n) , (9)

where σct(n) and σs(n) are stresses of concrete and steel under
fatigue loading; εct(n) and εs(n) are strains of concrete and steel
under fatigue loading; and Ec and Es are the young’s modulus of
concrete and steel, respectively.

Bond Behavior of Reinforcing Bars
Slip at the reinforcement–concrete interface kept increasing, due
to the gradual deterioration of the bond property between these
two materials. When the limit of bonding stress is kept constant
during the fatigue loading process, the total slip increases with the
repeated cycles characterized as an S-shaped curve (Balázs, 1991),
as exhibited in Figure 2A. When the slip develops to stage III, as
shown in Figure 2A, the reinforced concrete member is close to
the state of pull-out failure. This stage is generally not considered
in the theoretical analysis. Then the growth trend of slip at stage I
and stage II can be approximated in exponential form (Zanuy
et al., 2010). Therefore, the bond–slip relationship between
reinforcement and concrete caused by fatigue loading can be
directly determined by peak slip under static loading s1, and the
peak slip after a certain number of loading cycles of n can be
expressed as follows (Zhang et al., 2017):

sf1(n) � s1(1 + n)0.107. (10)
From the perspective of energy dissipation, the fatigue loading

process of materials is the same as that of static loading (Liu and
Zhou, 2018). In the reinforced concrete structure, it is shown as
follows: when the bond failure occurs between the reinforcement
and the concrete for a certain number of repeated cycles, the
maximum slip under fatigue loading is basically consistent with
the slip value on the descending section of the bond stress–slip
curve under pure static loading corresponding to the maximum
bond stress. Therefore, the descending section of the bond–slip
curve under static loading can be used to represent the envelope
curve of the remaining bonding strength under fatigue load, as
shown in Figure 2B.

In this section, the four-linear bond–slip model between
concrete and reinforcing bars suggested in CEB-FIP Model
Code 1990 (1993) was employed. The following relations give
its analytical formulation:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ � τmax · ( s

s1
)α

, 0≤ s≤ s1

τ � τmax, s1 ≤ s≤ s2

τ � τmax − (τmax − τf) · ( s − s2
s3 − s2

), s2 ≤ s≤ s3

τ � τf , s≥ s3,

(11)

where τmax is the ultimate bonding strength, τmax � 2.0
��
f′
c

√
; f′

c is
the compressive strength of concrete cylinders; τf � 0.15τmax;
α � 0.4; s1 � 0.6; and s2 � 0.6; s3 � 1.

FIGURE 1 | Flowchart of the fitting procedure.

TABLE 2 | Comparison of experimental and modeling results.

Specimen Test
results

lcr
(mm)

Equation 3 Equation 4 Equation 5 Equation 6 Equation 7 Equation 8

lcr3
(mm)

lcr/
lcr3

lcr4
(mm)

lcr/
lcr4

lcr5
(mm)

lcr/
lcr5

lcr6
(mm)

lcr/
lcr6

lcr7
(mm)

lcr/
lcr7

lcr8
(mm)

lcr/
lcr8

Song et al. (2021) SCB1-
1

105 92.6 1.13 112.9 0.93 93.5 1.12 91.4 1.15 87.6 1.20 115.9 0.91

He et al. (2010) CB-1-1 95 63.3 1.50 63.6 1.49 65.6 1.45 62.9 1.51 87.0 1.09 86.8 1.09
CB-1-2 94 63.3 1.48 63.6 1.48 65.6 1.43 62.9 1.49 87.0 1.08 86.8 1.08
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Then the maximum bonding stress τfmax after repeated cycles
of n can be calculated according to peak slip sf1(n), as follows:

τfmax � τmax − (τmax − τf ) · (sf1(n) − s1
s3 − s1

) (12)

Shear at the Beam–Slab Interface
At present, the degradation of strength or stiffness of stud
connectors in steel–concrete composite structures under
fatigue loading has been studied (Hanswille et al., 2007a).
According to the experimental study in the literature
(Hanswille et al., 2007b), the deformation behavior of stud
connectors under fatigue loading is mainly characterized by
increasing residual slip and elastic shear stiffness. The
load–slip (Pn-δn) curve after n loading cycles can be expressed
by the residual shear capacity Pu,n, in the following form:

Pn � Kel,n · Pu,n · (δn − δstd,N), Pn ≤ 0.8Pu,n. (13)
The residual slip δstd,N between the stud and concrete after

fatigue loading can be expressed as follows (Hanswille et al.,
2007a):

δstd,N � C1 − C2 ln( 1
n/Nf

− 1)≥ 0, 0< n/Nf < 0.9 (14)
δstd,N � 0, n/Nf � 0, (15)

where the coefficients C1 and C2 are given as follows:

C1 � 0.104e3.95Pmax/Pu,0 (16)
C2 � 0.664Pmin/Pu,0 + 0.029. (17)

Then the interface shear–slip (υn–δn) relationship at the
beam–slab interface under fatigue loading can be given as follows:

υn � Kn · δn
p

. (18)

After n loading cycles, the residual stiffness Ks,n of the stud
connectors can be expressed as follows:

Ks,n � Kel,n · Pu,n. (19)

The residual shear capacity Pu,n can be determined by the
following formula:

Pu,n

Pu,0
� 0.74

Pmax

Pu,0
(1 − ΔP

Pmax
) + 0.54

− 0.04 ln
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ n

10

1−Pmax
Pu,0

0.1267−0.1344Pmax
Pu,0

(1− ΔP
2Pu,0

) − n

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠. (20)

In the formulas given earlier, n denotes the number of repeated
cycles; Nf is the fatigue life of studs; Kel,n is a constant, and it is
equivalent to 1.41 (unit: mm−1); Kn = nsKs,n; p is the longitudinal
spacing of the studs; Pu,0 and ΔP are the ultimate static strength
and shear amplitude of the studs, respectively; ΔP = Pmax - Pmin;
and Pmax and Pmin are the fatigue upper limit and fatigue lower
limit of studs, respectively.

Stress of Reinforcing Bar in Cracked
Section
The fatigue stress state of the reinforcing bar in the concrete slab
of composite beams under negative moment is basically the same
as that of a reinforced concrete structure. With the increase of
repeated cycles, the effective tensile area of the reinforcing bar will
decrease, especially at the cracking location (Song, 2006). When
the loss of cross-sectional area of the reinforcing bar in the
process of fatigue loading conforms to Miner’s rule, the
effective area of reinforcing bar at cracking position after n
cycles can be determined by Eq. 21. Considering the
degradation of the effective area of the reinforcing bar and the
shear stiffness of studs under fatigue loading, an equation
proposed by Fan and Nie (2005) can be modified and applied
to the stress calculation of the reinforcing bar in the cracked
section, which was defined as the following Eq. 22. In the
equations given earlier, the parameters or coefficients can refer
to the existing literature (Song et al., 2020). By solving Eq. 21 and
Eq. 22, the cycle-dependent stress of the reinforcing bar can be
obtained.

FIGURE 2 | Bond behavior of reinforcing bars: (A) variation curve of slip with repeated cycles and (B) bond–slip relationship under fatigue loading.
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Af
r(n) � Ar[1 − n/Nf3(1 − σs(n)/fsy)] (21)

σs(n) � EsAs(εfr0If0y0 − εfsIsy
f
0r)[(Af

r(n) + As)Is + Af
r(n)Asy2

0]yf
0r

. (22)

Analytical Formulation of a Sub-Element
The mechanical approach to investigating the crack opening of a
cracked beam is based on knowledge of the crack position
(stabilized cracking) (Fabbrocino et al., 2007). Due to the
randomness and complexity of the cracks’ development, the
following two assumptions are made to simplify the model
problem:

(1) The main crack occurs at the position of maximum bend.
(2) The profiles of cracks are linear triangular.

Each sub-element is defined between two adjacent cracks, that
is, on the average crack spacing lc,r, as shown in Figure 3. The
nodes for a sub-element discretization based on the finite
difference method are also presented in Figure 3, as well as
the details of the composite beams. According to a generic
approach used in reinforcement concrete beams (Oliveira
et al., 2008), the theoretical analysis of a sub-element can be
referred to a sub-domain with a length of dx of the concrete slab,
as shown in Figure 4, where the cases of the shear-slip behavior at
the beam–slab interface and bond–slip behavior at the
reinforcement–concrete interface are schematically reported

together with some issues related to the boundary conditions.
Then the axial force equilibrium of the bar and the cross-section
under fatigue loading at a certain number of repeated cycles n can
be expressed as follows:

dσu(n)Af
u � ∓ πτfududx, (23)

dσb(n)Af
b � ∓ πτfbdbdx, (24)

dσc(n)Aeff � ∓ nuAf
udσu(n) ∓ nbAbdσb (n) − υndx, (25)

where dσu(n) and dσb(n) are the stress increments under fatigue
loading of reinforcement bars in the top layer and bottom layer,
respectively; τfu and τfb are the bonding strengths under fatigue
loading of reinforcement bars; du and db are the diameters of
reinforcement bars; nu and nb are the numbers of reinforcement
bars; dσc is the stress increments of the tension concrete
under fatigue loading; Aeff is the effective tension area of the
concrete slab; Af

u and Af
b are the areas of reinforcement bars

under fatigue loading; dx is the length of the sub-domain of
the concrete slab; and ∓ or ± depends on the position of the
sub-domain.

FIGURE 3 | Sub-element discretization.

FIGURE 4 | Translational equilibrium of the sub-domain: (A) in the left
part of a sub-element and (B) in the right part of a sub-element.

FIGURE 5 | Flowchart of the numerical solution of crack width.
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According to Eqs 23, 24, the distribution coefficient of the
tress increments of reinforcement bars can be defined as
follows:

ξ � dσb(n)
dσu(n) �

τfb
τfu

du

db
. (26)

Based on assumption 2, the following equation is obtained:

sfu �
hu
hb
sfb, (27)

where sfu and sfb are the slips of reinforcing bars in the top layer,
and bottom layer, respectively; hu and hb are the distances of the
beam–slab interface to reinforcing bars.

Then the stress increments of the tension concrete can be
expressed as follows:

dσc(n) � ∓ nuAf
udσu(n) ∓ nbξAbdσu (n) − υndx

Aeff
. (28)

Analytical Model for Crack Width
The stress variable in a sub-element depends on the relative slip
between reinforcing bars and surrounding concrete, that is, the
difference in longitudinal displacements between them. Thus, this
description can be given as follows:

ds(x)
dx

� d[us(x) − uc(x)]
dx

+ εsh � εs(x) − εc(x) + εsh, (29)

where us(x) and uc(x) are the longitudinal displacements of
reinforcement bars and surrounding concrete, respectively;
εs(x) and εc(x) are, respectively, the strains of reinforcement
bars and surrounding concrete; εsh is the shrinkage strain of
concrete, and εsh = 310µ is for this work according to China Code
GB 50917-2013 (2013).

According to the division for the sub-element with small
length Δx (see Figure 4), the finite difference forms of <b>
Eqs 23, 28, 29 are as follows:

σ(j)su,i+1(n) � σ(j)su,i (n) ∓ 4
du
τ
f(j)
su,i Δx, (30)

σ(j)c,i+1(n) � σ(j)c,i (n) + ± (nudu + nbξdb)πτf(j)su,i − υ(j)i

Aeff
Δx, (31)

s
f(j)
su,i+1 � s

f(j)
su,i ∓ ⎛⎝σ(j)su,i+1(n) + σ(j)su,i (n)

2Es
− σ(j)c,i+1(n) + σ(j)c,i (n)

2Ec
+ εsh⎞⎠Δx. (32)

The values of σsu and σc in the i+1 section are determined
from the values attained in the i section, by using the method
of finite difference (Castel et al., 2012). Based on the
bond–slip theory, the crack widths of steel–concrete
composite beams under hogging moment can be expressed
as follows:

w(j)i (n) �
⎧⎪⎪⎪⎨⎪⎪⎪⎩

2s
f(j)
su,0 j � 1 , i � 0

s
f(j−1)
su,0 + s

f(j)
su,m j> 1 , i � 0

2s
f(j)
su,m j � k, i � m.

(33)

The boundary conditions in the cracked section x=(j-1)lcr of
each sub-element numbered j applied to Eqs 31–33 can be
expressed as follows:

σ(j)s,0 (n) ≠ 0; σ(j)c,0 (n) � 0. (34)
And the boundary condition at the abscissa x = jlcr established

as the condition of convergence can be given in the following
form:

σ(j)c,m (n) � 0. (35)
Figure 5 shows the flowchart of the procedure for numerical

solution. Through giving a tentative value ssu,0, it is possible to

FIGURE 6 | Dimension details of the test specimen (unit: mm): (A) front elevation and (B) side elevation.

FIGURE 7 | Fatigue test setup.
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predict the crack widths along the composite beam corresponding
to a certain loading level. The specific steps are as follows:

1) Input basic information and data of composite beam.
Calculate the average crack spacing lcr according to Eq. 8.
Divide a half-span structure into k sub-elements. Divide a sub-
element into m sub-domains. Take the sub-element
(i.e., numbered j) as the research object and input the
repeated cycles n. Obtain the reinforcement stress σs,0(n) at
the cracked section by combining Eq. 21 and Eq. 22. Calculate
the concrete stress σc,0(n) = 0 at the cracked section by Eq. 34.

2) Assume the slip between the reinforcing bar and the concrete
at the initial cracked section (i.e., the node number is i = 0) as
an arbitrary value. Use Eq. 10 and Eq. 12 to modify Eq. 11,
and obtain the bond–slip constitutive relation between the
reinforcing bar and concrete under fatigue loading. Calculate
the bond stress τfsu,i on sub-domain numbered i+1. Calculate
the shear force υi

f of unit length at the beam–slab interface on
sub-domain numbered i+1 by Eq. 18.

3) Calculate reinforcing bar stress σsu,i+1(n), concrete stress
σcu,i+1(n) and the slip sfsu,i+1 between reinforcing bar and
concrete by Eqs 30–32.

4) Set i = i+1 and repeat Step 3 until i =m, on the condition of the
initial set of slip value ssu,0 and number of iterations of t = 1.
Calculate the crack width according to Eq. 33 if the concrete
stress σc,m = 0 or within the allowable error range, according to
the control condition in Eq. 35. If σc,m ≠ 0 or the allowable
error is exceeded, correct the initial slip value ssu,0 and
continue the iterative operation of t = t+1 (i.e., repeat steps
2–4), until you get a reasonable value.

MODEL VALIDATION

Outline of the Experiment
In order to obtain the experimental values of crack width in the
negative moment regions of steel–concrete composite beams
under fatigue loading, a total of three test beams were
designed and manufactured. The specimens were placed
upside down on two steel supports to simulate the action of a
negative moment. Among them, the specimen numbered SCB1-1
was used for a static loading test, while the specimens numbered
SCB1-2 and SCB1-3 were used for fatigue loading tests. Figure 6
shows the dimension details of the specimens. All test beams are
equipped with stud connectors with a diameter, height, and
spacing of 16 mm, 90 mm, and 100 mm, respectively. The ratio
of longitudinal reinforcing bars is designed as 4.0% with a
diameter of 16 mm. Material tests were conducted on concrete
and steel before the formal loading of the specimens. The strength
grade of the concrete was designed to be C50. The tensile
reinforcement bars and steel plates used HRB400 and Q345,
respectively (of the same factory batch). The axial tensile strength,
elastic modulus, and the average result of compressive strength of
concrete are 3.44 MPa, 3.47 × 104 MPa, and 51.2 MPa,
respectively. Meanwhile, the average results of the tensile yield
strengths of the web (or top flange), bottom flange, and
reinforcing bars are 443 MPa, 391 MPa, and 592 MPa,
respectively. The setup of the fatigue test is illustrated in
Figure 7. The fatigue load limits of SCB1-2 and SCB1-3 were
designed as 25%Fu and 40%Fu, where Fu is the ultimate bearing
capacity of SCB1-1 obtained from the static test. The loading ratio
and frequency were set as 0.1 and 2 Hz, respectively. And the sine
wave was used for the fatigue loading. The fatigue loading was
suspended when the repeated cycles reached the specified times of
1 × 104, 5 × 104, 10 × 104, 50 × 104, 100 × 104, 150 × 104, 200 × 104,
and 250 × 104. Then the static loading test was performed to
measure the crack width by an electronic crack width
measurement instrument. The typical experimental results are
listed in Table 3, in which ΔF is the fatigue load amplitude, that is,
Fmax−Fmin; Fcr is the cracking load in a static test; Nf is the fatigue
life. The typical pattern of crack development is shown in
Figure 8.

Existing Calculation Methods for Crack
Width Under Fatigue Loading
The relative slip between the reinforcing bar and concrete
increases gradually under the action of fatigue load, resulting
in the growth of crack width with repeated cycles. At

TABLE 3 | Typical experimental results.

Specimen Load mode Fatigue load (kN) Fcr (kN) Fu or F’u (kN) Repeated cycles (104) Nf (10
4) Failure mode

Fmax Fmin ΔF

SCB1-1 Static — — — 70 1,033 — — Compression buckling of bottom profile
SCB1-2 Fatigue 250 25 225 68 973 250 — No fatigue failure
SCB1-3 Fatigue 400 40 360 67 477 152 152 Fatigue cracking of top profile

FIGURE 8 | Typical crack development pattern.
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present, there is no specific method to calculate the crack
width in the negative moment regions of composite beams
under fatigue loading. For reinforced concrete structures, the
crack width under fatigue loading is generally expressed by
the method under static loading through appropriate
correction, that is, the experimental regression formula
obtained by using the initial crack expansion coefficient
(Song, 2006). According to the test results, a statistical
empirical formula was given for the maximum crack width
after n loading cycles:

ωmax � ω0(0.382 − 0.0227lgn)lgn, (36)
where, ω0 is the initial maximum crack width, which can be
calculated according to the conventional method under static
loading. In this study, it is calculated according to the
recommended formula in JTG D62-2004 (2004), which is
expressed as follows:

ω0 � C1′C2′C3′
σs

Es
( 30 + deq

0.28 + 10ρ
), (37)

ρ � Ar + Ap

bh0 + (bf − b)hf , (38)

where Ap is the area of prestressed reinforcement in the tensile
zone; bf and hf are the width and thickness of the tensile concrete
slab; C1´ = 1.0 is for the deformed bar; C2´ = 1.0 is for load effect;
C3´ = 1.2 is for the axial tension members.

In GB 50010-2010 (2010), the non-uniform coefficient φ of
tensile rebar strain for reinforced concrete specimens under
fatigue loading is equivalent to 1.0, that is, the bond between
the rebar and the concrete fails completely, considering the
fatigue effect. The calculation method is proposed based on
the assumptions that the fatigue failure occurs in reinforced
concrete structures or the loading cycles reaches 200 × 104,
and the maximum crack width can be expressed as follows:

ωmax � αcr
σs
Es

⎛⎝1.9cs + 0.08
deq

ρeq
⎞⎠, (39)

where αcr is the characteristic coefficient of tension members
under the action of force; ftk is the standard value of concrete
tensile strength; for other coefficients, refer to the explanation
given before.

Verification of the Calculation Model
Figure 9 shows the load–crack width response of the
experimental test, the existing calculation methods, and the
proposed model in this study. It can be found that the crack
width measured in the test increased with the repeated cycles. It
developed rapidly in the early loading process of about 10 × 104

cycles, and then grew slowly. The crack width calculated
according to Eq. 36 had a large deviation from the test results
at different times of cyclic loading. The results of the maximum
crack width by Eq. 39 were limited to a particular condition. In
addition, the calculated values were not universal for the structure
checking and were not in good agreement with the test results. As
for the numerical model in this study, which fully takes the
characteristics of the negative moment regions of composite
beams into consideration, the computed results are in good
agreement with the experimental values. And the accuracy was
further verified by the tested values from other literature (Lin

FIGURE 9 | Comparison between calculated and tested values of crack width under fatigue loading: (A) SCB1-2 and (B) SCB1-3.

FIGURE 10 | Verification of the calculation model with a fatigue test
conducted by Lin et al. (2013).
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et al., 2013), as shown in Figure 10. As a result, the numerical
model can well reflect the development trend of crack width in the
process of fatigue loading and provide a reference for anti-fatigue
design and checking calculation of composite beam in negative
moment region.

CONCLUSION

In this study, a modified formula for average crack spacing and a
numerical model for crack width in hogging moment regions of
steel–concrete composite beams under fatigue loading are
presented. Meanwhile, an experimental test is designed and
conducted to obtain the crack width at certain repeated cycles.
Then the accuracy of the proposed analytical models is validated
through the comparison between the proposed models and test
results. The main conclusions drawn are as follows:

(1) Themodified formula of average crack spacing takes the spacing
of transverse reinforcement into account through the analysis
and discussion of existing equations. By comparison, the
modified formula shows more reasonable results.

(2) The analytical model for crack width under repeated loading
includes the explicit formulations of slip at both the
beam–slab interface and the reinforcement–concrete
interface, as well as reinforcement stress in the cracked
section considering fatigue effect. The analytical results
can be obtained by using a suitable numerical procedure.

(3) Compared with the empirical formulas for crack width under
fatigue loading based on the axial tension members in
existing literature, the analysis results of the numerical

model show more reasonable agreement with the
measured values of the experimental beams conducted in
this study. For engineering design and application, the work
in this study can provide a reference for calculation and
evaluation in the negative moment regions of steel–concrete
composite beams under fatigue loading.
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