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In ultralow permeability tight oil reservoirs, the fracturing scale of multistage

fractured horizontal wells (MFHWs) is relatively large, and the artificial fracture

system is generally more complex. Analytical and semi-analytical methods are

difficult to characterize the stimulated area in detail, which includes main

fractures, branch fractures, and microfractures. Numerical methods have

unique advantages in studying such problems. The mathematical model of

oil–water two-phase seepage is established by the finite element method, the

permeability and pseudo threshold pressure gradient that vary with spatial

position are proposed to characterize the stimulated area except the main

fracture. A single well numerical model was established to study the influence of

the width and permeability of the stimulated area on the pressure response. The

analysis shows that the transient pressure response of MFHW is controlled by

main fracture conductivity. Main fractures have high conductivity can better

communicate the stimulated area, and MFHW can be better developed.
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Introduction

In recent years, the application of horizontal well volume fracturing technology has

made important breakthroughs in the development of unconventional oil and gas

reservoirs. Core flooding studies show that low-velocity non-Darcy flow exists in tight

reservoir development. It is generally believed that non-Darcy flow has three flow states:

no flow part, non-linear flow part, and linear flow part. The no flow part is when the

pressure gradient is less than the threshold pressure gradient (TPG), the fluid does not

flow. The flow rate under low-pressure gradient is very small, and it is difficult to
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measure directly. Many scholars believe that TPG does not

exist, and the non-linear flow part should start from zero

pressure gradient (wang et al., 2017). The intersection point

of the linear flow section extension with the X-axis (pressure

gradient) at high pressure gradients is called the pseudo

threshold pressure gradient (PTPG). PTPG is easy to obtain,

and the processing in the mathematical model is relatively

simple. The non-Darcy flow is treated as two parts: no flow

and linear flow. When detailed data on non-linear flow are not

available, non-Darcy flow can be approximated by PTPG. Prada

and Civan (1999) studied non-Darcy flow phenomena using

salt water and analyzed the effect of permeability and fluid

viscosity on PTPG. In practical application, it was found that

the PTPG value estimated by the experiment was very large, and

the same problem was found in similar experiments (Zeng et al.,

2010).

After volume fracturing of horizontal wells, a large number

of branch fractures and microfractures are formed. Regardless

of the analytical method or the numerical method, the

characterization of the main fracture and the stimulated

area is an important work in well test analysis. The

trilinear-flow model presented by Brown, the whole

drainage area is decomposed into three contiguous flow

regions: outer reservoir, inner reservoir, and hydraulic

fractures (Brown et al., 2011). Stalgorova and Mattar

(2012a) developed an enhanced fracture region model with

a higher permeability region near each hydraulic fracture and

unstimulated region in the bulk of the space between fractures .

A more advanced five-region model that encompasses both the

existing trilinear-flow model and previous enhanced fracture

region model further represented (Stalgorova and Mattar,

2012b). Fuentes-Cruz presented an induced permeability

field within SRV to improve the continuous assumption of

linear-composite permeability model and extended to the dual

porosity idealization model (Fuentes-Cruz et al., 2014a;

Fuentes-Cruz et al., 2014b). Many scholars conventional

multiple hydraulic fractured horizontal (MFH) well into a

composite model to describe the stimulated reservoir

volume (SRV). Simplify the SRV into a circle (Zhao et al.,

2014; Hu et al., 2021), rectangular shape (Wang et al., 2016; Li

et al., 2021), irregular shape (Chen et al., 2018, 2021; Zhang

and Yang, 2021), and ellipse shape (Wang and Sheng, 2017).

Some scholars use embedded discrete fracture model (EDFM)

(Xu et al., 2017; He et al., 2022) and discrete fracture model

(DFM) (Liu et al., 2020) to treat MFHW, considering the

complexity of fractures and not considering the stimulated

area near the fractures.

In summary, ultralow permeability tight oil reservoirs have

large fracturing scale and complex artificial fractures. The

analytical and semi-analytical methods generally do not

consider the stimulated area, or consider stimulated area

with a single permeability. The numerical methods generally

divide the stimulated area into multiple areas, each area has

different properties, and the characterization of stimulated area

is not detailed enough. For this problem, the parameters of the

stimulated area are characterized by using the formation

permeability and the starting pressure gradient that change

with the spatial position. The finite element numerical method

was used to build the mathematical model.

Mathematical model

Seepage differential equation

Basic assumption: there is oil–water two-phase fluid in

homogeneous anisotropic reservoir, and both fluid and rock

are weakly compressible, ignoring the influence of gravity.

Several vertical fractures are fractured along the horizontal

well pressure, and the fractures run through the entire reservoir.

The two-dimensional oil-phase pressure differential equation

of the matrix system considering the threshold pressure

gradient is:

∇ · [Kλ∇po(1 − G∣∣∣∣∇po

∣∣∣∣)] − ∇ · (Kλλw∇pc) � ϕCt
zpo

zt
. (1)

where Ct � Cf + SwCw + SoCo, λ � Kro
μo

+ Krw
μw
, λo � Kro

μoλ
,

and λw � Krw
μwλ

The water-phase saturation equation (ρw treated as constant):

−λ′wvt∇Sw − Kλλoλw∇ · (∇pn
c) −Kλλoλwp

′
c∇ · (∇Sw)

−Kλλoλwp
′
c∇ · (∇Snw)

� ϕ
z(Sw)
zt

. (2)

A mixed element discrete fracture model is used to

characterize artificial fractures, ignoring the flow in the

fracture perpendicular to the direction of the fracture, and the

flow in the fracture is simplified to one dimension, which is

described by line elements. The effect of threshold pressure

gradient is not considered in the fracture. Then the equations

of oil-phase pressure and water-phase saturation in the artificial

fracture system are:

∇ · (Kfλ
zpfo

zx
) − ∇ · (Kfλλw

zpfc

zx
) � ϕCt

zpfo

zt
(3)

−λ′wvt
zSw
zx

− Kfλλoλw∇ · (zpn
fc

zx
) −Kfλλoλwpfc

′∇ · (zSw
zx

)
−Kfλλoλwpfc

′∇ · (zSnw
zx

)
� ϕ

z(Sw)
zt

. (4)
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Inner boundary well model

Assuming that the fracturing horizontal well only has

production at the fracture, and the sum of the production of

all fractures is equal to the production of the horizontal well, the

intersection of the artificial fracture and the horizontal well is

treated as the inner boundary.

When considering the effects of wellbore storage

coefficient and skin factor, the pressure at the inner

boundary node is taken as the wellface pressure pwb.

According to the definition of the skin coefficient, when

the wellbore friction is not considered, the pressure at each

inner boundary node is equal to the bottom hole flowing

pressure pwf, and the additional pressure drop ΔpS caused by

the skin effect should also be equal at each inner boundary

node. The relationship between bottom hole flowing

pressure pwf and wellface pressure pwb, sand face flow rate qb:

pwb − pwf � ΔpS � qbμ

2πKh
S. (5)

According to the definition of the wellbore storage

coefficient, the relationship between the sand face flow rate qb
and the well flow rate q at the node is obtained:

qb � qB − C
(pn

wf − pwf )
Δt. (6)

In Eq. 5, letFn � μS
2πKh, then:

pwf � pwb − qb · Fn. (7)

Combining Eqs. 6, 7:

qb � ΔtqB − Cpn
wf

CFn + Δt + C

CFn + Δtpwb. (8)

The aforementioned formula is the bottom hole production

expression of the inner boundary node, considering the influence

of well storage coefficient and skin factor.

Weak solution integral form of differential
equations

Equation 1 applies the principle of virtual displacement (δp is
the virtual displacement of pressure) to obtain the equivalent

integral form:

∫∫
V

∇ · [Kλ∇po(1 − G∣∣∣∣∇po

∣∣∣∣)]δpodV − ∫∫
V

∇ · (Kλλw∇pc)δpodV

� ∫∫
V

ϕCt
zpo

zt
δpodV.

(9)
Partial integration at the left end of the aforementioned

formula can obtain:

−∫∫
V

Kλ∇po(1 − G∣∣∣∣∇po

∣∣∣∣)∇δpodV + ∫
Γ

Kλ
zpo

zn
δpodΓ

+ ∫∫
V

Kλλw∇pc∇δpodV − ∫
Γ

Kλλw
zpc

zn
δpodΓ

� ∫∫
V

ϕCt
zpo

zt
δpodV. (10)

where z
zn � nx z

zx + ny z
zy, nx, ny, is the component of the unit vector

in the normal direction outside the boundary.

The fixed production of a horizontal well, the integral along

the bottom hole boundary∫
Γ

Kλ zpo

zn δpodΓcan be expressed as

∫
Γ

KλA zpo

zn
1
A δpodΓ � ∫

Γ

qb
AδpodΓ(A is the bottom seepage area).

Substitute Eq. 8, pn
wf is the bottom hole flow pressure in the

previous step for display processing, and the wellface pressure

pwb is regarded as an unknown, then the weak integral form of the

basic differential equation in constant flow production can be

obtained:

−∫∫
V

Kλ∇po(1 − G∣∣∣∣∇po

∣∣∣∣)∇δpodV + ∫
Γ

ΔtqB − Cpn
wf

CFn + Δt δpodΓ

+ ∫
Γ

C

CFn + ΔtpwbδpodΓ + ∫∫
V

Kλλw∇pc∇δpodV

� ∫∫
V

ϕCt
zpo

zt
δpodV.

(11)
In the same way, the weak solution integral form of the

water-phase saturation equation can be obtained:

−∫∫
V

λ′wvt∇SwδSwdV + ∫∫
V

Kλλoλw∇p
n−1
c ∇δSwdV

+ ∫∫
V

Kλλoλwp
′
c∇Sw∇δSwdV − ∫∫

V

Kλλoλwp
′
c∇S

n
w∇δSwdV

� ∫∫
V

ϕ
zSw
zt

δSwdV.

(12)
The total seepage velocity vt in the aforementioned formula is

treated explicitly.

The weak solution integral form of the fracture system can be

obtained, which will not be repeated here.

Algorithm

The oil-phase pressure equation and the water-phase

saturation equation were solved by implicit pressure and

explicit water saturation. The time was discretized by the

Crank–Nicolson scheme. The linear equations were solved by

the direct method of LDLT decomposition. Both the water cut
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and the pressure gradient were solved using the least squares

method.

Numerical model building

Basic parameters

The tight oil reservoir of Lucaogou Formation in Jimusar

Sag of Changji Oilfield has an average porosity of 9.17%, an

average permeability of 0.15 × 10−3μm2, and more than 70%

permeability of the cores is less than 0.1 × 10−3μm2. The

reservoir has the characteristics of low porosity and ultralow

permeability. The basic parameters of reservoirs, wells, and

fractures are shown in Table 1.

Characteristics of relative permeability curve: irreducible

water saturation 0.15, residual oil saturation 0.422, and

relative permeability of water-phase at residual oil saturation

is 0.272.

Numerical model and parameter
characterization of stimulated area

Take a MFHW in a homogeneous tight oil reservoir, the

outer boundary is closed. The single well numerical model is

established as shown in Figure 1A. The size of the simulation area

is 1500 m × 600 m. The matrix is meshed with arbitrary

triangular elements, and the fractures are meshed with 2-node

line elements. The mesh size of the fracture line element is 1 m,

the maximum mesh size of the matrix is about 25 m, the total

number of nodes is 25011, and total number of triangular

elements is 49740.

It is assumed that the position in the formation with the same

vertical distance from the fracture surface has the same

stimulation effect, and the smaller is the distance from the

fracture surface, the better is the stimulation effect. Two

parameters can be used to characterize the stimulated area:

the width and permeability. The maximum permeability of

the stimulated area is at the fracture surface and assuming an

exponential change in the direction perpendicular to the fracture

surface, the following formula is used:

Kgz � ( K

Kmf
)(

x
Wgz

)2

·Kmf .

In addition, due to the improvement of formation

permeability in the stimulated area, the fluid PTPG should

TABLE 1 Basic parameters of the reservoir, well, and fracture.

Types Parameter Value Unit

Reservoir Initial pressure 40 MPa

Thickness of formation 33 m

Oil viscosity 10 mPa·s
Permeability of matrix 0.043 10−3μm2

Porosity of matrix 0.1099 —

Rock compressibility 0.45 10−4 1/MPa

Oil compressibility 12.1 10−4 1/MPa

Water compressibility 4.5 10−4 1/MPa

Initial water saturation 0.15 —

Oil volume factor 1.293 —

Fracture Conductivity of fracture 0.02, 0.1, and 0.5 10−3μm2·m
Number of stage 15 —

Half length of fracture 60–190 m

Average half length of fracture 125 m

Well Well length 1,305 m

Production rate 20 m3/day

Wellbore storage coefficient 1 m3/MPa

FIGURE 1
Numerical model and permeability distribution in the stimulated area. (A) Grid of the numerical model; (B) Permeability distribution in the
stimulated area.
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also be reduced, and it can be reset according to permeability.

The width of the stimulated area is 40 m, the matrix permeability

at the fracture surface is 5 × 10−3μm2, and PTPG is calculated

according to the empirical formula G = 0.0828K−0.66, which are

obtained from laboratory experiments. The permeability

distribution of the stimulated area is shown in Figure 1B. The

permeability ranges from 0.043 × 10−3 to 5 × 10−3 μm2, and PTPG

ranges from 0.6606 to 0.0286 MPa/m. The method established in

this article has the advantage of being able to characterize the

stimulated area parameters in detail, the disadvantage is that the

unstructured grid is used, the number of grids and computational

workload are large, so only a two-dimensional model can be used

for numerical calculation.

Results and discussion

Effect of stimulated area width on
pressure transient response

The stimulated area width Wgz designs four cases: 10 , 20 ,

30 , and 40 m, and fracture conductivity KW designs three cases:

0.5 , 0.1 , and 0.02 μm2m. The permeability of the fracture surface

is set to 1.0 × 10−3µm2. The pressure transient response curves of

the four stimulated area width cases are shown in Figures 2A–C.

The smaller the width of the stimulated area, the more obvious

the upturning feature of the curve. The larger the width of the

stimulated area, the more obvious the linear flow characteristics

FIGURE 2
Log–log plot under differentWgz conditions and formation pressure distribution. (A) Kw = 0.5 μm2m; (B) Kw = 0.1 μm2m; (C) Kw = 0.02 μm2m;
(D) Wgz = 40 m (Kw = 0.5 μm2m); (E) Wgz = 40 m (Kw = 0.1 μm2m); and (F) Wgz = 40 m (Kw = 0.02 μm2m).
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of the fracture. The lower the fracture conductivity, the smaller

the influence of the width of the stimulated area on the pressure

response curve, and the more obvious the bilinear flow

characteristics. The higher the fracture conductivity, the

smaller the distance between the pressure curve and the

derivative curve, and the more obvious the linear flow

characteristics. The width of stimulated area is 40 m, and the

pressure distributions (10000 h) of the three fracture

conductivity schemes are shown in Figures 2D–F. It can be

seen from the comparison that the higher is the fracture

conductivity (Figure 2D), the larger is the range of the low-

pressure area, the effect of stimulated area is stronger, and the

low-pressure area near the fracture is distributed along the

fracture. The lower the fracture conductivity (Figure 2F), the

effect of the stimulated area is weaker, and the low-pressure area

is mainly near the bottom hole. Combining the pressure response

curve and the pressure distribution map, it can be seen that the

higher is the fracture conductivity, the higher is the bottom-hole

flow pressure, the earlier the linear flow appears in the pressure

response curve, and the low-pressure area distribute along the

fracture and has a larger range.

Effect of stimulated area permeability on
pressure transient response

The permeability at fracture surface Kgz designs three cases:

1.0 × 10−3, 5 × 10−3, and 10 × 10−3 μm2, and fracture conductivity

Kw designs three cases: 0.5 , 0.1 , and 0.02 μm2m. The pressure

transient response curves of the three stimulated area

permeability cases are shown in Figures 3A–C. The effect of

stimulated area permeability on the pressure response curve is

FIGURE 3
Log–log plot under different Kmf conditions and formation pressure distribution. (A) Kw=0.5 μm2m; (B) Kw= 0.1 μm2m; (C) Kw=0.02 μm2m; (D)
Kmf = 5 × 10−3µm2(Kw = 0.5 μm2m); (E) Kmf = 5 × 10−3µm2(Kw = 0.1 μm2m); and (F) Kmf = 5 × 10−3µm2(Kw = 0.02 μm2m).
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mainly in the mid-term. The greater the stimulated area

permeability, the stronger the supply capacity to fractures,

and the derivative curve tends to be flat. From the

comparison of different fracture conductivities, the lower is

the conductivity, the less obvious is the effect of the stimulated

area width. This is because the fracture conductivity is very low,

and the effect of the stimulated area cannot be fully exerted

(Figures 3D–F).

Conclusion

Applying the basic principle of finite element, according to

the characteristics of tight oil reservoirs, a mathematical model of

oil–water two-phase numerical well test is established

considering the PTPG. Benefiting from the flexibility of finite

element meshing, the DFM is used to describe artificial fractures

for MFHW, which can achieve a reasonable characterization of

the artificial fracture system.

A characterization method of stimulated area parameters

changing with the spatial location is established. The stimulated

area parameters of MFHW are described by the width, the

permeability, and the PTPG that vary with the spatial position

in the stimulated area. Based on the relationship between

permeability and PTPG, an innovative detailed

characterization of stimulated area can be achieved.

Both the width and the permeability of stimulated area have a

great influence on the pressure response of the fracturing

horizontal well, but their influence is controlled by the

fracture conductivity. Very low fracture conductivity makes it

difficult to obtain a good development effect even if there is a

large stimulated area. Therefore, when fracturing, it is necessary

to obtain a large SRV, more important thing is to ensure that the

fractures have high conductivity, so as to achieve better

development results.
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Glossary

Nomenclature

ϕ = porosity, fraction

So = oil saturation, fraction

Sw = water saturation, fraction

t = time, day

K = permeability, 10−3μm2

Kgz = permeability of stimulated area, 10−3μm2

Kmf = permeability of fracture surface, 10−3μm2

Kro = oil-phase relative permeability, fraction

Krw = water-phase relative permeability, fraction

μo = oil-phase viscosity, mPa·s
μw = water-phase viscosity, mPa·s
po = oil-phase pressure, MPa

pc = capillary pressure, MPa

pwb = wellface pressure, MPa

pwf = bottom hole flowing pressure, MPa

ΔpS = additional pressure drop, MPa

qb = sand face flow rate, m3/day

q = well flow rate, m3/day

h = reservoir thickness, m

C = wellbore storage coefficient, m3/MPa

S = skin factor

B = volume factor

G = threshold pressure gradient, MPa/m

Ct = comprehensive compressibility, 10−4 1/MPa

Cf = rock compressibility, 10−4 1/MPa

Co = oil-phase compressibility, 10−4 1/MPa

Cw = water-phase compressibility, 10−4 1/MPa

λ = oil–water two-phase fluidity

λo = oil-phase relative fluidity

λw = water-phase relative fluidity

vt = total seepage velocity, m/s

A = seepage area, m2

› = differential operator

V = domain

Γ = boundary

 = Hamiltonian operator

Superscripts and subscripts

fo = oil-phase of fracture system

fw = water-phase of fracture system

fc = fracture capillary pressure

‘ = derivative

n = previous time step
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