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The uncertainties of distribution generations (DGs) and loads lead to severe
voltage fluctuations in active distribution networks (ADNs). Meanwhile, energy
storage systems (ESSs) and static var compensators (SVCs) can mitigate the
uncertainties of power injections by regulating the active and reactive power.
Considering the variations of multiple uncertain factors, this paper proposes a
complex affine arithmetic (CAA) based uncertain sensitivity analysis method of
voltage fluctuations in ADNs. First, affine models of active and reactive power
injections are established. The correlations of noisy symbols are used to reflect
the mitigation effects of ESSs and SVCs on the uncertainties introduced by DGs
and loads. Next, sensitivity indicators of voltage fluctuations are defined based on
the transitivity of noisy symbols. Then, a calculation method for sensitivity
indicators based on the micro-increments of coefficients is proposed.
Combined with the obtained indicators, a fast sensitivity method for
calculating interval values of voltages is further proposed. The modified IEEE
33-bus system is tested to validate the accuracy and efficiency of the proposed
method by comparison with the continuous utilization of power flow method.
Moreover, the 292-bus system is tested to validate its applicability in a large
distribution system. Facts have proved that this method improves the efficiency
and reliability of calculations, and in different scenarios, it can achieve fast
calculation of nodes and online analysis of the voltage fluctuation range in
uncertain environments, provides an effective tool for voltage quality
management in active distribution networks.
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1 Introduction

The stochastic and intermittent characteristics of renewable energy resources cause the
uncertainties of distributed generations (DGs) in active distribution networks (ADNs) (Alonso-
Travesset et al., 2022). Meanwhile, the fluctuations of load demands have increased the
uncertainties to some extent (Zhang et al., 2023). The uncertainties will induce severe
voltage fluctuations in ADNs. The integration of energy storage systems (ESSs) and static
var compensators (SVCs) can mitigate the uncertainties of power injections by regulating the
active and reactive power, which will reduce the levels of voltage fluctuations. Considering the
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variations of multiple uncertain factors, an uncertain sensitivity analysis
method can help to control critical nodes and uncertain factors in such
an uncertain environment.

The sensitivity analysis method generally uses the differential
relationship of variables to indicate the sensitivity of output variables
to the variations of input variables (Shang et al., 2021). According to
different physical interpretations of variables, multiple sensitivity
indicators are defined (Chang et al., 2022). For instance, the indicators
dUi/dPj and dUi/dQj represent the sensitivity of the voltage at node i to
the variations of active and reactive power injections at node j. Voltage
sensitivity indicators have been widely used in many research fields,
including voltage stability analysis, voltage control, and DG allocation. In
(Li et al., 2018), a fast sensitivity based preventive control selectionmethod
was proposed for online voltage stability assessment. Reference (Su et al.,
2019) proposed a measurement based voltage control method for
distribution networks combined with the sensitivity estimation. In
(Gupta and Kumar, 2022), the optimal location and sizing of each
DG were obtained by sensitivity based techniques.

Traditionally, there are three typical methods for calculating
sensitivity indicators of voltages.

The first type is the Jacobian matrix method. In the process of
Calculating the power flow of the Newtonian method, the Jacobian
matrix J contains the partial derivatives of the node’s net injection of
active and reactive power with respect to the voltage. Through the
inversion operation of the matrix, the sensitivity of the voltage to the
change of the node’s net injection of active and reactive power can be
obtained. Indicators (Alzaareer et al., 2020; Song et al., 2020; Munikoti
et al., 2021). When the Newtonian power flow calculation reaches the
convergence state, the obtained Jacobianmatrix and inversion operation
can be used to obtain the voltage sensitivity index. Literature (Mlilo et al.,
2021) considers the random output characteristics of wind power, uses
the Jacobianmatrixmethod to calculate the voltage sensitivity index, and
combines the K-means clustering method and joint sensitivity to
establish a voltage sensitivity analysis scenario.

The second type is the incremental method. The incremental
method can also be called the perturb-and-observe approach. By
giving a small change in the input variable, the change in the output
variable is observed to calculate the voltage sensitivity index (Shuai et al.,
2021; Gupta and Paolone, 2023). The incremental method is simple and
easy to implement, and obtains high-precision voltage sensitivity
indicators by making the changes in the net injected active and
reactive power of the node tend to zero. From a simulation
perspective, the incremental method is easy to implement. Literature
(Alvarado-Barrios et al., 2020) developed a voltage sensitivity analysis
software for the distribution network based on the incremental method,
and set the increment of the node’s net injected power to 0.5% of the
average load level. To 2%, a high-precision voltage sensitivity index that
meets the requirements is obtained. The incremental method has high
adaptability to various functions or power flow algorithms, but when the
input variables change, it is necessary to calculate and observe the changes
in the output variables, which increases the overall calculation amount.

The third category is topological analysis method. The
topological analysis method is based on the network topology,
applies Tellegen’s theorem, and combines the adjoint network
theory to calculate the voltage sensitivity index (Bandler and El-
Kady, 1980; Bai et al., 2020). Literature (Wang et al., 2018) elaborates
on the adjoint network theory and the sensitivity calculation method
based on the generalized Tellegen theorem, and applies the voltage

sensitivity index to the vulnerability assessment of the power grid.
Literature (Ye et al., 2021) proposed a new calculation method for
voltage sensitivity index based on changes in the net injected active
and reactive power of nodes in a three-phase unbalanced
distribution network. This method calculates ABCD parameters
based on network topology and realizes fast online calculation of
voltage sensitivity indicators. The topological analysis method
usually requires a power flow solution of a reference state in
order to establish a specific adjoint network, and then use the
network topology parameters to obtain the voltage sensitivity index.

The method based on the Jacobian matrix provides accurate
results and is suitable for stability analysis, but requires recalculation
when system conditions change, which is computationally intensive.
The perturbation and observation method is easy to operate and
suitable for rapid sensitivity assessment, but may not be as accurate
as the Jacobian method. The method based on circuit theory has a
solid theoretical foundation and is suitable for education and in-
depth research, but the preparation work is more complicated.

However, considering voltage fluctuations caused by the
uncertainties in ADNs, voltages become uncertain values with the
lower and upper bounds, instead of deterministic point values. Each
change in node voltage covers all point values in the range of change. But
in previous sensitivity analysis, the variation only reflects the deviation
between point values. Thus, new methods need to be studied to handle
uncertain variables in the sensitivity analysis of voltage fluctuations.

Faced with the uncertainty problem, affine arithmetic (AA) can
effectively deal with uncertain variables with the lower and upper
bounds (Ruiz-Rodriguez et al., 2020). Compared with interval
arithmetic, AA performs better in terms of more compact solution
region and lower conservativeness. Further, AA is extended into the
complex plane and complex affine arithmetic (CAA) is developed
(Manson, 2005; Wang et al., 2019). Since AA and CAA have been
used to handle the uncertainty problem in power systems, existing
researches mainly focus on the uncertain power flow calculation
(Guerrero et al., 2020; Meinecke et al., 2020; Tang et al., 2020;
Zeynali et al., 2020; Wang et al., 2021). In addition, reference
(Zhang et al., 2022) proposed a reactive power optimization method
while using AA to handle interval uncertainties. CAA can keep track of
correlations among uncertain variables, which helps to carry out
sensitivity analysis in uncertain environments.

Therefore, a CAA based uncertain sensitivity analysis method of
voltage fluctuations in ADNs is proposed. The main contributions
are highlighted as follows.

1) CAA is used to quantify the uncertainties introduced by DGs
and loads, as well as the mitigation effects of ESSs and SVCs.
Affine models of active and reactive power injections are
established based on the correlations of noisy symbols.
Further, considering the variations of multiple factors,
sensitivity indicators of voltage fluctuations are defined
based on the transitivity of noisy symbols.

2) A calculation method for sensitivity indicators based on the
micro-increments of coefficients is proposed. In the
calculation process, an improved forward-backward sweep
power flow based on CAA is used to calculate the voltages
in affine form. The obtained indicators can quantitatively
reflect the sensitivity of voltage fluctuations to the variations
of uncertain factors.
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3) A fast sensitivity method for calculating interval values of
voltages is proposed. The proposed method avoids the
continuous utilization of power flow algorithm while
guaranteeing the accuracy and efficiency of calculation.

The rest of the paper is organized as follows. Section 2 describes the
complex affine arithmetic. Section 3 establishes the affine models of
active and reactive power injections considering correlations. Section 4
proposes a CAA based uncertain sensitivity analysis method of voltage
fluctuations in ADNs. Section 5 conducts the case study and discusses
the results. Finally, Section 6 draws the main conclusions.

2 Complex affine arithmetic

2.1 Mathematical theory

The complex affine variable is represented by a linear
combination of the center value and a series of noise terms [19].
A complex affine variable is defined as in (1).

x̂ � x0 + x1ε1 + · · · + xnεn � x0 +∑n
i�1
xiεi (1)

Each noisy symbol represents an uncertain factor and the
corresponding coefficient reflects the magnitude of fluctuation
around the center value.

Given two complex affine variables x̂ and ŷ, operations can be
expressed as follows:

x̂±ŷ � x0 ± y0( ) +∑n
i�1

xi ± yi( )εi (2)

x̂ · ŷ � x0 +∑n
i�1
xiεi⎛⎝ ⎞⎠ × y0 +∑n

i�1
yiεi⎛⎝ ⎞⎠

� x0y0 +∑n
i�1

x0yi + y0xi( )εi +∑n
i�1
xiεi × ∑n

i�1
yiεi

(3)

x̂/ŷ � x̂ · 1
ŷ
� x0 +∑n

i�1
xiεi⎛⎝ ⎞⎠/ y0 +∑n

i�1
yiεi⎛⎝ ⎞⎠ (4)

In the above formula (2) and formula (3), x0 is a complex number,
representing the central value; εi is the noise element, takes a value
within [−1, 1], representing the uncertainty factor; xi is the noise
coefficient, both are complex numbers, representing the offset
relative to the central value, that is, the noise element causes
uncertainty The size of the influence; n is the number of noise elements.

The main challenge is to find the optimal approximation for non-
affine terms as in (Shang et al., 2021)-(4). The derivation and proof of basic
operations can be referred to [20]. In the calculation process, the number
of error terms will increase with the existence of non-affine terms.

2.2 Correlation and transitivity properties of
noisy symbols

In this paper, uncertain sensitivity analysis of voltage
fluctuations mainly relies on the correlation and transitivity
properties of noisy symbols. In CAA, correlations among
complex affine variables can be reflected by coexisting noisy

symbols. Meanwhile, the coefficients of noisy symbols can reflect
the uncertainty level of each complex affine variable.

For a multivariate function f with n input variables in affine
form, the transitivity of noisy symbols is shown as in (5–7).

ŷ � f x̂1, x̂2, · · ·, x̂n( ) (5)
x̂i � xi0 + xiεi i � 1, 2, · · ·, n( ) (6)

ŷ � f x10 + x1ε1, x20 + x2ε2, · · ·, xn0 + xnεn( )
� y0 + y1ε1 + · · · + ynεn + yk1εk1 + · · · + ykmεkm

(7)

In the formula, x̂1, x̂2, · · ·, x̂n represents n uncertain input
variables, all of which are complex affine variables; x10, x20, · ·
·, xn0 is the central value of n complex affine variables, all of
which are complex numbers; ε1, ε2, · · ·, εn represents the main
noise element introduced by the uncertainty input variables;
x1, x2, · · ·, xn is the main noise Coefficients are all complex
numbers; ŷ is complex affine output variables.

Assuming that there are m non-affine operations in the function,
noise terms of ŷ can be divided into two parts, including
y1ε1, y2ε2, · · ·, ynεn{ } and yk1εk1, yk2εk2, · · ·, ykmεkm{ }. We call the
first part themain noise terms, which contain themain noisy symbol set
ε1, ε2, · · ·, εn{ } and the corresponding coefficient set y1, y2, · · ·, yn{ }.
Meanwhile, we call the second part the error noise terms, which contain
the error noisy symbol set εk1, εk2, · · ·, εkm{ } and the corresponding
coefficient set yk1, yk2, · · ·, ykm{ }. The main noisy symbols are
transmitted from input variables with uncertainties. The error noisy
symbols are derived from the approximation for non-affine operations

For each uncertain variable x̂i, the variation of the uncertainty
level is quantitatively represented by the variation of the
corresponding coefficient xi. In the complex plane, this variation
reflects the change in the area of fluctuation around the central value.

When the uncertainty levels of input variables changes, the new
complex affine variables are denoted as:

x̂′i � x̂i + Δx̂i � xi0 + xi + Δxi( )εi
Δx̂i � Δxiεi

{ i � 1, 2, · · ·, n( ) (8)

In the formula (8), Δxi is the change amount of the main noise
coefficient, which is a complex number, quantitatively expressing
the change in the uncertainty level of the input variable x̂i; Δx̂i is the
complex affine change amount.

Then, the output variable is updated by (9).

ŷ′ � f x̂1 + Δx̂1, x̂2 + Δx̂2, · · ·, x̂n + Δx̂n( )
� y0

′ + y1
′ε1 + · · · + y′

nεn + yk1
′ εk1′ + · · · + ykm

′ εkm′
(9)

The main effects of the variations on the output variable can be
quantified by the corresponding coefficients of noisy symbols
(ε1, ε2, · · ·εn), which are transmitted from input variables. This
property contributes to uncertain sensitivity analysis of voltage
fluctuations in ADNs.

3 Affine models of active and reactive
power injections considering
correlations

Considering the uncertainties of DGs and loads, as well as the
mitigation effects of ESSs and SVCs, affine models of active and
reactive power injections are built. The correlations of noisy symbols
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are used to reflect the mitigation effects of ESSs and SVCs on
uncertainties introduced by DGs and loads.

3.1 Affine model of active power injection

The affine model of active power injection of phase φ at node i is
shown as in (10).

P̂
φ

inj,i � αiP̂
φ

L,i − βiP̂
φ

DG,i − γiP̂
φ

ESS,i (10)

The model considers the active power of loads, DGs, and ESSs.
The load power is regarded as the positive direction, and the positive
value of P̂

φ
ESS,i indicates that the ESS is being discharged. The values

of symbols are shown as in (11).

αi, βi, γi � 0 or 1 (11)

Then, the affine model of each part in (10) is built, separately.
Firstly, considering the uncertainties of loads, the interval model of
load active power is shown as in (12), in which Pφ

L,i and �Pφ
L,i are the

lower and upper bounds. The affine model is obtained by the
conversion operation as shown in (13).

~P
φ

L,i � P φ
L,i
, �P

φ
L,i][ (12)

P̂
φ

L,i � �P
φ
L,i + P

φ

L,i
( )/2 + �P

φ
L,i − P

φ

L,i
( ) · ε+L,i/2 (13)

Secondly, considering the uncertainties of DGs, affine models of
wind turbine generator and photovoltaic system are built based on
meteorological conditions and power equations (23). The interval
model of DG active power is shown as in (14), in which Pφ

DG,i and
�Pφ
DG,i are the lower and upper bounds. The affine model is further

obtained by (15).
~P
φ

DG,i � P φ
DG,i

, �P
φ
DG,i][ (14)

P̂
φ

DG,i � �P
φ
DG,i + P

φ

DG,i
( )/2 + �P

φ
DG,i − P

φ

DG,i
( ) · ε+DG,i/2 (15)

Thirdly, for the ESS connected at node i, the interval model of
active power is shown as in (16), in which Pφ

ESS,i and �Pφ
ESS,i are the

lower and upper bounds. Then, the affine model is obtained by (17).

~P
φ

ESS,i � Pφ
ESS,i

, �P
φ
ESS,i][ (16)

P̂
φ

ESS,i � �P
φ
ESS,i + P

φ

ESS,i
( )/2 + �P

φ
ESS,i − P

φ

ESS,i
( ) · ε−ESS,i/2 (17)

On the one hand, noisy symbols of DGs and loads are marked
with “+“, which reflects the uncertainty sources. On the other hand,
noisy symbols of ESSs are marked with “-“, which reflects the
mitigation effects on uncertainties. Since the coefficients of P̂

φ
DG,i

and P̂
φ
ESS,i in (10) have the same sign, Eq. 18 shows the correlation of

noisy symbols. Collocated with the DG at node i, the ESS can
mitigate the uncertain fluctuations of active power injection.

ε+DG,i � −ε−ESS,i (18)

3.2 Affine model of reactive power injection

Considering the reactive power of loads, DGs, and SVCs, the
affine model of reactive power injection of phase φ at node i is shown
as in (19). The value of δi is 0 or 1.

Q̂
φ

inj,i � αiQ̂
φ

L,i − βiQ̂
φ

DG,i − δiQ̂
φ

SVC,i (19)

The affine model of each part in (19) is built, separately. Firstly,
Eq. 20 shows the interval model of load reactive power with the
lower and upper bounds. Then, the affine model is obtained by (21).

~Q
φ

L,i � Qφ
L,i
, �Q

φ
L,i[ ] (20)

Q̂
φ

L,i � �Q
φ
L,i + Q

φ

L,i
( )/2 + �Q

φ
L,i − Q

φ

L,i
( ) · ε+L,i/2 (21)

Secondly, assuming that DGs are operating at a constant power
factor, the affine model of DG reactive power is obtained by (22).

Q̂
φ

DG,i � P̂
φ

DG,i · tan θDG,i (22)

Thirdly, the interval model of SVC reactive power is shown as in
(23), in which Qφ

SVC,i
and �Q

φ
SVC,i are the lower and upper bounds.

Then, the affine model is obtained by (24).

~Q
φ

SVC,i � Q φ
SVC,i

, �Q
φ
SVC,i[ ] (23)

Q̂
φ

SVC,i � �Q
φ
SVC,i + Q

φ

SVC,i
( )/2 + �Q

φ
SVC,i − Q

φ

SVC,i
( ) · ε−SVC,i/2 (24)

Noisy symbols of SVCs are marked with “-“, which reflects the
mitigation effects on uncertainties. SVCs can provide reactive power
for loads and mitigate the uncertainties introduced by loads. Since the
coefficients of Q̂

φ

L,i and Q̂
φ

SVC,i in (19) have the opposite sign, Eq. 25
shows the correlation of noisy symbols of the load and SVC at node i.

ε+L,i � ε−SVC,i (25)

4 Uncertain sensitivity analysis of
voltage fluctuations based on CAA

4.1 Sensitivity indicators of voltage
fluctuations to active and reactive power
injections

Based on the transitivity of noisy symbols, sensitivity equations
of voltage fluctuations with complex affine variables are established.
The equations take into account not only the variations of
uncertainty levels of DGs and loads, but also the variations of
mitigation levels of ESSs and SVCs.

Assuming that there are q noise symbols introduced by the
uncertainties of power injections, the calculation process from
power injections to voltages is shown as in (26). The number of
buses is n. Considering the variations of multiple factors, affine
valued voltages at the initial and current states are obtained.

Û
φ

i � g P̂
φ

inj,1 + j · Q̂φ

inj,1, · · ·, P̂
φ

inj,n + j · Q̂φ

inj,n( )
� Uφ

i,0 + Uφ
i,1ε1 + · · · + Uφ

i,qεq + Uφ
i,rε

U
i,r + j · Uφ

i,imε
U
i,im

Û′φi � g[ P̂
φ

inj,1 + ΔP̂φ

inj,1( ) + j · Q̂
φ

inj,1 + ΔQ̂φ

inj,1( ), · · ·,
P̂
φ

inj,n + ΔP̂φ

inj,n( ) + j · Q̂
φ

inj,n + ΔQ̂φ

inj,n( )]
� U′φi,0 + U′φi,1ε1 + · · · + U′φi,qεq + U′φi,rεUi,r + j · U′φi,imεUi,im

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
(26)

In the formula, φ is the A, B or C phase; P̂
φ
inj,1, P̂

φ
inj,2, · · ·, P̂φ

inj,n and
Q̂

φ

inj,1, Q̂
φ

inj,2, · · ·, Q̂
φ

inj,n are the affine values of the net injected active and
reactive power of the node in the starting state respectively; ε1, ε2, · · ·, εq
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are the main noise elements introduced by the uncertainty of the input
variables; Uφ

i,0 and Uφ
i,1,U

φ
i,2, · · ·,Uφ

i,q are the starting The central value
and the main noise coefficient of Û

φ
i in the state;U

φ
i,rε

U
i,r and j · Uφ

i,imε
U
i,im

are the error noise terms of Û
φ
i in the starting state; ΔP̂φ

inj,1,ΔP̂
φ
inj,2, · ·

·, P̂φ
inj,n and ΔQ̂φ

inj,1,ΔQ̂
φ

inj,2, · · ·,ΔQ̂
φ

inj,n are the affine values of the
changes in the net injected active and reactive power of the node,
respectively, indicating the changes in the uncertainty level of the input
variables; U ′φi,0 and U ′φi,1,U ′φi,2, · · ·,U ′φi,q are the central value and main
noise coefficient of Û ′φi after the change; U′φi,rεUi,r and j · U′φi,imεUi,im are
the error noise terms of Û ′φi after the change.

Specifically, the variations of active and reactive power injections
are obtained by (27).

ΔP̂φ

inj,i � αiΔP̂
φ

L,i − βiΔP̂
φ

DG,i − γiΔP̂
φ

ESS,i

ΔQ̂φ

inj,i � αiΔQ̂
φ

L,i − βiΔQ̂
φ

DG,i − δiΔQ̂
φ

SVC,i

ΔP̂φ

L,i � ΔPφ
L,iε

+
L,i ; ΔQ̂φ

L,i � ΔQφ
L,iε

+
L,i

ΔP̂φ

DG,i � ΔPφ
DG,iε

+
DG,i ; ΔQ̂φ

DG,i � ΔQφ
DG,iε

+
DG,i

ΔP̂φ

ESS,i � ΔPφ
ESS,iε

−
ESS,i

ΔQ̂φ

SVC,i � ΔQφ
SVC,iε

−
SVC,i

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(27)

In the formula, αi、 βi、 γi and δi are respectively the flags of
whether there is load, DG, ESS and SVC at node i, taking 0 or 1; ε+L,i,
ε+DG,i, ε

−
ESS,i and ε−SVC,i are respectively the main noise elements of

load, DG, ESS and SVC at node i.
The main noise terms of Û

φ
i and Û′φi in (26) represent the

voltage fluctuations derived from uncertainties of power injections.
Since the coefficients of error noisy symbols are extremely smaller
than those of main noisy symbols, the levels of voltage fluctuations
are mainly determined by main noisy terms. The main noise terms
are denoted as Û

φ
i,main and Û′φi,main, which are shown as in (28).

Û
φ

i,main � Uφ
i,1ε1 + · · · + Uφ

i,qεq
Û′φi,main � U′φi,1ε1 + · · · + U′φi,qεq

⎧⎨⎩ (28)

Further, the formula is represented by the real and imaginary
parts. For instance, the expression of Û

φ
i,main is shown as in (29).

Û
φ

i,main,real

Û
φ

i,main,imag

⎛⎝ ⎞⎠ � Uφ
i,1,real Uφ

i,2,real · · · Uφ
i,q,real

Uφ
i,1,imag Uφ

i,2,imag · · · Uφ
i,q,imag

( )
ε1
ε2
· · ·
εq

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (29)

The level of voltage fluctuation at node i is denoted as λ( ), which
is obtained by summing the absolute values of coefficients of the
main noisy symbols. The calculation of λ( ) is shown as in (30).

λ Û
φ

i,main,real( ) � ∑q
k�1

Uφ
i,k,real

∣∣∣∣ ∣∣∣∣
λ Û

φ

i,main,imag( ) � ∑q
k�1

Uφ
i,k,imag

∣∣∣∣∣ ∣∣∣∣∣
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(30)

Then, indicators are defined for evaluating the sensitivity of
voltage fluctuations to the above variations in power injections.

4.1.1 Sensitivity indicator towards
individual variation

The voltage fluctuation at node i is affected by the variations of
multiple factors in power injections as shown in (27). Considering
the variations of uncertainty levels of DGs and loads, as well as
mitigation levels of ESSs and SVCs, the variations of corresponding

coefficients can be expressed as
ΔPφ

L,i,ΔQ
φ
L,i,ΔP

φ
DG,i,ΔQ

φ
DG,i,ΔP

φ
ESS,i,ΔQ

φ
SVC,i{ }. The general form

ΔSφm is used to represent the variation of the mth coefficient.
The effect of individual variation on the voltage fluctuation at

node i can be evaluated by the transitivity of corresponding noisy
symbol. Assuming that ΔSφm corresponds to the kth noisy symbol,
the variation of the level of voltage fluctuation at node i is
represented by the variation of the absolute value of
corresponding coefficient, which is shown as in (31).

Δ Uφ
i,k,real

∣∣∣∣ ∣∣∣∣ � U′φi,k,real
∣∣∣∣ ∣∣∣∣ − Uφ

i,k,real

∣∣∣∣ ∣∣∣∣
Δ Uφ

i,k,imag

∣∣∣∣∣ ∣∣∣∣∣ � U′φi,k,imag

∣∣∣∣∣ ∣∣∣∣∣ − Uφ
i,k,imag

∣∣∣∣∣ ∣∣∣∣∣
⎧⎨⎩ k � 1, 2, · · ·, q( ) (31)

Then, sensitivity indicator of the voltage fluctuation at node i to
individual variation is defined as in (32).

Kφ
i,k,m,real �

∂ Uφ
i,k,real

∣∣∣∣ ∣∣∣∣
∂Sφm

� Δ Uφ
i,k,real

∣∣∣∣ ∣∣∣∣
ΔSφm

∣∣∣∣∣∣∣∣ ΔSφm→0

Kφ
i,k,m,imag � ∂ Uφ

i,k,imag

∣∣∣∣∣ ∣∣∣∣∣
∂Sφm

� Δ Uφ
i,k,imag

∣∣∣∣∣ ∣∣∣∣∣
ΔSφm

∣∣∣∣∣∣∣∣∣∣ ΔSφm→0

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(32)

In the formula,Kφ
i,k,m,real andK

φ
i,k,m,imag are respectively the single-

factor uncertainty sensitivity index of the fluctuation range of the real
and imaginary parts of the voltage of node i; the closer ΔSφm to 0, the
more accurate the single-factor sensitivity index value obtained.

4.1.2 Sensitivity indicator towards total variations
Considering total variations of multiple factors, the variation of

the level of voltage fluctuation at node i is calculated by (33).

Δλ Û
φ

i,main,real( ) � ∑q
k�1

U′φi,k,real
∣∣∣∣ ∣∣∣∣ − Uφ

i,k,real

∣∣∣∣ ∣∣∣∣( )
Δλ Û

φ

i,main,imag( ) � ∑q
k�1

U′φi,k,imag

∣∣∣∣∣ ∣∣∣∣∣ − Uφ
i,k,imag

∣∣∣∣∣ ∣∣∣∣∣( )
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(33)

Then, sensitivity indicator of the voltage fluctuation at node i to
total variations is defined as in (34).

Kφ
i,real � Δλ Û

φ
i,main,real( )∑

m ∈ M

ΔSφm

∣∣∣∣∣∣∣∣∣∣ ΔSφm→0

Kφ
i,imag � Δλ Û

φ
i,main,real( )∑

m ∈ M

ΔSφm

∣∣∣∣∣∣∣∣∣∣ ΔSφm→0

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
(34)

In the formula, Kφ
i,real and Kφ

i,imag are the multi-factor uncertainty
sensitivity indicators of the voltage real part and imaginary part
fluctuation intervals respectively; M is the set of uncertainty factors
in the net injected active and reactive power; the closer ΔSφm to 0, the
obtained multi-factor The sensitivity index value is more accurate.

4.2 Calculation method for sensitivity
indicators based on themicro-increments of
coefficients

4.2.1 Micro-increments of coefficients of
noisy symbols

Eqs 32, 34 use the general form ΔSφm to represent the variation of
the mth coefficient, which quantitatively reflects the variation of
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uncertainty level or mitigation level of corresponding factor. When
ΔSφm is closer to 0, sensitivity indicators become more accurate.
Thus, a calculation method for sensitivity indicators based on the
micro-increments of coefficients is proposed.

In [12], the sensitivity analysis of voltages with point values is
studied and a sensible strategy is to set each micro-increment as a
percentage of load power. It is demonstrated that when each micro-
increment is set as 0.5%–2% of load power, the obtained results have
high accuracy. In this paper, the micro-increment is set as 1% of the
uncertainty level or mitigation level of each factor. That is, each
micro-increment is 1% of the coefficient of corresponding noisy
symbol in the affine model of each factor.

4.2.2 CAA-based improved forward-backward
sweep power flow

In the calculation process of sensitivity indicators, an improved
forward-backward sweep power flow based on CAA is used to
calculate voltages in affine form. Sensitivity indicators are further
calculated based on the obtained coefficients of noisy symbols.

In previous CAA based forward-backward sweep power flow
[23], a brand new noisy symbol is generated after approximation for
each non-affine operation. Meanwhile, voltages and currents are
updated repeatedly in the iterative process. As a result, numerous
error noise terms are continually generated. The redundancy of
error noise terms affects the clarity of sensitivity-related coefficients.

Therefore, a cutting method for error noise terms of voltages and
currents is proposed. The coefficients of error noisy symbols are
merged by summing the absolute values of their real and imaginary
parts, respectively. Since the coefficients of error noisy symbols are
extremely smaller than those of main noisy symbols, it guarantees
the completeness of true solutions and has little effect on the
conservativeness.

In the process of forward and backward sweep, the improvement
mainly lies in de-redundancy of error noise terms of voltages and
currents. Figure 1 shows the topology of an ADN with DGs, loads,
ESSs, and SVCs.

For instance, in the process of forward sweep, the downstream
voltage Û

φ
j is calculated by (35), in which [c] and [d] are matrices

determined by the topology of a distribution network (Kersting,
2001). Eqs (36, 37) show the process of cutting error noise terms of
the voltage Û

φ
j .

Û
A

j

Û
B

j

Û
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j

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (35)

Uφ
j,r � ∑

k∈Kerror

Re Uφ
j,k( )∣∣∣∣∣ ∣∣∣∣∣ (36)

Uφ
j,im � ∑

k∈Kerror

Im Uφ
j,k( )∣∣∣∣∣ ∣∣∣∣∣ (37)

4.2.3 Calculation process of sensitivity indicators
Combined with the improved forward-backward sweep power

flow based on CAA, sensitivity indicators are calculated based on the
micro-increments of coefficients of noisy symbols. The detailed
process of calculation is as follows:

i) Initialize the network parameters such as node number and
line impedance. Based on the affinemodels of DGs, loads, ESSs,
and SVCs, active and reactive power injections at the initial
state are obtained by (Song et al., 2020) and (19). Then, the
initial voltages in affine form are calculated by the improved
forward-backward sweep power flow based on CAA.

ii) For the variations of factors in active power injections, the
micro-increments of coefficients of corresponding noisy
symbols are set. Combined with the improved forward-
backward sweep power flow based on CAA, sensitivity
indicator of the voltage fluctuation at node i to individual
variation in active power injections is calculated by (32).

iii) Similarly, for the variations of factors in reactive power
injections, sensitivity indicator of the voltage fluctuation at
node i to individual variation in reactive power injections is
calculated by (32).

iv) Considering total variations of factors in power injections, the
micro-increments of coefficients of corresponding noisy
symbols are set. Then, combined with the improved
forward-backward sweep power flow based on CAA,
sensitivity indicator of the voltage fluctuation at node i to
total variations is calculated by (34).

FIGURE 1
Topology of an ADN with DGs, loads, ESSs, and SVC.
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4.3 A fast sensitivity method for calculating
voltage intervals

Based on the obtained sensitivity indicators, a fast sensitivity
method for calculating interval values of voltages is further
proposed. The proposed method takes into account actual
variations of uncertainty levels of DGs and loads, as well as
mitigation levels of ESSs and SVCs. According to sensitivity
indicators and actual variations of factors, the variations of
voltage fluctuations are obtained by a linear calculation model.
The proposed method avoids the continuous utilization of the
power flow algorithm to calculate interval values of voltages.

Considering actual variations of multiple factors in power
injections, the variation of the absolute value of the kth
coefficient of the voltage at node i is calculated by (38).

Δ Uφ
i,k,real

∣∣∣∣ ∣∣∣∣ � ∑
m∈M

∂ Uφ
i,k,real

∣∣∣∣ ∣∣∣∣
∂Sφm

· ΔSφm � ∑
m∈M

Kφ
i,k,m,real · ΔSφm

Δ Uφ
i,k,imag

∣∣∣∣∣ ∣∣∣∣∣ � ∑
m∈M

∂ Uφ
i,k,imag

∣∣∣∣∣ ∣∣∣∣∣
∂Sφm

· ΔSφm � ∑
m∈M

Kφ
i,k,m,imag · ΔSφm

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(38)

Then, the variation of the level of voltage fluctuation at node i is
calculating by summing the variations of the absolute values of all
coefficients, which is shown as in (39). Combined with the initial
voltages in affine form, the voltages at current state are
further obtained.

Δλ Û
φ

i,main,real( ) � ∑
k∈Q

∑
m∈M

Kφ
i,k,m,real · ΔSφm

Δλ Û
φ

i,main,imag( ) � ∑
k∈Q

∑
m∈M

Kφ
i,k,m,imag · ΔSφm

⎧⎪⎪⎪⎨⎪⎪⎪⎩ (39)

5 Case study

5.1 System parameters and initial state

Considering the uncertainties of DGs and loads, as well as the
mitigation effects of ESSs and SVCs, the proposed method is verified
by the modified IEEE 33-bus distribution system. Figure 2 shows the
topology of the system with DGs, loads, ESSs, and SVCs.

At the initial state, uncertainty levels of DGs and loads, as well as
mitigation levels of ESSs and SVCs are set as follows:

1) DG1 and DG2 are integrated to buses 5 and 15, respectively.
The interval of DG active power is [200,300] kW and the
power factor is cos θ � 0.95.

2) L1 and L2 are the fluctuating loads at buses 20 and 30. The
uncertainty level is ± 10%.

3) Bus 15 is connected with an ESS and the interval of ESS active
power is [-60,-20] kW.

4) Bus 30 is connected with a SVC and the interval of SVC
reactive power is [45,50] kvar.

Then, based on affine models of active and reactive power
injections, the affine valued power of each DG, load, ESS, and
SVC can be obtained as shown in Table 1.

5.2 Discussion of the results of uncertain
sensitivity analysis

5.2.1 Sensitivity indicators of voltage fluctuations to
DGs/loads

Firstly, considering the variation of uncertainty level of
individual DG or load, sensitivity indicator of the voltage
fluctuation at each bus is calculated. As for the real parts of
voltages of phase A, Figure 3 shows sensitivity indicators of
voltage fluctuations to active power of DG1 and L1. Secondly,
considering total variations of DGs and loads, sensitivity
indicator of the voltage fluctuation at each bus is calculated.
Figure 4 shows sensitivity indicators of voltage fluctuations to all
DGs and loads.

It can be seen from Figures 3, 4 that the obtained indicators can
quantitatively reflect the sensitivity of voltage fluctuations to the
variations of uncertainty levels of DGs and loads. The results show
that buses close to the locations of DGs and loads have larger values
of sensitivity indicators, which means that these buses are more
sensitive to the variations of uncertain factors. Meanwhile, buses
located at the end of the branch are more sensitive than those close
to the source bus.

Taking into account the changes in uncertainty fluctuation levels
of DG1, DG2, L1 and L2, the multi-factor uncertainty sensitivity
index shown in Figure 4 represents the overall sensitivity of the
voltage fluctuation range of each node to changes in all uncertainty
fluctuation factors. For all uncertainty fluctuation factors in the
distribution network shown in Figure 2, that is, DG1 and DG2 at
nodes 5 and 15 and L1 and L2 at nodes 20 and 30, the results show
that the uncertainty fluctuation factors are close to the location
where the uncertainty fluctuation factors are connected and located
on the branch. Nodes at the end of the road have larger multi-factor
sensitivity index values and are more sensitive to changes in
uncertainty fluctuation factors in the network; nodes far away
from the access location of uncertainty fluctuation factors and
close to the source node have smaller multi-factor sensitivity
index values. The overall sensitivity to changes in uncertainty
fluctuation factors in the network is low.

5.2.2 Sensitivity indicators of voltage fluctuations
to ESSs/SVCs

The integration of ESSs and SVCs can mitigate the uncertainties
of power injections. Considering the variation of the mitigation level
of individual ESS or SVC, sensitivity indicator of the voltage
fluctuation at each bus is calculated. Figure 5 shows sensitivity
indicators of voltage fluctuations to individual ESS and SVC.
Then, considering total variations of ESSs and SVCs, sensitivity
indicator of the voltage fluctuation at each bus is calculated. Figure 6
shows sensitivity indicators of voltage fluctuations to all
ESSs and SVCs.

As for the variations of mitigation levels of ESSs and SVCs, the
values of sensitivity indicators are negative. As the mitigation levels
increase, the levels of voltage fluctuations decrease. The results show
that buses close to the locations of ESSs and SVCs have larger
absolute values of sensitivity indicators. Similarly, buses located at
the end of the branch are more sensitive than those close to
the source bus.
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The multi-factor uncertainty sensitivity index shown in Figure 6
represents the overall sensitivity of the voltage fluctuation range of
each node to changes in all uncertainty reduction factors. For all

uncertainty reduction factors in the distribution network shown in
Figure 2, the results further show that nodes close to the access
location of the uncertainty reduction factors and located at the end of
the branch have a larger absolute value of the sensitivity index, which
has a greater impact on the uncertainty in the network. Changes in
reduction factors are more sensitive; nodes that are far away from the
access location of uncertainty reduction factors and close to the source
node have a smaller absolute value of the sensitivity index and are less
affected by changes in uncertainty reduction factors in the network.

5.2.3 Comparative analysis
Based on the initial state, 6 scenarios are set considering actual

variations of uncertainty levels of DGs and loads, as well as
mitigation levels of ESSs and SVCs. The interval values of
voltages are calculated and the results are compared between the
proposed sensitivity method (Method 1) and the continuous
utilization of the power flow method (Method 2).

FIGURE 2
Topology of the modified IEEE 33-bus distribution system.

TABLE 1 Power of DGs, loads, ESSs and SVCs in The Initial State.

No. Bus Power in affine form

DG1 5 P̂DG,5 � 250 + 50 · ε+DG,5, Q̂DG,5 � P̂DG,5 · tan θDG

DG2 15 P̂DG,15 � 250 + 50 · ε+DG,15, Q̂DG,15 � P̂DG,15 · tan θDG

L1 20 Ŝ20 � (90 + j · 40) + (90 + j · 40) × 10% · ε+L,20
L2 30 Ŝ30 � (150 + j · 70) + (150 + j · 70) × 10% · ε+L,30
ESS 15 P̂ESS,15 � −40 + 20 · ε−ESS,15
SVC 30 Q̂SVC,30 � 47.5 + 2.5 · ε−SVC,30

FIGURE 3
Sensitivity indicators of voltage fluctuations to active power of DG1/L1.
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In scenarios 1-3, uncertainty levels of DG1, DG2, L1, and
L2 gradually increase based on the initial state. Specifically, the
fluctuation levels around central values increased by 2%, 4%, and 6%,
respectively. In scenarios 4-6, uncertainty levels of DGs and loads are the
same as in scenario 3. The intervals of ESS active power are [-65,-15] kW

[-70,-10] kW, and [-75,-5] kW, respectively. The intervals of SVC reactive
power are [43,52] kvar [41,54] kvar, and [39,56] kvar, respectively.

Considering the variations of multiple factors, the variation of
the level of voltage fluctuation at node i can be quantified by (33). As
for the real parts of voltages of phase A, Figure 7 shows the variations

FIGURE 4
Sensitivity indicators of voltage fluctuations to all DGs and loads.

FIGURE 5
Sensitivity indicators of voltage fluctuations to individual ESS/SVC.
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of the levels of voltage fluctuations at buses 17 and 27. Figure 8
shows the interval values of voltages calculated by the two methods.

Then, based on the complex affine voltage of each node in the
starting state and the change in voltage fluctuation level in each
scene, the proposed method is used to obtain the voltage fluctuation
interval after the scene change. Taking nodes 17 and 27 as an
example, Figure 8 shows the fluctuation range of the real part of
phase A voltage obtained by the two methods in each scenario,
including its lower and upper bounds. Figure 9 shows the deviation
values of voltage fluctuation level changes in various scenarios.

As can be seen from Figures 7, 8, the change in voltage fluctuation
level under each scenario and the voltage fluctuation interval after the
scenario change are obtained through the proposed method. The
results show that with the gradual increase in the uncertainty level of
DG and load in scenarios 1-3, the voltage fluctuation level of each
node gradually increases, and the voltage fluctuation range gradually
expands; as the ESS and SVC active power in scenarios 4-6 And the
gradual increase of the reactive power adjustment range has a certain
effect on reducing the voltage fluctuation level, and the voltage
fluctuation range gradually decreases.

The results show that with the increase of uncertainty levels of
DGs and loads in scenarios 1-3, the levels of voltage fluctuations
gradually increase. Meanwhile, with the increase ofmitigation levels of
ESSs and SVCs in scenarios 4-6, the levels of voltage fluctuations
gradually decrease. By comparison, the results obtained by the two
methods are very close. The difference can be found after sufficient
amplification, which validates the accuracy of the proposed method.

Further, compared with method 2, Figure 9A shows deviations
of the variations of the levels of voltage fluctuations obtained by
method 1. Figure 9B shows deviations of the lower and upper
bounds of voltages obtained by method 1.

It can be seen that as for deviations of voltage fluctuations at
buses 17 and 27, the maximum value is within 0.02%. As for
deviations of the upper and lower bounds of voltages, the
maximum value is within 0.01%. The results further validate the
accuracy of the proposed method. Meanwhile, the proposed method
avoids the continuous utilization of the power flow algorithm, which
guarantees the efficiency of calculation.

5.2.4 Applicability in a large distribution network
To validate the applicability in a large distribution network, the

proposed method is tested on the 292-bus distribution system. The
topology and technical data can be referred to (Wang andWang, 2014).

At the initial state, uncertainty levels of DGs and loads, as well as
mitigation levels of ESSs and SVCs are set as follows: 1) DG1-DG6
are integrated to buses 15, 50, 93, 110, 216, and 270. The interval of
DG active power is [200,300] kW. 2) L1-L4 are the fluctuating loads
at buses 13, 208, 230, and 268. The uncertainty level is ± 10%. 3) The
interval of ESS active power at bus 15, 50, or 216 is [-60,-20] kW. The
interval of ESS active power at bus 93, 110, or 270 is [-60,-20] kW. 4)
SVC1-SVC2 are integrated to buses 13 and 208. The intervals of
reactive power are [50,90] kvar and [40,50] kvar, respectively.

Considering the variations of multiple factors, sensitivity
indicator of the voltage fluctuation at each bus to individual
variation is calculated. Figure 10 shows sensitivity indicators of
voltage fluctuations to active and reactive power of DG3 and L4.
Figure 11 shows sensitivity indicators of voltage fluctuations to
power of ESS2, ESS4, SVC1, and SVC2.

From the analysis in Figure 10, it can be seen that considering
the changes in DG and load uncertainty fluctuation levels, the
single-factor uncertainty sensitivity index curve of the node
voltage fluctuation interval shows certain regular

FIGURE 6
Sensitivity indicators of voltage fluctuations to all ESSs and SVCs.
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characteristics. First, nodes close to the access location of each
uncertainty fluctuation factor have larger sensitivity index values,
indicating that they are more sensitive to changes in the
uncertainty fluctuation level of this factor; second, the
transformers in the network are sensitive to uncertainty
fluctuation factors. The impact of change has a certain
blocking effect. For example, affected by changes in the
uncertainty fluctuation level of load L4 at node 268, the
sensitivity index values of nodes 228–292 are larger, and the
closer to the node L4, the larger the sensitivity index value,
indicating changes in the uncertainty fluctuation level of L4.
The more sensitive the reaction. Secondly, the branch where

nodes 103–147 are located is directly connected to the branch
where L4 is located through node 7. Due to the distance, the
sensitivity index value is lower than the index value of nodes
228–292. However, for the nodes on other branches, which are
connected to the branch where L4 is located through the
transformer at the head end of the branch, the sensitivity
index is close to 0, indicating that it is basically not affected
by changes in the uncertainty fluctuation level of L4.

From the analysis of Figure 11, it can be seen that in response to
changes in the uncertainty reduction levels of ESS and SVC, the single-
factor sensitivity indicators of each node’s voltage fluctuation range
are all negative, indicating that as the uncertainty reduction level

FIGURE 7
Variations of the levels of voltage fluctuations in different scenarios.

FIGURE 8
Interval values of voltages in different scenarios.
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increases, the voltage fluctuation level increases. reduced. At the same
time, the single-factor sensitivity index curve in the node voltage
fluctuation range also shows certain regular characteristics. First,
nodes close to the access location of each uncertainty reduction
factor have a larger absolute value of the sensitivity index,
indicating that they are more sensitive to changes in the
uncertainty reduction level of this factor; second, the transformers
in the network are sensitive to uncertainty reduction factors. The
influence of changes also has a certain blocking effect. For nodes that

are far away from the access point of the uncertainty reduction factor
and separated by the transformer, the absolute value of the sensitivity
index is close to 0, indicating that it is basically not affected by changes
in the uncertainty reduction factor. For instance, considering the
variation of the uncertainty level of L4 at bus 268, buses 228–292 are
more sensitive. However, for buses on other branches, sensitivity
indicators are close to 0 due to the blockage of transformers.

In order to better prove the effectiveness and reliability of the
method proposed in this article, this paper compares the deviation

FIGURE 9
Deviations of the proposedmethod. (A) shows the deviation value of the voltage fluctuation level change of nodes 17 and 27 in various scenarios. (B)
shows the deviation values of the upper and lower bounds of the voltage fluctuation range of nodes 17 and 27 in various scenarios.

FIGURE 10
Sensitivity indicators of voltage fluctuations to individual DG/load.
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values of the voltage fluctuation level change of the proposed method
(Model 1) with the Jacobian matrix method (Model 2), perturb-and-
observe, approach (Model 3) and topological analysis method I (Model
4) in six scenarios, and the statistical results are shown in Table 2.

As can be seen from Table 2, the deviation values of the voltage
fluctuation level changes of the method proposed in this article are
within 0.02% in six scenarios. The deviation value of the results
obtained by this method is extremely small, and the deviation
value of the results in each scenario is lower than that of other
scenarios. The model proposed in this article performs best
among the four models, indicating that the model proposed in
this article can quantitatively describe the sensitivity of the voltage
fluctuation range to the uncertainty fluctuations of various
factors, and helps to focus on controlling key nodes and key
uncertainty factors.

6 Conclusion

This paper proposes a CAA-based sensitivity analysis method
for ADN voltage fluctuation uncertainty. By analyzing the
correlation and transitivity of noise symbols, it shows that ESS
and SVC can reduce the voltage caused by distributed generation
(DG) and load changes. Effectiveness in Fluctuations. This
method introduces a new technology to calculate the voltage
fluctuation sensitivity index through the micro-increment of
coefficients, and an analysis technology to quickly estimate the
voltage sensitivity interval value, which can quickly and
accurately quantitatively describe the voltage in an uncertain
environment. The sensitivity of fluctuations to various factors.
Through case analysis in an actual 292-node power distribution
system, it is proved that this method not only improves the
efficiency and reliability of calculation, but also, in different
scenarios, through improved complex affine forward and
backward power flow algorithms Compared with the
continuous calls, this method avoids repeated calculation of
the power flow every time the uncertain factors change, and
helps to achieve rapid calculation and online analysis of the node
voltage fluctuation range in an uncertain environment.
Nonetheless, this method still needs to be in-depth in
analyzing the dynamic behavior and long-term stability of the
power system. Future research needs to be expanded to dynamic
and long-term stability analysis to comprehensively evaluate the
long-term benefits of equipment such as ESS and SVC and
provide solutions for uncertain environments. The voltage
optimization provides a basis for further research.

FIGURE 11
Sensitivity indicators of voltage fluctuations to individual ESS/SVC.

TABLE 2 Deviation value of voltage fluctuation level change of node 27 in
various scenarios.

Model 1 (%) Model 2 (%) Model 3 (%) Model 4 (%)

1 0.007 0.019 0.025 0.027

2 0.012 0.022 0.019 0.025

3 0.016 0.024 0.022 0.026

4 0.011 0.022 0.026 0.018

5 0.014 0.018 0.025 0.024

6 0.014 0.022 0.024 0.026
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