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Recently, linear-crossing metamaterials (LCMMs) in the hyperbolic topological

transition of iso-frequency contour, have attracted people’s great attention.

Due to the novel linear dispersion, LCMM provides a new platform to control

and enhance the light-matter interactions, such as all-angle negative refraction,

filters, super-lens, etc. However, the narrow-band working frequency is

currently the major limitation in LCMMs. In this work, we propose two

methods to realize multiple linear-crossing metamaterials (MLCMMs),

including a basic Drude-Lorenz model and an actual step-like multilayer

structure. Especially, in order to identify the designed two kinds of MLCMMs,

we numerically demonstrate the unique beam splitting and directional

refraction of MLCMM at different frequencies. Our findings may not only

provide a new platform for the fundamental study of LCMM, but also

facilitate some broadband applications.
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Introduction

Metamaterials are fundamental building blocks in a number of optical applications

due to their ability to efficiently and flexibly manipulate light (Pendry, 2000; Shelby et al.,

2001; Engheta and Ziolkowsky, 2006). Among the abundant metamaterials, hyperbolic

metamaterials (HMMs) (Poddubny et al., 2013; Smolyaninov, 2018; Guo et al., 2020a; Lee

et al., 2022) and zero-index metamaterials (ZIMs) (Liberal and Engheta, 2017; Niu et al.,

2018) are undoubtedly remarkable because of their diverse counterintuitive attributes.

Recently, linear-crossing metamaterials (LCMMs) with linear dispersion, which combine

the properties of both HMM and ZIM, have been proposed in the study of topological

phase transition between two kinds of HMMs (Guo et al., 2018a). Take the electric LCMM

(ε → 0; μ//μ⊥ < 0) for example, because the permittivity is close to zero, it has

characteristics similar to ZIMs, that is, there will be no phase accumulation along the

transmission path. Besides, the anisotropic permeability ensures the electric LCMM

support high-k modes like HMMs. LCMMs open a new avenue for controlling light
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propagation and verifying abnormal phenomena involving ZIMs

and HMMs (Guo et al., 2022a).

Although LCMMs have some physical properties similar

to ZIMs and HMMs, which have been widely studied in the

last two decades, the novel linear dispersion also enables

LCMMs to have many unique properties that are worth

exploring. The light-matter interactions depend on the

dispersion in wave-vector space characterized by the

isofrequency contours (IFCs). Similar to the Fermi plane in

electronic systems, the IFCs of photonic systems determine

the transmission properties of light in various materials (Guo

et al., 2020a). The complex dispersive control of beam

propagation is a very interesting topic (Fan et al., 2016;

Tsilipakos et al., 2018; Zhu et al., 2022). It is well known

that the normal topological transition of dispersion in

anisotropic metamaterials, in which IFC changes from a

closed ellipsoid to an open hyperboloid, can lead to many

unusual propagation phenomena of electromagnetic waves in

media, such as all-angle negative refraction (High et al., 2015),

focusing (Martín-Sánchez et al., 2021), and self-collimation

(Yu et al., 2016). Especially, the open IFCs of hyperbolic

dispersion can support high-k modes and possess an

enhanced photonic density of states (Smolyaninov and

Narimanov, 2010; Krishnamoorthy et al., 2012), leading to

promising applications such as super-resolution imaging that

can overcome diffraction limits (Liu et al., 2007; Smolyaninov

et al., 2007; Duan et al., 2021a), long-range atom-atom

interaction (Guo et al., 2018b; Newman et al., 2018),

optical forces engineering (Li et al., 2020a; Li et al., 2020b),

sub-wavelength cavities (Yang et al., 2012; Wang et al., 2020;

Guo et al., 2022b) and waveguides (Guo et al., 2021a; Fu et al.,

2021; Ji et al., 2022). Similar to the normal topological

transition, the LCMMs existing in the novel hyperbolic

topological transition of dispersion can also be well studied

based on IFC, which reveals that LCMMs have some unique

properties in the field of designing superior optical devices,

such as the super-resolution imaging (Guo et al., 2018a),

diffraction free beam (Guo et al., 2020b), and robust spatial

filtering (Guo et al., 2020c). It should be emphasized that

although LCMM was proposed in the transmission lines

system based on effective circuit model, it has recently been

extended to photonic crystal (Yang et al., 2019), phononic

crystal (Xu et al., 2022), and even the α-MoO3 biaxial slab with

phonon polaritons (Duan et al., 2021b). Nevertheless, similar

to most critical situations of photonic systems, LCMMs suffer

from single frequency response for the near-zero permittivity

or permeability, which is a significant disadvantage for

practical applications. A natural question is whether we can

achieve multi-frequency LCMM?

In this work, we propose the multi-frequency LCMM

from the basic Drude-Lorenz model and actual step-like

multilayer structure. Specifically, from the perspective of

basic dispersive electromagnetic parameters, when the

permittivity meets the Drude-Lorenz model, a double-

LCMM will be achieved. In addition, multiple structure is

a very special topic because it has more physical properties

than a single counterpart. When considering an actual

composite stepped multilayer structure, a quintuple-

LCMM will also be achieved. Since the two open branches

of IFC intersect in LCMMs, multi-frequency beam splitting

will occur when light is normally incident on LCMMs.

Besides, the unidirectional refraction will happen if the

light is incident on the material at oblique angles. Based

on the findings in this study, a series of important

applications based on these novel properties may be

applied, such as broadband 50/50 beam splitter,

unidirectional refraction, zero-phase delay device and so on.

Results and discussion

The novel physical properties of LCMMs have motivated

extensive studies of linear dispersion in photonic and acoustic

systems. However, as introduced in previous works, the LCMMs

suffer from single frequency response for the near-zero

permittivity or permeability, which greatly hamper the related

applications. Once the multiple linear-crossing metamaterials

(MLCMM) can be realized, broadband directional refraction

becomes possible. Due to the special linear dispersion

characteristics of MLCMM, it will open up a new way for

energy directional collection and filtering when the natural

light incident on the material, as shown schematically in

Figure 1. Generally speaking, the electromagnetic response of

uniaxial materials is described by the permittivity and

permeability (Guo et al., 2020a)

FIGURE 1
Schematic of themulti-beam cone in the MLCMM. The beam
splitting will occur when the light incident on the MLCMM.
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ε̂ � ⎛⎜⎝ ε⊥ 0 0
0 ε⊥ 0
0 0 ε‖

⎞⎟⎠, μ̂ � ⎛⎜⎜⎝ μ⊥ 0 0
0 μ⊥ 0
0 0 μ‖

⎞⎟⎟⎠ (1)

where the subscript ⊥ and ‖ represent the components

perpendicular and parallel to the optical axis (z axis),

respectively. In particular, by substituting Eq. 1 into Maxwell’s

equations, the corresponding dispersion relationship can be

obained as (Ferrari et al., 2015)

(k2⊥
ε‖

+ k2‖
ε⊥

− μ⊥k
2
0)(k2⊥μ‖ +

k2‖
μ⊥

− ε⊥k
2
0) � 0 (2)

where k⊥ � ±







k2x + k2y

√
and k‖ � kz are the wave vector in the

perpendicular and parallel directions, respectively. k0 is the wave

vector in free space. Especially, the first and second terms of

brackets in Eq. 2 describe the transverse electric (TE,Hx, Ey,Hz)

and transverse magnetic (TM, Ex,Hy, Ez) polarized waves,

respectively.

Considering the TE polarized wave propagating in the x–z

plane, the simply dispersion equation of the uniaxial media is

expressed as (Guo et al., 2020a)

k2x
μz

+ k2z
μx

� εyk
2
0 (3)

where kx and kz are the wave vector along x and z directions,

respectively. According to Eq. 3, considering the anisotropic

permeability μxμz < 0 like the magnetic HMM, the hyperbolic

topological transition between two kinds of HMMs can be

realized by tuning the sign of εy from negative to positive

while the signs of the μx and μz are unchanged. Especially,

the transition phase at εy → 0 corresponds to LCMM with

FIGURE 2
MLCMM based on the Drude-Lorenz model. (A) Effective anisotropic electromagnetic parameters of the MLCMM based on the Drude-Lorenz
model. μx , εy , and μz are represented by blue dash dotted line, red solid line, and green dashed line, respectively. (B) The 3D dispersion relationships of
two kinds of hyperbolic topological transitions. LCMM1 and LCMM2 are marked by red and purple stars, respectively. (C) The cross graphs of the 3D
dispersion relationships for the low frequency hyperbolic topological transition in (B). IFCs of dielectric-type HMM (DHMM), LCMM1, andmetal-
type HMM (MHMM) at 400 THz, 463 THz, and 550 THz are marked by green dashed line, red solid line and blue dashdotted line, respectively. (D)
Similar to (C), but for the high frequency hyperbolic topological transition. (E) Multi-frequency directional refraction expressed from the linear
dispersion when the light incident from air to double-LCMM.
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linear crossing IFC. To illustrate the mechanism for the

formation of MLCMM with multi-frequency linear dispersion,

we consider that the permittivity satisfies the basic Drude-Lorenz

model as (Hashimoto et al., 2016; Sehmi et al., 2017)

εy � ε∞ − ω2
p

iωγ + ω2
− ΔΩ2

L

iΓL + ω2 −Ω2
L

(4)

where ε∞ � 0.5, γ � ΓL � 0, ωp � 2.51 × 1015 rad/s, Δ � 0.1, and

ΩL � 3.77 × 1015 rad/s. Without losing any generality, the

anisotropic permeability are satisfy the simply Drude model as

(Guo et al., 2018a)

μx � μ∞ − ω2
px

iωγx + ω2
, μz � μ∞ − ω2

pz

iωγz + ω2
(5)

where ε∞ � 1, γx � γz � 0, ωpx � 7.67 × 1015 rad/s, and ωpz �
4.46 × 1015 rad/s. The electromagnetic parameters calculated by

Eqs. 4, 5 are shown in Figure 2A as a function of frequency. It can

be clearly seen that μx and μz increase monotonically with the

increase of frequency. However, with increasing frequency, εy
changes from negative to positive twice, which indicates the

double-LCMM can be realized based on the basic Drude-Lorenz

model. We can clearly see that permittivity have two zero point in

the visible region. The inset color map shows that LCMM1 and

LCMM2 in the double-LCMM correspond to the red and purple

light, which are marked by the red and purple stars, respectively.

Based on Eq. 3, the 3D dispersion relationship can be obtained, as

is shown in Figure 2B. It can be clearly seen that the first (second)

hyperbolic topological transition from dielectric-type HMM

(DHMM) to metal-type HMM (MHMM) can be realized

when the frequency increases from 400 THz (600 THz) to

600 THz (800 THz). In order to intuitively show the

hyperbolic topological transitions, Figures 2C,D give three

different IFCs near LCMM1 and LCMM2, respectively.

Especially, IFCs of low-frequency (high-frequency) DHMM,

LCMM1 (LCMM2), and low-frequency (high-frequency)

MHMM at 400 THz (650 THz), 463 THz (733 THz), and

550 THz (900 THz) are marked by green dashed line, red

(purple) solid line and blue dash dotted line in Figures 2C,D

respectively.

The beam splitting and directional refraction of double-

LCMM are clarified from the linear dispersion, which is

shown in Figure 2E. The gray arrows and black arrows denote

the wave vectors in free space (the incident medium) and double-

LCMM (the refracted medium), respectively. According to the

boundary conditions and the causality law, we can determine that

the energy flow of the refractive waves can only propagate in two

fixed directions, which are marked respectively by the red and

purple arrows for LCMM1 and LCMM2 in Figure 2E. Because of

the novel linear dispersion, when light incident from air to the

double-LCMM the refracted angle is fixed as

θ � arctan(∣∣∣∣μx/μz∣∣∣∣1/2) (6)

For the LCMM1 (LCMM2) at 463 THz (733 THz), the

anisotropic permeability corresponds to μx � −6 (−1.79) and

μz � 0.53 (0.81), which indicates the refracted angle is θ1 �
73.5o (θ2 � 56.1o). In order to verify the multi-frequency

directional refraction of the multi-LCMM with basic Drude-

Lorenz model, the simulated field distributions of LCMM1 and

LCMM2 are shown in Figure 3. It can be seen that when the light

is normally incident on the multilayered LCMM, the beam will

split into two directions, as shown in Figures 3A,D for LCMM1

(f1 = 463 THz) and LCMM2 (f2 = 733 THz), respectively

(Erçağlar et al., 2021; Hu et al., 2021; Phon et al., 2021). The

wave vector and energy flow are marked by blue and red arrows,

respectively. Because the group velocity and phase velocity in an

LCMM are perpendicular to each other, which leads to zero

phase accumulation along the propagation path as in a ZIM. On

the other hand, when the beam is obliquely incident on the

double-LCMM structure at f1 = 463 THz with incident angle of

-5° (or 5°), the beam will be refracted at the fixed angle θ1 � 73.5o,

as is shown in Figure 3B (Figure 3C). Similarly, Figures 3E,F give

the electric field distributions of when the beam is obliquely

incident on the double-LCMM structure at f2 = 733 THz with

incident angle of -5 degrees and 5°, respectively. In this case, the

beam will be refracted at the fixed angle θ1 � 56.1o. It should be

emphasized that for HMM to achieve directional transition, the

near-field spin source or Huygens’ source is required, while

LCMM can only be achieved when incident at an oblique

angle (Guo et al., 2021b).

From Figure 3, it is clear that incident red and purple light

will trigger beam splitting and directional refraction with

different refraction angles. In order to further verify the

multi-frequency directional refraction of MLCMM, we study

the electric field distributions at more incident angles in Figure 4.

When the incident angle increases from +10o to +45o, the beam
will still be refracted at the fixed angle θ1 � 73.5o (θ2 � 56.1o) for

LCMM1 (LCMM2), as shown in Figures 4A–F). It should be

emphasized that the beam splitting and directional refraction of

MLCMM remain even for the lossy materials, but the

transmission distance will be shortened due to the influence

of absorption. Recently, the pseudo-magnetic field controlled

beam bending is a very interesting research topic, in which the

external-field-free photonic transportation behavior comes from

the introduction of structural gradient (Zhang et al., 2014; Deng

et al., 2015). The similar phenomenon can also be expected in the

LCMM with crossing IFCs when the structural gradient is

considered.

After using the basic Drude-Lorenz model to study the multi-

frequency directional refraction of MLCMM, we also design a

practical composite stepped multilayer structure to realize the

MLCMM. At present, although multilayered structures

containing two kinds of single-negative media have been

proposed for the single-frequency LCMM, the multiple-

LCMM with broadband properties remains elusive (Guo et al.,

2020b). Fortunately, based on the Bergman spectral

Frontiers in Materials frontiersin.org04

Guo et al. 10.3389/fmats.2022.1001233

https://www.frontiersin.org/journals/materials
https://www.frontiersin.org
https://doi.org/10.3389/fmats.2022.1001233


representation of the effective permittivity, the step-like design

has been successfully used in realizing the multi frequency near-

zero effective permittivity (Sun et al., 2013). Very recently, the all-

angle broadband near-zero effective permittivity property also

has been demonstrated in the symmetric step-like multilayer

structure (Sun et al., 2022). Inspired by these pioneering works, in

this section we propose the composite stepped multilayer

structure to realize the MLCMM. The component DPS (ε1 >
0, µ1 > 0), ENG (ε2 < 0, µ2 > 0), DNS (ε3 < 0, µ3 < 0) and MNG

(ε4 > 0, µ4 < 0) media are respectively marked by brown, green,

blue, and pink in the electromagnetic parameter space, as shown

in Figure 5A. The corresponding composite stepped multilayer

structure is shown in Figure 5B. So far, DPS, ENG, DNS and

MNG media have been conveniently constructed using circuit-

based metamaterials in microwave regime (Guo et al., 2020d;

Long et al., 2020). The optical nanocircuit-based metamaterials

provide a good platform for realizing isotropic electromagnetic

parameters in higher frequency bands (Engheta, 2007; Alù and

Engheta, 2009). The proposed step-like multilayer structure for

MLCMM is a two-dimensional three-layer stack, and layer A (B)

is a mixture with A1 (B1) as the inclusion and A2 (B2) as the host

medium. Moreover, cross graphs of multilayer structure in the

plane of x-z and composite layer A (B) in the plane of y-z are

shown in Figures 5C–E, respectively. The thickness of composite

FIGURE 3
Beam splitting and unidirectional refraction of MLCMMbased on theDrude-Lorenzmodel. (A) Beam splittingwhen the light is normally incident
on the LCMM1. (B), (C) The directional refraction of LCMM1 when the incident angle is −5o and +5o , respectively. (D–F) Similar to (A–C), but for the
LCMM2. The incident Gaussian beam is marked by the white arrows.

FIGURE 4
Directional refraction of the MLCMM based on the Drude-Lorenzmodel. (A–C) The positive refraction of LCMM1with different incident angles:
(A) θ � +10o , (B) θ � +30o , (C) θ � +45o . (D–F) Similar to (A–C), but for the LCMM2.
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layer A (layer B) is dA � dB � 15 nm. The filling ratio of width

and height for A1 (B1) in the composite layer A (B) is wi/w0 �
0.22, 0.19, 0.16 and hi/h0 � 0.44, 0.19, 0.37 (i � 1, 2, 3).

Considering the simplicity of the structure, we assume that

the dispersion electromagnetic parameters are described by the

simple Drude model (Guo et al., 2020b)

ε1 � ε4 � εa, ε2 � ε3 � εb − α2

ω2 + iωγ
(7)

μ1 � μ4 � μa −
β2

ω2 + iωγ
, μ2 � μ3 � μb (8)

In the following calculation, we choose εa � μb � 2.13,

εb � μa � 5.7, α � β � 1.37 × 1016 rad/s, and γ � 1.22 × 1014

rad/s. Considering the TE polarized wave propagating in the

x–z plane, the effective anisotropic permittivity and permeability

of the step-like multilayer structure can be obtained based on the

effective medium theory (Sun et al., 2013)

εy � ε1∑3

i�1( hi/h0
1 − wi(ε1 − ε2)/ε1)

−1
(9)

and

μx �
μ1dA + μ2dB

dA + dB
, μz � (dA/μ1 + dB/μ2

dA + dB
)−1

(10)

respectively. Based on Eqs. 9 and (10), the effective permittivity and

anisotropic permeability of the step-like multilayer structure are

shown in Figure 6A. The dependence of μx, εy, and μz on the

frequency are represented by blue dash dotted line, red solid line, and

green dashed line, respectively. There are five zero points of εy while

μxμz < 0 when the frequency increases from 550 THz to 680 THz.

Therefore, the quintuple-LCMM can be realized by the composite

step-like multilayer structure. In order to show the directional

refraction of green light, cyan light and blue light, we selected

three frequencies at 595 THz, 610 THz, and 650 THz for LCMM1,

LCMM2, and LCMM3, respectively. Similar to Figure 2E, the IFCs

corresponding to the selected frequencies are shown in Figure 6B.

For the LCMM1, LCMM2, and LCMM3, the anisotropic

permeability in x (z) direction correspond to μx �
−2.76,−2.43, and − 1.68 (μz � 5.91, 6.12, and 6.96), respectively.

According to Eq. 6, the corresponding fixed refracted angles are

θ1 � 34.3o, θ2 � 32.2o and θ3 � 26.2o, respectively. When the light

is normally incident on the structure, the multi-frequency beam

splitting has been demonstrated from the simulated electric field

distributions of LCMM1, LCMM2, and LCMM3 in Figures 7A,D,G,

respectively. However, when the beam is obliquely incident on the

MLCMM structure with incident angle of -5° (or 5°), the beam will

be refracted at the fixed angle θ1 � 34.3o, θ2 � 32.2o and θ3 � 26.2o

for LCMM1, LCMM2, and LCMM3, as shown in Figures

7B,C,E,F,H,I respectively.

FIGURE 5
Step-like multilayer structure for MLCMM. (A) Electromagnetic parameter space of the isotropic media. DPS (ε1 > 0, µ1 > 0), ENG (ε2 < 0, µ2 > 0),
DNS (ε3 < 0, µ3 < 0) andMNG (ε4 > 0, µ4 < 0) media are marked by brown, green, blue, and pink, respectively. (B) Schematic of the step-likemultilayer
structure composed of four kinds of media in (A). (C) The cross graph of multilayer structure in the plane of x-z. (D) The cross graph of composite
layer A in the plane of y-z. (E) The cross graph of composite layer B in the plane of y-z. All the geometric parameters are marked as dA � dB � 15
nm, The filling ratio of width and height for A1 (B1) in the composite layer A (B) is wi/w0 � 0.22, 0.19, 0.16 and hi/h0 � 0.44, 0.19, 0.37 (i � 1, 2, 3).
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Similar to theMLCMMbased on the basic Drude-Lorenzmodel

in Figure 4, the directional refraction with different refraction angles

of MLCMM based on the step-like multilayer structure is

demonstrated in Figure 8. When the incident angle increases

from +10o to +45o, the beam will still be refracted at the fixed

angle θ1 � 34.3o, θ2 � 32.2o and θ3 � 26.2o for LCMM1, LCMM2,

and LCMM3, as are shown in Figures 8A–C,D–F,G–I, respectively.

Although the directional positive refraction of LCMM is studied in

FIGURE 6
MLCMM based on the step-like multilayer structure. (A) Effective real part of anisotropic electromagnetic parameters based on the step-like
multilayer structure. μx , εy , and μz are represented by blue dash dotted line, red solid line, and green dashed line, respectively. (B) Directional
refraction of three LCMMs expressed from the linear dispersion.

FIGURE 7
Beam splitting and unidirectional refraction of MLCMM based on the step-like multilayer structure. (A) Beam splitting when the light is normally
incident on the LCMM1. (B), (C) The directional refraction of LCMM1 when the incident angle is −5o and +5o , respectively. (D–F) (G–I) Similar to
(A–C), but for the LCMM2 and LCMM3, respectively.
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this paper, by exchanging the signs of anisotropic permeability, we

can also achieve novel directional negative refraction (Guo et al.,

2018a). In addition, the results of this paper are based on electric

MLCMM in the magnetic hyperbolic topological transition, but

when the permittivity and permeability are exchanged, similar

results can be extended to the magnetic MLCMM in the electric

hyperbolic topological transition according to the duality (Kruk

et al., 2016; Yermakov et al., 2018). Especially, considering the degree

of freedom of rotation (Guo et al., 2020c; DuanCapote-Robayna

et al., 2020; Shen et al., 2020; Liu et al., 2022a), the Moire lattice also

provides a good research idea for the further study of MLCMMs

(Chen et al., 2020; Hu et al., 2020; Liu et al., 2022b). Finally, tunable

LCMM provides another effective manner to achieve linear

dispersion at multiple frequencies. Recently, tunable

metamaterials have been widely studied by using voltage

controlled graphene (Vakil and Engheta, 2011; Guo et al., 2018c;

Fan et al., 2019) and temperature controlled vanadium oxide (Liu

et al., 2012; Taboada-Gutiérre et al., 2020). However, it should be

emphasized that compared with actively controlled tunable LCMM,

although MLCMM cannot achieve broadband linear dispersion in

continuous frequency band, themulti-frequency linear dispersion of

MLCMM is an inherent characteristic of materials, and no

additional external field is required. Overall, due to the

multi-frequency linear dispersion characteristics of MLCMM, it

will open a new way for energy directional

collection and filtering at different working frequencies and

refraction angles.

Conclusion

In summary, we theoretically propose the MLCMM in the

hyperbolic topological transition. Starting from basic Drude-

Lorenz model and the effective composite step-like

multilayer structure, we demonstrate that the MLCMMs

can be used to realize the multi-frequency beam splitting

and directional refraction for the normal and oblique

incident beams, respectively. The results not only combine

two independent concepts of ZIM and HMM to construct a

new multi-frequency optical metamaterial, but also provide a

way to design novel optical devices with excellent

performance, which overcomes the single-frequency

limitation of conventional LCMM.
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