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The back-to-back frequency converter plays a vital role in the formation of the
fractional frequency transmission system Despite their numerous advantages,
however, impacted by the unique impedance characteristics of power electronics,
the wide-band oscillations occur more frequency as well as more common
recently, which have posed great challenges to the system operation and
raised great concern over the researchers worldwide. To address this issue and
properly investigate the impedance characteristics of the back-to-back frequency
converter, this manuscript establishes the small-signal impedance of the back-to-
back frequency converter with inner current control loop and outer voltage/
power control loop in the synchronous reference (dq) frame. Then, by using the
impedance model and determinant-based General Nyquist Criterion (GNC), the
stability assessment and instability cause identification are studied. Finally, the
analysis presented in this paper is verified based on frequency and time-domain
simulations in the MATLAB/Simulink environment.
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1 Introduction

Power electronic is a potential technology, which has made significant advance in the
power grid with the progress of science. Over the past few years, new energy power
generation especially wind power generation has gradually replaced traditional thermal
power generation as the main form Liu et al. (2018); Li et al. (2022). Offshore wind power is a
new form of power generation which is different from onshore wind power. When it comes
to wind conditions, offshore wind power is better than onshore in the following aspects:
strong wind speed, less turbulence, stable wind, and less impact on human life, etc. The
fractional frequency transmission system (FFTS) is a new type of transmission method,
which changes the 50 Hz frequency power to 50/3 Hz frequency power during
transmission. The equivalent impedance of transmission lines can be reduced and the
power transmission capacity is improved through this type of system (Li et al., 2019; Pan
and Wu, 2022; Wang et al., 2006; Wei et al., 2015; Alam et al., 2023; Wang et al., 2013;
Wang et al., 2023; Zhang et al., 2022; Wen et al., 2016; Fang et al., 2018). The development
of offshore wind power generation has provided a new application to fractional frequency
transmission system. The grid-connected technology for offshore wind power generation
mainly uses conventional high-voltage AC transmission (HVAC) near shore and higher-
voltage DC transmission (HVDC) over longer distances currently. Hence, the fractional
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frequency transmission has a broad developmental prospect in the
application of offshore wind power grid (Zhang et al., 2017; Luo
et al., 2020).

On the other hand, the fractional frequency transmission system
contains large amount of power electronics whose interaction with
transmission lines and other power electronics may cause serious
broadband oscillation problems (Sun et al., 2019; Wang et al., 2014;
Wang et al., 2018; Zhang et al., 2020). To deal with the system instability
issue, the state-space analysismethod is a common practice. However, it
encounters the curse of dimensionality and requires access to the
detailed information of the whole system. Hence, impedance-based
stability assessment method, as an emerging stability analysis method,
has been fully applied in analyzing system stability. The aforementioned
method assess stability by measured impedance which can effectively
protect trade secret and user privacy (Xu et al., 2015; Pinares and
Bongiorno, 2016; Wen et al., 2016; Cao et al., 2022).

Different from traditional interlinking converters (Xiong et al.,
2016), the back-to-back frequency converter have both industrial
and fractional frequency ports and serve as interfacing media to
interconnect industrial and fractional frequency grids. If the
industrial or fractional frequency impedance is utilized to assess
the stability of a grid-tied interlinking converter system, the coupling
interaction between the industrial and fractional frequency sides of
the interlinking converter cannot be effectively analyzed. In (Zhang
et al., 2021), a hybrid AC/DC admittance is proposed. If the
converter is stable when operating standalone, the hybrid AC/DC
admittance is guaranteed to not contain any right half-plane (RHP)
pole. According to the research method of establishing hybrid
impedance in (Zhang et al., 2021), a hybrid impedance
considering both industrial and fractional frequency ports is
proposed in the following manuscript.

In this paper, the small-signal impedance model of the back-to-
back frequency converter is established according to the research
method posted in Zhang et al. (2022), and the General Nyquist

Criterion (GNC) is applied when analyzes the stability of system
(Cao et al., 2017; Wen et al., 2017). The small-signal impedance
model simplifies the analysis process by making the stability of the
system dependent on the parameters of the converter itself and the
output impedance of the AC grids connected to both ports (Liao and
Wang, 2020). The simulation is verified by MATLAB/Simulink
software to prove the correctness of the established model, and
the stability analysis of the grid-tied interlinking converter system is
carried out by the established impedance model.

The rest of this paper includes four sections. Section 2 shows the
main circuit diagram and corresponding controller system of the
back-to-back frequency converter. Section 3 shows the
establishment of the back-to-back frequency converter small-
signal model. Then, by using the determinant-based GNC,
Section 4. Assesses the stability of a grid-tied interlinking
converter system. Section 5 presents simulation results to verify
the proposed model. Section 6 is the conclusion.

2 Main circuit diagram and
corresponding controller system

Figure 1 shows the circuit diagram of a back-to-back frequency
converter along with its controller system, including an inner
current control loop and an outer voltage/power control
loop. With respect to Figure 1, the back-to-back frequency
converter consists of two AC/DC converters and a DC
intermediate link. The left-hand-side AC/DC converter takes
charge of the industrial frequency side while the right-hand-side
AC/DC converter is responsible for the fractional frequency side.
These two AC/DC converters are coupled together through the DC
intermediate link whose equivalent capacitor is Cdc. Notice that the
main circuit structure and the variables belonging to the industrial
and fractional frequency sides are symmetrical. To distinguish the

FIGURE 1
The main circuit of a back-to-back frequency converter with feedback and PLL.
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variables belonging to the industrial frequency side from the
variables of the fractional frequency side, the subscripts i, i =
1 or 2 is introduced to denote the variables belonging to the
industrial frequency side and fractional frequency side,
respectively. Each side of the converter connects to the point of
common coupling (PCC) via a filter, whose inductance and
resistance are Li and Ri. uabci, vabci, and iabci represent the three-
phase voltage at the PCC, the terminal voltage of the converter, and
the line current injected to the converter, respectively. The current
reference directions for both sides are indicated by the arrows in
Figure 1.

With respect to Figure 1, The dynamics of each side of the
converter is governed by.

�vabci � �uabci − Li
d �iabci
dt

− Ri
�iabci (1)

where �uabci, �vabci, and �iabci represent the column vector of uabci,
vabci, and iabci, respectively. As the control is conducted in the
synchronous reference frame (SRF). By transforming uabci, vabci,
and iabci to the SRF, their d-axis (q-axis) components are denoted
as udi (uqi), vdi (vqi), and idi (iqi), respectively. ddi and dqi represent
the modulation signal in dq SRF. The dynamics of the converter is
expressed in dq SRF as

vdi � udi − Lis + Ri( )idi + ωiLiiqi

vqi � uqi − Lis + Ri( )iqi − ωiLiidi (2)
where ωi represents the angular frequency and the symbol s is
differential symbol in the frequency domain. On this basis, the inner
current control loop established in dq SRF is expressed by

vdi � udi + ωiLiiqi − kPIi idiref − idi( ) − kIIi
s

idiref − idi( )

vqi � uqi − ωiLiidi − kPIi iqiref − iqi( ) − kIIi
s

iqiref − iqi( ) (3)

where idiref , iqiref , kPIi, and kIIi represent the d-axis current reference,
the q-axis current reference, the proportional and integral gains of
the current controller, respectively.

While the inner current control loops of the industrial and
fractional frequency sides are consistent, their outer control loops
are different. Notice that a stable DC voltage of the intermediate DC
link is the suppressed premise for the security and steady operation
of the back-to-back frequency converter. To this end, by labeling the
reactive power injected to the PCC of the industrial frequency side as
Q1 and the DC voltage of the intermediate DC link as vdc, the outer
control loop of the industrial frequency port is expressed by

id1ref � kPV vdcref − vdc( ) + kIV
s

vdcref − vdc( )

iq1ref � −kPQ1 Q1ref − Q1( ) − kIQ1
s

Q1ref − Q1( ) (4)

where vdcref , Q1ref , kPV ( kPQ1 ), and kIV ( kIQ1 ) represent the DC
voltage reference, the reactive power reference, the proportional and
integral gains of the DC voltage controller (reactive power
controller), respectively.

The outer control loop of the fractional frequency side changes
with different control objectives. For example, when the fractional
frequency port is connected to wind farms or photovoltaics, the
fractional frequency side of the back-to-back frequency converter

is controlled as a V/f mode. In contrast, when the fractional
frequency port is connected to hydropower stations, the
fractional frequency side of the back-to-back frequency
converter can be controlled by P/Q control mode. Note that the
control mode does not impact the following system stability
analysis. Without loss of generality, the fractional frequency
port is controlled by a P/Q control mode within this
manuscript. Correspondingly, the outer control loop of the
fractional frequency side is expressed by

id2ref � kPP2 P2ref − P2( ) + kIP2
s

P2ref − P2( )

iq2ref � −kPQ2 Q2ref − Q2( ) − kIQ2
s

Q2ref − Q2( ) (5)

where P2 (Q2 ), P2ref (Q2ref ), kPP2 (kPQ2) and kIP2 ( kIQ2 ) represent
the active (reactive) power injected to the PCC of the fractional
frequency side, the active (reactive) power reference, the
proportional and integral gains of the active (reactive) power
controller, respectively.

3 Establishment of the back-to-back
frequency converters small-signal
model

3.1 Small-signal model of main circuit

To analysis the stability of a hybrid industrial/fractional
frequency.

System, the traditional approach is to treat the hybrid
industrial/fractional frequency system as a single industrial
(fractional) frequency system. However, the coupling interaction
between the industrial and fractional frequency sides cannot be
effectively analyzed in this way. To thoroughly address such issue, a
hybrid impedance taking both industrial and fractional frequency
sides of the converter into consideration is proposed in the
following manuscript.

Impacted by the dynamics of synchronization, the system has
two frames: one is the system dq frame, the other one is the
controller dq frame. For the sake of illustration, the superscripts
s and c denote the variables in the system and controller frames,
respectively. On this basis, considering both sides of the converter,
the small-signal model of main circuit is expressed by

Yac

~us
d1

~us
q1

~us
d2

~us
q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ − Yac

~vsd1
~vsq1
~vsd2
~vsq2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

~i
s

d1
~i
s

q1

~i
s

d2
~i
s

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (6)

where ~usdi ( ~u
s
qi ), ~v

s
di ( ~v

s
qi ), and ~i

s
di ( ~i

s
qi ) represent the small-signal

perturbation of usdi (u
s
qi), v

s
di ( v

s
qi ), and i

s
di ( i

s
qi ), respectively.

~d
s

di (
~d
s

qi )
represent the small-signal perturbation of dsdi ( d

s
qi ). Yac denotes the

main circuit admittance of the converter and it is written as

Yac �
sL1 + R1 −ω1L1 0 0
ω1L1 sL1 + R1 0 0
0 0 sL2 + R2 −ω2L2

0 0 ω2L2 sL2 + R2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−1

(7)
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3.2 Influence of PLL

Phase-locked loop (PLL) plays a key role in locking the phase
angle of PCC phase voltages and therefore, ensuring that the converter
stays synchronized with the grid (Fang et al., 2018). In a steady state,
the controller dq frame is aligned with the system dq frame. When
small-signal perturbations are added to the system, a small phase
deviation denoted as Δ~θi emerges between the system and controller
dq frames as shown in Figure 2. The relationship between the
converter current in the system and controller frames is expressed by

Icd1 + ~i
c

d1

Icq1 + ~i
c

q1

Icd2 + ~i
c

d2

Icq2 + ~i
c

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

cos Δ~θ1( ) sin Δ~θ1( ) 0 0

−sin Δ~θ1( ) cos Δ~θ1( ) 0 0

0 0 cos Δ~θ2( ) sin Δ~θ2( )
0 0 −sin Δ~θ2( ) cos Δ~θ2( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×
Isd1 + ~i

s

d1

Isq1 + ~i
s

q1

Isd2 + ~i
s

d2

Isq2 + ~i
s

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (8)

By approximating cos (Δ~θi) and sin (Δ~θi) with the first term of
their Taylor series expansions, the relationship between the
converter current in the system and controller dq frames is
further derived as

Icd1 + ~icd1
Icq1 + ~icq1
Icd2 + ~icd2
Icq2 + ~icq2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

1 Δ~θ1 0 0
−Δ~θ1 1 0 0
0 0 1 Δ~θ2
0 0 −Δ~θ2 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Isd1 + ~i
s

d1

Isq1 + ~i
s

q1

Isd2 + ~i
s

d2

Isq2 + ~i
s

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (9)

Similarly, the relationships between the modulation signal and
voltage in the system and controller dq frames are expressed by

Ds
d1 + ~d

s

d1

Ds
q1 + ~d

s

q1

Ds
d2 + ~d

s

d2

Ds
q2 + ~d

s

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

1 −Δ~θ1 0 0
Δ~θ1 1 0 0
0 0 1 −Δ~θ2
0 0 Δ~θ2 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Dc
d1 + ~d

c

d1

Dc
q1 + ~d

c

q1

Dc
d2 + ~d

c

d2

Dc
q2 + ~d

c

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (10)

Uc
d1 + ~uc

d1

Uc
q1 + ~uc

q1

Uc
d2 + ~uc

d2

Uc
q2 + ~uc

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

1 Δ~θ1 0 0
−Δ~θ1 1 0 0
0 0 1 Δ~θ2
0 0 −Δ~θ2 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Us
d1 + ~us

d1

Us
q1 + ~us

q1

Us
d2 + ~us

d2

Us
q2 + ~us

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (11)

Under steady-state conditions, the relationship of variables in
two frames is shown as follows:

Uc
d Uc

q( ) � Us
d Us

q( ), Icd Icq( ) � Isd Isq( ), Ds
d Ds

q( ) � Dc
d Dc

q( ) (12)

As Figure 3 shows, the PLL output angle is

Δ~θi � ~uqi · kPPLLi + kIPLLi/s( )/s (13)

where kPPLLi and kIPLLi denote the proportional and integral gains of
the PLL. By substituting (13) into (11) and canceling the steady-state
values, Δ~θi is further expressed by

Δ~θi � GPLLi s( ) ~us
qi (14)

Define GPLLi(s) as

GPLLi s( ) � kPPLLis + kIPLLi
s2 + Us

dikPPLLis + Us
dikIPLLi

(15)

By substituting for Δ~θi from (14) into (9), (10), and (11) and
defining Gi

PLL, G
d
PLL, and Gu

PLL as

Gi
PLL �

0 Isq1GPLL1 0 0
0 −Isd1GPLL1 0 0
0 0 0 Isq2GPLL2

0 0 0 −Isd2GPLL2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (16)

Gd
PLL �

0 −Dc
q1GPLL1 0 0

0 Dc
d1GPLL1 0 0

0 0 0 −Dc
q2GPLL2

0 0 0 Dc
d2GPLL2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (17)

Gu
PLL �

1 Us
q1GPLL1 0 0

0 1 − Us
d1GPLL1 0 0

0 0 1 Us
q2GPLL2

0 0 0 1 − Us
d2GPLL2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (18)

(9), (10), and (11) are further expressed by

FIGURE 2
The system and controller dq frames.

FIGURE 3
The structure of PLL.
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3.3 Controller and PWM modulation

Based on the converter modulation process, the terminal voltage
of the converter is related to the modulation signal in the system dq.
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By canceling the steady-state values and considering small-
signal perturbations, (22) is derived as
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where ~vdc represents the small-signal perturbation of vdc .
Note that the industrial frequency side is coupled together with

the fractional frequency side through the DC intermediate link.
Once a disturbance occurs on one side, it will propagate to the other
side through the DC voltage of the intermediate DC link. According
to the basis of energy conservation and neglecting the switching
losses caused by PWM modulation, it is noted that the sum of the
reactive power of the three-phase circuit is zero, so that between the
DC and AC sides of the converter, there is
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2
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2

vd2id2 + vq2iq2( ) (24)

By canceling the steady-state values and considering small-
signal perturbations, ~vdc can be expressed by ~vs and ~i

s
as follows:
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Together with (23) and (25), the small-signal perturbation of the
converter terminal voltage is derived as
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where Gd2v and Gu2v are represented as follows, Gi2v is shown at the
bottom of this page.
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The back-to-back frequency converter is controlled by an outer
voltage/power controller. For the power flow control case, as shown
in Zhao and Guo (2009), the active and reactive power are obtained
by calculating the voltage and current in dq SRF as
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2
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Q � 3

2
iduq − iqud( ) (30)

By doing linearization to (30) and considering (25), the small-
signal representation of the DC voltage and power is described
as (31).
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Where Gu
PQ and Gi

PQ are small-signal transfer functions of DC
voltage and power calculations. Gu

PQ is represented as follow and
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PQ is shown at the bottom of this page.
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According to (3), the small-signal representation of the inner
current control loop is described as
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~i
c

d2
~i
c

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ + Gdei

~i
c

d1
~i
c

q1

~i
c

d2
~i
c

q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (34)

WhereGci is the current controller matrix,Gdei is the decoupling
matrix.

Gci �

kPI1 + kII1
s

0 0 0

0 kPI1 + kII1
s

0 0

0 0 kPI2 + kII2
s

0

0 0 0 kPI2 + kII2
s

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(35)

Gdei �
0 ω1L1 0 0

−ω1L1 0 0 0
0 0 0 ω2L2

0 0 −ω2L2 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (36)

According to (4) and (5), the small-signal representation of the
outer voltage/power control loop is described as

~id1ref
~iq1ref
~id2ref
~iq2ref

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � GcPQ

~vdcref
~Q1ref

~P2ref

~Q2ref

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ −

~vdc
~Q1
~P2
~Q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (37)

where GcPQ is the voltage/power controller matrix.

GcPQ �

kPV + kIV
s

0 0 0

0 − kPQ1 + kIQ1
s

( ) 0 0

0 0 kPP2 + kIP2
s

0

0 0 0 − kPQ2 + kIQ2
s

( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(38)

3.4 Small-signal model of the back-to-back
frequency converter

The small-signal model of the back-to-back frequency converter
with inner current control loop and outer voltage/power control loop
is shown in Figure 4, where ~̃u

s
( ~̃u

c
), ~̃v

s
( ~̃v

c
), ~̃i

s
( ~̃i

c
), ~̃d

s
( ~̃d

c
), and ~̃iref

represent the column vector of ~us ( ~uc ), ~vs ( ~vc ), ~i
s
( ~i

c
), ~d

s
( ~d

c
), and

~iref, respectively. In addition, define the normalization matrixGv2d as

Gv2d �
2/Vdc 0 0 0
0 2/Vdc 0 0
0 0 2/Vdc 0
0 0 0 2/Vdc

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (39)

Solving the equations represented by Figure 4, the output
impedance of the back-to-back frequency converter is

ZACAC � (I − Gu2v − Gd2vG
d
PLL − GdeiG

i
PLL − GciG

i
PLL

−GciGcPQ Gv
PQG

v
PLLG

i
PQG

i
PLL( ))−1

Zac + Gi2v + Gdei + Gci + GciGcPQG
i
PQ( ) (40)

where I is a identity matrix, Zac is the inverse matrix of Yac .

4 Stability analysis using the proposed
model

For Single Input Single Output (SISO) systems, the traditional
Nyquist stability criterion can be used to discriminate the stability.
However, for Multiple Input Multiple Output (MIMO) systems,
the traditional Nyquist stability criterion cannot be applied. The
General Nyquist Criterion (GNC) is a generalization of the Nyquist
stability criterion to MIMO systems. For MIMO systems, the
characteristic equations of the system are established, and the
stability criterion is performed by drawing the generalized
Nyquist curve.

One line diagram representation of the back-to-back frequency
converter systemunder study is shown in Figure 5.Rs (Ls ) andRf (Lf)
are the equivalent resistance (inductance) of industrial and fractional
frequency grids, respectively. In this system, the back-to-back frequency
converter is connected to the PCCs and the grids are connected to PCCs
through inductors and resistors. To analysis the system stability, the
method proposed in Sun (2011) is applied. Sun (2011), the system can
be divided into two parts from the PCCs, namely, the grids and the
converter.

FIGURE 4
Small-signal model of the back-to-back frequency converter
with inner current control loop and outer voltage/power control loop.
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As reported by Wen et al. (2015), when using impedance-basis
stability analysis for a grid-tied converter system, Nyquist stability
criterion is based on the impedance ratio of the grid-side impedance
and the converter impedance as

L � Zg · Z−1
ACAC (41)

Zg denotes the impedance of the grid, which can be expressed by

Zg �
sLs + Rs −ω1Ls 0 0
ω1Ls sLs + Rs 0 0
0 0 sLf + Rf −ω2Lf

0 0 ω2Lf sLf + Rf

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (42)

Since the grid voltage can be assumed to be stable without the
converter and the converter to be stable when the grid impedance is
zero, the grid-tied converter system is stable if the satisfies the GNC.
According to the GNC, system stability can be determined by
checking whether the Nyquist diagram encircles point.

5 Simulation result

5.1 Verification of the back-to-back
frequency converter small-signal model

Based on the theoretical derivation of the small-signal impedance of
the back-to-back converter, the circuit model of the converter is

established in the MATLAB/Simulink environment and the small-
signal impedance measurement can be performed. To obtain the
value of the small-signal impedance of the back-to-back converter,
four linearly independent small-signal voltages and small-signal
currents are measured as shown in Wen et al. (2015). The first
sinusoidal perturbation signal with certain frequency is generated on
the d-axis while keeping the q-axis perturbation null at industrial
frequency port. The system responses ~udqi1 and ~idqi1, namely, the
small-signal voltage and current of both PCCs (PCC of both
industrial and fractional frequency ports) are measured. A second
perturbation sequence can be carried out then but perturbing the
q-axis instead while the d-axis components being zero at industrial
frequency port. The third and the fourth perturbation sequence are
generated by adding two linearly independent perturbations at fractional
frequency port. Then,we can get four sets of linearly independent voltage
and response current, these are

~ud11

~uq11

~ud21

~uq21

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

~ud12

~uq12

~ud22

~uq22

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

~ud13

~uq13

~ud23

~uq23

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

~ud14

~uq14

~ud24

~uq24

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦;

~id11
~iq11
~id21
~iq21

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

~id12
~iq12
~id22
~iq22

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

~id13
~iq13
~id23
~iq23

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

~id14
~iq14
~id24
~iq24

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(43)

Hence, the measured impedance of the back-to-back frequency
converter can be derived as

ZACAC �
~id11 ~id12 ~id13 ~id14
~iq11 ~iq12 ~iq13 ~iq14
~id21 ~id22 ~id23 ~id24
~iq21 ~iq22 ~iq23 ~iq24

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−1

~ud11 ~ud12 ~ud13 ~ud14

~uq11 ~uq12 ~uq13 ~uq14

~ud21 ~ud22 ~ud23 ~ud24

~uq21 ~uq22 ~uq23 ~uq24

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (44)

Using the system and control parameter values listed in Table.

FIGURE 5
One line diagram of the converter system.

TABLE 1 Parameters of converter on the industrial frequency port.

Parameters Value

AC grid line voltage 23 kV

D channel grid voltage 18.76 kV

Q channel grid voltage 0

Rated DC voltage 40 kV

Line frequency 2π × 50 rad/s

Inductance of converter output inductor 2 mH

Resistance of converter inductor self-resistor 0.628Ω

Proportional gain of current controller 5

Integrator gain of current controller 400

Proportional gain of DC voltage controller 0.1

Integrator gain of DC voltage controller 1

TABLE 2 Parameters of converter on the fractional frequency port.

Parameters Value

D channel grid voltage 18.8 kV

Q channel grid voltage 0

Active power reference −1MW

Line frequency 2π × 50/3 rad/s

Inductance of converter output inductor 6 mH

Resistance of converter inductor self-resistor 0.628Ω

Proportional gain of power controller 0.0001

Integrator gain of power controller 0.001
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Table 1 and Table 2, the Bode diagram of the converter is plotted in
Figure 6. The blue lines show the calculated impedance based on (40),
whereas the red dots are the measured impedance. It can be figured out
that the red dots match to the impedance curves, verifying the
effectiveness and accuracy of the back-to-back frequency converter
small-signal model. Notice that when the small-signal disturbance
voltage is added, a corresponding small-signal disturbance current is
generated and the whole converter remains in stable operation. Hence,
the small-signal impedance can be measured only when the converter
can operate independently and stably.

5.2 Verification of the stability analysis

Figure 7 Shows the time-domain simulation results of the back-
to-back frequency converter. In the simulation, the converter system
is stable from 0 to 2.5 s. At 2.5 s, the proportional gain of inner
current controller at industrial frequency port kPI1 decreases from
5 to 0.1, the d-axis current at industrial frequency port as shown in
Figure 7 Starts to oscillate. The whole system becomes unstable.

Applying GNC to impedance ratio L, the stability conditions of
the system can be seen in Figure 8. When kPI1 is 0.1, system’s

FIGURE 6
Bode diagram of the back-to-back frequency converter small-signal impedance.

FIGURE 7
d-axis current waveform at industrial frequency port with different inner current controller parameters.
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characteristic loci encircles the critical point (−1, j0), which
indicates the system is unstable. Changing the flow direction of
active power and keeping the other parameters unchanged, the
stability condition can be seen in Figure 9. It can be figured out that
none of the system’s characteristic loci encircles the critical point
(−1, j0). The comparison reveals that when the power flow is
reversed, the stability of the system obtains very different results.

The proportional gain of the outer DC voltage controller can
also affect the stability of the system. Figure 10 shows the time-
domain simulation results of the back-to-back frequency converter.
In the simulation, the converter system is stable from 0 to 2.5 s. At
2.5 s, the proportional gain of outer DC voltage controller at
industrial frequency port kPV increases from 0.1 to 8.3, the
d-axis current at industrial frequency port as shown in Figure 10
Starts to oscillate. The whole system becomes unstable.

Applying GNC to impedance ratio L, stability conditions can be
seen in Figure 11. The closer the pole is to the imaginary axis, the
more unstable the system is. When kPV is 0.1, the closed-loop system
does not contain any right half-plane (RHP) pole as the red circle

FIGURE 8
Nyquist diagrams of the system minor-loop gain L with kPI1 � 0.1
and positive power flow direction.

FIGURE 9
Nyquist diagrams of the system minor-loop gain L with kPI1 � 0.1
and negative power flow direction.

FIGURE 10
d-axis current waveform at industrial frequency port with different DC voltage controller parameters.

FIGURE 11
The pole distribution map of the closed-loop system with
different DC voltage controller parameters.
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shown in Figure 11, which means the system is stable. When kPV is
8.3, as the blue circle shown in Figure 11, the system closed-loop
transfer function contains 2 RHP poles, which indicates the system is
unstable. And it can be figured out that the oscillation frequency
calculated in Figure 11 and Figure 10 match well, which further
verifies the accuracy of the small-signal model proposed in Section 3.

6 Conclusion

This paper focuses on the analysis of the back-to-back frequency
converter with inner current control loop and outer voltage/power
control loop. Firstly, the small-signal impedancemodel of the converter
used for fractional frequency transmission system is proposed. Then,
the stability analysis of the grid-tied interlinking converter system is
conducted which divides the system into two parts: the grids connected
to both ports of the converter and the converter. The stability of the
whole system is determined by the open-loop transfer function based
on the small-signal impedance model, and according to the GNC, the
stability can be obtained by judging whether system’s characteristic loci
encloses point (−1, j0) on the complex plane. Therefore, the stability of
the whole system is related to parameters of the converter itself and
parameters of the grid, which can protect user privacy and trade secret.
The factors affecting the stability are studied and the influence on the
stability is explored for the current controller parameter, the power flow
direction, and the DC voltage controller parameter. Finally, the validity
and accuracy of the small-signal impedancemodel and stability analysis
are validated by time-domain simulation performed in MATLAB/
Simulink environment.
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