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The influence of the magnetic field on H2O − C2H6O2 (50:50)-based nanofluid

over a heated and spinning vertical cone is deliberated. Water: ethylene glycol

(50:50) mixture-based nanofluid with Al2O3 and Fe3O4 as nanoparticles exhibits

higher thermal conductivity enhancement. Heat transfer analysis for the

spinning vertical cone with a prescribed surface temperature was

investigated. The influence of magnetic parameter, spin parameter, and

nanoparticle volume fraction on tangential velocity profile, spin velocity

profile, and thermal profile is analyzed. The results accord strongly with the

findings of previous research works in the special cases. Computation shows

that as magnetic parameter increases, the thicknesses of hydrodynamic and

thermal boundary layers decrease and increase, respectively. The addition of

nanoparticles (Al2O3 and Fe3O4) effectively enhances the skin friction

coefficient and Nusselt number.
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Introduction

In this industrialized world, the heat transfer process plays a significant role in

upgrading the efficiency of industrial applications. To accomplish this global

industrialization, in 1995 Choi devised a new progressive class of heat transfer fluids,

known as nanofluids (Choi and Eastman, 1995), in which the characteristics of both
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nanoparticles and base fluid become efficient. Heat transfer in

nanofluid is more proficient than in common fluids. Preparation

of nanofluids is not simply the mixture of solids and liquids but

requires beneficial methods, as elaborated in Xuan and Li (2000),

which presents the procedure for nanofluid preparation.

Choosing the nanoparticle and base fluid wisely leads to

excellent results depending on the need, as discussed in Usri

et al. (2015). Recent research works have been implemented

using a novel category of fluids known as nanofluids, which have

brought changes widely, including in the industrial, engineering,

and medical fields (Vishnu Ganesh et al., 2014; Abdul Hakeem

et al., 2017). Different geometrical shapes give different results,

including cone and wedge (Anantha Kumar et al. (2018), rotating

disk (Gholinia et al. (2019), and vertical cone geometric shapes

(CemEce, 2005; Raju and Sandeep, 2016). Nanofluids are the best

solutions for heat transfer fluids since they have good thermal

performance. Therefore, researchers are proposing suitable

models. In this regard, three methods are employed for

improving thermal performance (Maleki et al., 2020). To

adopt nanofluid applications in daily life, and to increase

nanofluid’s performance in several applications, nanofluid

stability is a critical factor discussed in (Chakraborty and

Kumar Panigrahi, 2020). To enhance heat transfer,

comparison among different nanofluids for different

parameters has been conducted (Dinarvand and Pop, 2017;

Aghamajidi et al., 2018). Nanofluid applications have been

used in multidisciplinary research. There is a broad range of

utilizations in the areas of microalgal cultivation, friction

reduction, magnetic sealing, reactor–heat exchange, optical

and biomedical applications, nanofluid detergent, electronics

cooling, and heating buildings (Vargas-Estrada et al., 2020;

Rafiq et al., 2021). With progress in nuclear energy,

nanoparticles are also used as coolants in nuclear power

plants (Hamidreza Arab BafraniNoori-kalkhoran et al., 2020),

in enhancing oil recovery, nano-refrigerants, and nano-

lubricants (de Carvalho et al., 2020; SahbanAlnarabiji and

Husein, 2020; Salari and Seid Mahdi Jafari, 2020; Mallikarjuna

et al., 2021), and in turning and grinding processes (SaswatKhatai

et al., 2020). In addition to nanofluid, the flow of hybrid

nanofluid across a stretched surface has recently been studied

(Aly and Pop, 2019; Aly and Pop, 2020a; Aly and Ebaid, 2020; Aly

and Pop, 2020b; Aly et al., 2021; Ahmad et al., 2022; Aly et al.,

2022; Arafat et al., 2022; Reddy et al., 2022; Usafzai et al., 2022).

Using a water–ethylene glycol (50:50) combination as the

base fluid andAl2O3 and Fe3O4 as the nanoparticles, we explored

the natural convection flow around a heated vertical spinning

cone under the influence of a magnetic field.

The aspect of the present work is listed below.

➢Water–ethylene glycol (50:50) mixture is considered a base

fluid with Pr = 29.86.

➢ Al2O3 and Fe3O4 are considered to be non-magnetic and

magnetic nanoparticles, respectively, which are in thermal

equilibrium with base fluid.

➢ The geometric cone is used for fluid flow as shown in

Figure 1.

➢ The effect of viscous dissipation, the resistance heating effect

of the fluid, and the slip effect are regarded as negligible.

Governing equations and problem
formulation

A continuous two-dimensional flow of a combination ofH2O −
C2H6O2 (50:50) containing Al2O3 and Fe3O4 nanoparticles was

studied, under the influence of a magnetic field. The flow was

laminar, and the nanofluid was assumed to be incompressible.

The y* axis is the dimension normal to the cone’s surface,

and the x* axis is the dimension toward the cone’s surface. The

rotational angle is indicated by θ, and it was assumed that cone

spins with a constant angular velocity Ω.
The models that govern the phenomena are given below

(Aghamajidi et al., 2018).

Continuity equation

(r*u*)x* + (r*v*)y* � 0 (1)

TABLE 1 Thermophysical properties of H2O − C2H6O2 (50:50)-based fluid and Al2O3/Fe3O4 nanoparticles (Aghamajidi et al., 2018; Saranya et al.,
2018; Saranya et al., 2022).

Cp/(J/(kg. K)) ρ/(kg/m3) k/(W/(m.K)) β/10–5(1/K) σ(Sm−1) Pr

Ethylene glycol and water (50:50) mixture (H2O − C2H6O2) (50:50) 3288 1056 0.425 58 0.00509 29.86

Aluminum oxide (Al2O3) 765 3970 40 0.85 35*106 —

Magnetite (Fe3O4) 670 5180 9.7 1.3 2.5*104 —
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Momentum equation in x direction

ρnf((u*)x*u* + (u*)y*v* − w*2

x*
)

� μnf(u*

y*)y* + (ρβ)nfg cos γ(T − To) − σnfB
2u* (2)

Momentum equation in y direction

ρnf((w*)x*u* + (w*)y*v* + u*w*
x*

) � μnf(w*

y*)y* − σnfB
2w* (3)

Energy equation

(ρCp)(u*(T)x* + v*(T)y*) � knf(Ty*)y* (4)

Here, (r*u*)x* denotes the partial derivative of (r*u*) with
respect to x*.

The boundary conditions for the above governing equations

are given below.

Prescribed surface temperature case:

T(x*, 0) � T0 + (Tr–T0) x*
L
wheny* � 0 (5)

u* � 0, v* � 0 , w* � r*Ω as y* � 0 (6)
u* → 0, w* → 0,T → 0 as y* → ∞ . (7)

γ is considered as half of the vertex angle, and the local radius of the

cone is considered as r = x sin γ. Dimensional velocity components are

denoted byu*, v*, andw* in thex*, y*, and θ directions, respectively.

The thermophysical properties are given in Table 1. The

nanofluid properties are given by (Saranya et al., 2022)

Nanof luid’s kinematic viscosity, νnf � μf(1 − ϕ)2.5[(1 − ϕ)ρf + ϕρs]
(8)

Nanof luid’s density ρnf � (1 − ϕ)ρf + ϕρs (9)
Nanof luid’s thermal dif fusivity, αnf � knf(ρCp)nf , (10)

Nanof luid’s heat capacitance, (ρCp)nf � (1 − ϕ)(ρCp)f + ϕ(ρCp) s,
(11)

Coef f icient of thermal expansion, (ρβ)nf � (1 − ϕ)(ρβ)f + ϕ(ρβ)s
(12)

Nanofluid’s thermal conductivity and electrical conductivity

are given by

knf
kf

� (ks + 2kf) − 2ϕ(kf − ks)
(ks + 2kf) + ϕ(kf − ks) and

σnf
σf

� 1 + 3(σ − 1)ϕ
(σ + 2) − (σ − 1)ϕ, whereσ � σs

σf
, respectively (13)

Here, ϕ is the solid volume fraction. The subscripts sf, nf, and s

denote the fluid, nanofluid, and solid, respectively.

For the current analysis, the following variables are utilized

(Aghamajidi et al., 2018):

r � r*
L
, x � x*

L
, y � y*

L
Gr1/4 (14)

u � u*
U

, v � v*
U
Gr1/4, w � w*

ΩL
, Θ � T − T0

Tr − T0
(15)

where u, v, and w represent the velocity components x direction,

y direction, and θ direction, respectively, and Θ is the

dimensionless temperature ratio. r � x sin γ is the radius of

the cone and the magnetic field strength is

B = B0 b(x) /(r







1 − r′2)

√
.

The Prandtl number (Pr), reference velocity (U), and Grashof

number (Gr) are defined as

Pr � ]
α
, U � [g cos γβL(Tr − T0)]1/2, Gr � (UL

]
)2

(16)

where β is the thermal expansion coefficient, L is the reference

length, ] is kinematic viscosity, and α is thermal diffusivity.Tr is any

taken reference temperature unequal to the ambient temperatureT0.

The governing equations from Eq. 1 to Eq. 4 take the

following non-dimensional form after substituting the

dimensionless variables, as defined in Eqs 14–16:

(ru)x + (rv)y � 0 (17)

uux + vuy − Re2

Gr

r′
r
w2 � 1[(1 − ϕ) + ϕ(ρs/ρf)] {

1(1 − ϕ)2.5(uy)y
+[(1 − ϕ) + ϕ(ρβ)s/(ρβ)f]Θ − σnf

σf
MΛ2u} (18)

uwx + vwy + uw
r′
r

� 1(1 − ϕ + ϕρs/ρf) {
1(1 − ϕ)2.5(wy )y − (σnf

σf
)MΛ2w} (19)

uΘx + vΘy � 1

[(1 − ϕ) + ϕ((ρCp)s/(ρCp)f)] [(
1
Pr

Knf

Kf
)(Θy)y]

(20)

The boundary conditions are given below.

Prescribed surface temperature case:

Θ � x as y � 0 (21)
u � 0, v � 0, w � r as y � 0 (22)

u → 0, w → 0, Θ → 0 as y → ∞ (23)

The rotational Reynolds number, the magnetic field function

Λ, and the magnetic parameter are
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Re � ΩL2

]f
, Λ � b(x)

r







1 − r′2

√ ,M � σfB2
0L

Uρf
. (24)

The function b(x) � r







1 − r′2

√
is the basis of the current

analysis, which was conducted in a scenario in which the

intensity of the magnetic field applied normal to the surface

was uniform along the surface within the boundary layer, such

that Λ = 1:

ru � ψy , rv � −ψx , (25)
where ψ is stream function and the boundary layer variables can

be presented as

ψ(x, y) � xrF(y), w � rG(y), Θ � xH(y), (26)

Applying the boundary layer variables as written in Eq. 26,

the non-dimensional governing Eqs 17–20 are converted into the

system of Ordinary differential equations (ODEs).

Here F(y), G(y), and H(y) represent the tangential velocity

profile, swirl velocity profile, and temperature profile,

respectively.

A1F‴ + 2FF″ − F′2 + εG2 − A2A5MΛ2F′ + A3H � 0 (27)
A1G″ + 2FG′ − 2GF′ − A2A5MΛ2G � 0 (28)

A4H″ + Pr[2FH′ − F′H] � 0 (29)

where A1 � 1/(1 − ϕ)2.5(1 − ϕ + ϕ(ρs/ρf )), A2 � 1/(1 − ϕ+
ϕ(ρs/ρf ))A3 � (1 − ϕ + ϕ(ρβ)s/(ρβ)f )/(1 − ϕ + ϕ(ρs/ ρf )), A4 �
(knf /kf )/(1 − ϕ + ϕ (ρCp)s/(ρCp) f)A5 � σnf /σf � 1 + 3(σ − 1)
ϕ/(σ + 2) − (σ − 1)ϕ, where σ � σs/σf ε � (Resinγ)2/Gr is the

spin parameter.

The boundary conditions from Eqs 21 to 23 are reduced to

F � 0, F′ � 0 , G � 1 , H � 1 as y � 0 (30)
F′ → 0, G → 0, H → 0 as y → ∞ (31)

Skin friction coefficient and local
Nusselt number

The skin friction coefficient Cf and the local Nusselt number

(Nu), have been consequential in the engineering field and are

defined as

Cf � 2τw
ρfU2, Nu � Lqw

kf(Tw − T∞) (32)

where τw is the skin friction and qw is the surface heat flux,

written as

τw � μnf(zu*zy*
)

y*�0
, qw � −knf(zT

zy*
)

y*�0
(33)

Using the non-dimensional transformations, we obtain

CfGr
1/4 � 2(μnf

μf
)xF″(0),NuGr−1/4 � −(knf

kf
)xH′(0) (34)

Numerical approach

Eqs 27–29 with boundary conditions (Eqs 30, 31) specify

nonlinear ordinary differential equations. By using a fourth-

order Runge–Kutta finite difference scheme and shooting

approach, this model is solved numerically to examine the

effects of M, ∈,ϕ on FI(y), G(y), H(y), Cf, and Nu.

We represent F � y1, G � y4, H � y6 for our present

problem and the important steps of the method as

y1
′ � y2

y2
′ � y3

y3
′ � −1/A1[2y1y3 − y2

2 + εy4
2 − A2A5MΛ2y2 + A3y6]

y4
′ � y5

TABLE 2 Comparison with the results of Ece (2006), Dinarvand (2011), and Aghamajidi et al. (2018) for regular fluid (ϕ = 0), for the effect of M and ∈ on
FII(0) and –Hl (0) with prescribed surface temperature, for Prandtl number =1.

 M Fll (0) −Hl (0)

Ece
(2006)

Dinarvand
(2011)

Aghamajidi et al.
(2018)

Present
results

Ece
(2006)

Dinarvand
(2011)

Aghamajidi et al.
(2018)

Present
results

0.0 0.0 0.68150 0.68151 0.68151 0.681483 0.63887 0.63887 0.63887 0.638854

1.0 0.55976 0.55975 0.55976 0.559761 0.55869 0.55867 0.55868 0.558692

2.0 0.48679 0.48675 0.48678 0.486807 0.50338 0.50341 0.50339 0.503352

0.5 0.0 0.84651 0.84654 0.84651 0.846488 0.67194 0.67196 0.67194 0.671938

1.0 0.68548 0.68553 0.68549 0.685480 0.58138 0.58142 0.58137 0.581380

2.0 0.59003 0.59010 0.59003 0.590045 0.51968 0.51963 0.51969 0.519638

1.0 0.0 1.00196 1.00191 1.00195 1.001943 0.70053 0.70056 0.70053 0.700524

1.0 0.80819 0.80826 0.80820 0.808193 0.60256 0.60250 0.60257 0.602564

2.0 0.69204 0.69203 0.69205 0.692051 0.53536 0.53543 0.53535 0.535337
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y5
′ � −1/A1[(2y1y5 − 2y2y4) − A2A5MΛ2y4]

y6
′ � y7

y7
′ � −1/A4[Pr(2y1y7 − y2y6)]

To authenticate our work, the outcomes were compared with

the results of Ece (2006), Dinarvand (2011), and Aghamajidi et al.

(2018), which are shown in Table 2. It is worth mentioning that

the present outcomes have excellent compatibility with the

solutions obtained by Ece (2006), Dinarvand (2011), and

Aghamajidi et al. (2018) for the case ϕ = 0.

Results and discussion

The effects of spin parameter ϵ, nanoparticle volume fraction

ϕ, and magnetic parameter M on tangential velocity profile FI(y),

swirl velocity profile G(y), and temperature profile H(y) for the

case of prescribed surface temperature were plotted.

The tangential velocity profile decreases as the range of

magnetic parameters increases. This is because a magnetic

field creates a drag force, known as the Lorentz force, in an

electrically conducting fluid. There is a dip in the velocity

profile due to this significant resistive force acting counter to

the direction of fluid flow. As a result, as M becomes

stronger, the hydrodynamic boundary layer thickness

becomes thinner. Fe3O4 has higher tangential velocity

than Al2O3. In the case of swirl velocity, as the magnetic

parameter increases, swirl velocity decreases. Al2O3 has

higher swirl velocity than Fe3O4, as described in Figure 2

Boundary layer behaviour for the case of
prescribed surface temperature

To overcome drag force, the fluid must do some

additional work, which is transformed into thermal energy

and leads to an increase in the temperature of the fluid. Al2O3

FIGURE 1
Geometry of the problem.

FIGURE 2
Influence of M on FI(y) and G(y) when ϕ = 0.01, ∈ = 1, and Pr =
29.86.

FIGURE 3
Influence of M on H(y) when ϕ = 0.01, ∈ = 1, and Pr = 29.86.

FIGURE 4
Characteristics of ∈ on FI(y) and G(y), when ϕ = 0.01, M = 1,
and Pr = 29.86.
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has a higher temperature than Fe3O4. Therefore, as the

strength of M increases, the thickness of the thermal

boundary value rises, as described in Figure 3. From the

physical point of view, as the nanoparticles transfer or

dissipate heat, they cause a larger thermal boundary layer

thickness and, finally, the intensification in the temperature

of the fluid.

As the spin parameter appears in the momentum equation,

the effect of spin parameter is more in this equation, and

increased values of the spin parameter dynamically promote

tangential velocity. Fe3O4 has higher tangential velocity than

Al2O3. Swirl velocity drops as spin parameter increases near the

surface of the cone, as shown in Figure 4.

Temperature is reduced as spin parameter increases.

Therefore, there is reduction in the thickness of the thermal

boundary layer for varying magnitudes of spin parameter. Fe3O4

nanoparticles are compressed more toward the surface than are

the Al2O3 nanoparticles as the spin parameter rises, as indicated

in Figure 5.

The influence of nanoparticle volume fraction on tangential

and swirl velocity profile is depicted in Figure 6. As the value of

ϕ rises, the tangential velocity of the flow increases. The

opposite behavior is examined in the case of swirl velocity

profile.

In Figure 7, the influence of the Al2O3 and Fe3O4

nanoparticle volume fraction for thermal distribution is

plotted. Analysis of this plot showed that the temperature

distribution builds up by enhancing the volume fraction of

Al2O3.

The coefficient of skin friction and Nusselt
number

Table 3 shows the variation of skin friction coefficient and

nusselt number for different values of solid volume fraction,

spin parameter and magnetic parameter. It is found that
FIGURE 5
Impact of ∈ on H(y), when ϕ = 0.01, M = 1, and Pr = 29.86.

FIGURE 6
Variation of φ on FI(y) and G(y) when ∈ = 1, M = 1, and Pr =
29.86.

FIGURE 7
Variation of ϕ on H(y) when ∈ = 1, M = 1, and Pr = 29.86.

TABLE 3 The coefficient of skin friction and Nusselt number.

φ ε M Pr (1/x) CfGr
(1/4) (1/x) NuGr−1/4

Al2O3 Fe3O4 Al2O3 Fe3O4

0.01 1 1 29.86 4.1880 6.5685 3.1603 3.6685

0.02 6.6672 10.7914 3.7276 4.3681

0.03 8.9413 14.6327 4.1515 4.8770

0.04 11.1076 18.2739 4.5059 5.2963

0.01 1.0 1 29.86 4.1879 6.5685 3.1603 3.6685

2.0 3.9995 6.3515 3.0638 3.5858

3.0 3.8639 6.1865 2.9920 3.5216

4.0 3.7556 6.0507 2.9334 3.4677

0.01 1 1.0 29.86 4.1879 6.5684 3.1603 3.6685

2.0 4.5756 6.9253 3.2806 3.7542

3.0 4.9609 7.2799 3.3921 3.8353

4.0 5.3430 7.6321 3.4958 3.9125
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magnetic nanoparticles have high skin friction and nusselt

number values.

Conclusion

The numerical solution was achieved using the fourth-order

Runge–Kutta method combined with boundary conditions and

shooting methods to the non-dimensional ODEs. The following

graph-related points are noteworthy:

➢ Intensification of the extent of spin parameter dynamically

promotes the tangential velocity, and Fe3O4 has a higher

tangential velocity than Al2O3.

➢ Higher magnetic parameters decrease the momentum

transport of hydrodynamic flow and accelerate thermal

transport in the presence of H2O − C2H6O2 (50:50)

mixture.

➢Higher spin parameter reduces the thermal profile of nanofluid.

➢ The tangential velocity of Fe3O4 is shown to be greater than

for the Al2O3 nanoparticle.

➢ It is worth mentioning that the present outcomes are highly

compatible with solutions obtained in previous research for

the special case.
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Nomenclature

k thermal conductivity, Wm−1K−1

H dimensionless fluid temperature

G dimensionless swirl velocity

Cp specific heat, Jkg−1K−1

M magnetic parameter

F dimensionless tangential velocity

g acceleration due to gravity, ms−2

L reference length, m

Nux local Nusselt number

Cf skin friction coefficient

B magnetic field intensity, kgs−2A−1

qw surface heat flux, Wm−2

r dimensionless radius

Tr reference temperature, K

Gr Grashof number

To temperature of the cone surface, K

Pr Prandtl number

u,v,w velocity component in the x,y,z direction respectively

T temperature, K

Re local Reynolds number

y dimensionless coordinate normal to the surface

U reference velocity, ms−1

x dimensionless coordinate measured along the surface

β thermal expansion coefficient, K−1

ϕ nanoparticle volume fraction

ε spin parameter

τw skin friction, Nm−2

γ half of vertex angle

ρ density, kgm−3

ψ dimensionless stream function

Ω angular velocity of the cone

θ angle of rotation

υ kinematic viscosity, m2s−1

Θ dimensionless temperature ratio

σ electrical conductivity, Sm−1

α thermal diffusivity, m2s−1

μ dynamic viscosity, kgm−1s−1
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