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With the contradiction between energy consumption and ecological protection
becoming increasingly prominent, it has become a serious issue to study an energy
system with high efficiency, low pollution, and strong controllability. The application of
the backpressure unit and the peak-shaving electric boiler makes the power grid and
the heat grid connected and becomes an electro-thermal coupling system, which can
be studied as a representative of the integrated energy system. In this study, to make
full use of energy, a power system model considering a large number of distributed
energy injections and a multi-source thermal system model are constructed. After the
energy flow is solved, the optimization method of the electrothermal coupled system is
studied to minimize the fuel consumption and obtain the minimum operating cost. In
addition, a more comprehensive algorithm is proposed in this study, and the actual
model is used in the fourth section of the article to verify that the algorithm can be
practically applied.
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1 INTRODUCTION

The development of the integrated energy system (IES) can make the allocation of resources more
rational and optimal, which is a good way to deal with the huge energy consumption and resource
depletion in the current era, and it is also a foundation for the complete transformation of the
country’s energy structure in the future (Moeini-aghtaie et al., 2014). In the traditional energy
systems such as power grids and thermal networks, each energy system has an independent operating
system, the coupling between them is not tight, and the energy efficiency is low. The coupling
between integrated energy systems is tight, the energy utilization rate is high, and the ability to absorb
renewable energy is greatly improved (Liu et al., 2016; Sun et al., 2020; Zhang et al., 2022). When the
power grid is actually running to calculate the power flow, the forward-backward method and the
Newton–Raphson method are mostly used (Hu et al., 2020). These two methods have a strong
theoretical system in the power grid, and their ideas are also relatively mature. However, when it is
applied to an electro-thermal combined system, the solution program becomes complicated, the
number of iterations is large, and it is difficult to realize the combination between the various
systems. At present, many scholars at home and abroad have proposed energy flow solving methods
for integrated energy systems (Jia et al., 2014; Xia et al., 2017; Yu et al., 2021). Liu et al. (2021) have
refined the heat network and considered the method of solving the energy flow in the case of heat
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loss. Guo et al. (2019) constructed a unified energy flow solution
method based on energy hubs. Li et al. (2015) have considered the
effect of adding energy storage elements to the whole system.

The modeling of each part of the network and the energy flow
solution of the electro-thermal coupled system are the basis of the
optimal energy flow research. As the most important part of this
study, the control variables are not given as the general energy
flow calculation but need to be determined through optimization,
thus forming a nonlinear programming problem with multiple
constraints, and the solution methods are also diverse to simplify
the nonlinear programming method represented by the gradient
method, and the interior point method is used more. The research
on the optimal power flow has been very extensive. Zhang et al.
(2019) considered the construction of the heat network model
more comprehensively and built a refined energy flow solution
model on the basis of the heating system. Jiang and Liang. (2015)
considered the characteristics of poor performance in traditional
AC-DC hybrid power flow calculation and uses the Gaussian
method for an iterative solution to improve the applicability of
the entire system. To realize the optimal allocation of energy and
reduce energy consumption, this study constructs a simplified
integrated energy system model and uses a unified solution
method to achieve a fast and accurate solution, simple
solution process, high calculation accuracy, and simple
programming and does not require too many iterations
(Krause et al., 2011; Malley and Kroposki, 2013; Chen et al.,
2020). When a large number of PV nodes are injected into the
system, the PV nodes can be equivalent to improve the traditional
forward and backward generation method. In addition, the
interior point method chosen in this study in the process of
solving the optimal energy flow does not need to find the initial
value in the feasible region, and it will adapt quickly when the
system scale increases (Wang et al., 2019;Wang et al., 2020;Wang
et al., 2021a; Wang et al., 2021b). In the fourth section of the
study, an optimal energy flow calculation model including a
distributed power grid and a multi-heat source radiant heat
grid is established, and two examples are used to analyze the
characteristics of the two solutions proposed.

2 RESEARCH ON THE ENERGY FLOW
CALCULATION MODEL AND ALGORITHM
OF THE COMBINED ELECTRIC-HEAT
SYSTEM

2.1 Power System Model
The running state of the power system is not constant, and a
power flow equation can be listed in each state. If the column is
written as the node voltage, it can be expressed as follows:

_Ui � Ui∠θi � Ui(cos θ + j sin θ). (1)
The node power equation of power flow calculation can be

expressed as follows:

{ ΔP � PG,i − PLoad,i,
ΔQ � QG,i − QLoad,i,

(2)

where PG,i and QG,i are the active and reactive power delivered by
the generator into the network; PLoad,i and QLoad,i are the load
active and reactive power corresponding to the node.

2.2 Thermal System Model
The thermodynamic system model is composed of a hydraulic
model and a thermodynamic model. According to the hydraulic
model of the heat network, the amount of water flowing through
the pipeline and the injected water flow at the heat load node can
be obtained. The following flow continuity equation is used to
express as follows:

Alm � mc, (3)
where Al is the network correlation matrix of the heat load node
relative to each pipeline, and m is the water flow vector through
the pipe.

A thermal model can be used to determine the temperature of
each node of the thermal network, including the following
equations. Eq. 4 is the equation of node injection heat power,
mass flow, and node temperature. Eq. 5 is the relationship
between the temperature of the head and tail of the pipeline.
Eq. 6 is the equation for the outflow of hot water from the heat
source through different heat networks and finally mixed at heat
loads.

ϕ � ϕi − ϕEi � cpm(Til − Tol), (4)
Tend � (Tstart − Te)e−

λd
cpm + Te + μ, (5)

⎛⎝∑n
a�1

mout,a
⎞⎠Tout � ∑m

b�1
min,bTin,b, (6)

where ϕ is the node injection heat power vector, ϕi is the node
heat load power vector, ϕEi is the node electric boiler injection
heat power vector, Til is the temperature of hot water provided by
each node, Tol is the temperature of hot water flowing back, Tend

is the temperature of the hot water as it leaves the pipe,Tstart is the
temperature at which the hot water enters the pipe, Te is the
ambient temperature, λ is the coefficient of heat conduction per
unit length of the pipeline, d is the transmission distance of the
pipeline, μ is the temperature compensation parameter, mout,a is
the branch flow of the branch out of the pipeline for the branch a,
and Tout is the temperature of hot water flowing back to the
pipeline at different locations.

There is often more than one heat source in a thermal system.
Figure 1A is the schematic diagram of the radiant heat system
model with multiple heat sources. In this model, two heat sources
are used to heat the heat load at the same time. Then, the two heat
sources are transformed into two equivalent heat sources shown
in Figure 1B to heat the heat load. Therefore, the multi-heat
source radiation type heat network is converted into multiple
single heat source radiation-type heat networks. The
transformation is as follows:

mkij �
mH1

mH1 + . . . +mHi

mki. (7)

This is rewritten in the matrix form as
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⎡⎢⎢⎢⎢⎢⎣ mk1θ

/
mkNθ

⎤⎥⎥⎥⎥⎥⎦ � mH1

mH1 +/ +mHi

⎡⎢⎢⎢⎢⎢⎣mk1

/
mki

⎤⎥⎥⎥⎥⎥⎦, (8)

where, mkij (i = 1, . . . , n, n represents the number of pipes
branching from the node, j = 1, . . . , m, m represents the
number of heat sources in the heat network) is the
corresponding single heat source radiation heat network
after conversion. mHi (i = 1, ..., n) is the pipe flow input by
the corresponding heat source to the node, andmki (i = 1, ..., n)
is the branch flow before conversion, that is, the multi-heat

source radiation type heat network corresponds to the
pipeline flow.

∑m
i�1
ϕli

� ϕl, (9)

where, ϕli (i = 1, ..., m, m is the number of heat sources in the heat
network) is the equivalent heat load power after the multi-heat
source radiation heat network is equivalent to multiple single heat
source radiation heat networks, and ϕl is the equivalent heat
before the node thermal load power.

FIGURE 1 | (A) Multi-source radiant thermal system model. (B) Single-heat source radiant heat network model.
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2.3 Thermal-Electro Coupled Model
Coupling elements of power systems and thermal systems such as
thermoelectric units and heat pumps have the property of
generating heat while supplying power. A backpressure unit is
a widely used thermoelectric unit, which does not contain a
condenser. The exhaust heat in the back pressure unit will be fully
utilized, and the thermal efficiency is high. The disadvantage is
that the generating capacity of the backpressure unit should be
based on heat production, and the regulation sensitivity is not
strong. Therefore, the backpressure unit is generally selected as
the heat source to play a central role in the thermal system, and
the electric boiler is selected to meet the demand for peak shaving.

The thermal power and electrical power emitted by the
backpressure unit satisfy the following equation:

ζ−1 · ϕBY � PBY, (10)

where ζ is the ratio of heat production to electricity production,
which is generally a constant value, ϕBY is the heat power
produced by the backpressure unit, and PBY is the electricity
generated by the backpressure unit.

The equation of thermal power and electrical power emitted
by a peak-shaving electric boiler is as follows:

δ−1 · ϕEB � PEB, (11)
where δ is the heat-to-electricity ratio, which is generally a
constant value, ϕEB is the thermal power emitted by the peak-
shaving electric boiler, and PEB is the electric power generated by
the peak-shaving electric boiler.

2.4 Calculation Method of the Energy Flow
in the Electro-Thermal Coupled System
At present, Newton–Raphson’s energy flow solution method is
the most widely used. However, the Newton–Raphson method
has the shortcomings of strict requirements on the initial value
and more iterations. Therefore, this study proposes an improved
forward-backward generation method, which improves the
drawbacks that the traditional forward-backward generation
method cannot deal with PV nodes, and is extended to the
radiant thermal system with multiple heat sources, which
reduces the number of iterations and the requirement for
initial values. The improvement of the thermal system
simplifies the model and improves the calculation speed.

When distributed energy is added to the grid, PV nodes will
become more. But the traditional push-back method cannot
handle this. Therefore, it can be improved to allow power flow
calculations to continue. Figure 2 shows the flow solution
diagram of the improved forward-backward substitution method.

The power loss formula is as follows:

ΔS � ΔP + jΔQ � I2(Ri + jXi) � P2
i + Q2

i

U2
N

(Ri + jXi) (12)

where ΔS is power loss, I is the line current, Ri, Xi are line
parameters, and UN is the rated voltage of the line.

Next, the voltage drop formula of each line is calculated as
follows,

ΔU � Zi · ΔSp � (Ri + jXi)(ΔP − jΔQ) � RiΔP +XiΔQ, (13)
where ΔU is the longitudinal component of the voltage drop, Zi,
Ri, Xi are line parameters, ΔP is the active loss, and ΔQ is the
reactive loss.

For the PV nodes, if ΔP � 0, the following equation is satisfied:

ΔQ � X−1
i · ΔU (14)

where ΔQ is the reactive power loss, and Xi is the line parameter.
Since the injection of distributed generation into the

distribution network will increase the number of PV nodes in
the power system, a large number of PV nodes cannot be
calculated by using the forward-backward substitution method.
If the initial reactive power value at the power source is set to 0,
the PV node can be equivalent to a PQ node first to facilitate

FIGURE 2 | Flow chart of the power flow solution.

Frontiers in Energy Research | www.frontiersin.org June 2022 | Volume 10 | Article 9119394

Li et al. Energy Flow Calculation of IES

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


subsequent solutions, and the reactive power at the power source
is corrected at each iteration to ensure the real-time data.

The correction equation is as follows:

ΔQ � γ(Qi −∑Qij)(1 + e−t)
� γ(−PiR − ΔUbUi

Xa
− Qij)(1 + e−t), (15)

where γ ∈ (−1, 1) is the calculation step length. Generally γ � 0.1,
Qi is the reactive power calculated by the PV node, Qij is the
reactive power of all branches and nodes connected to the PV
node, Pi is the power of the PV node, andXa are line parameters.

The fact that whether the voltage of each node satisfies the
convergence condition of the following equation is judged. If not,
the voltage value is updated before the power flow calculation,
and the equation is corrected until the voltage satisfies the
convergence condition.

The convergence condition is as follows:

max{∣∣∣∣ΔU(k)
i · ε−1∣∣∣∣} � max{∣∣∣∣∣(U(k)

i − U0) · ε−1∣∣∣∣∣}< 1, (16)
where ε is the convergence accuracy, U(k)

i is the voltage value
obtained by the kth iteration, and U0 is the initial voltage value.

The aforementioned idea can be extended to the thermal
system to be equivalent to the power system. The temperature
of the heat network is analogous to the voltage of the power grid,
the heat flow is analogous to the current, the heat load node is
equivalent to the load, the heat source node is equivalent to the
power supply, and the node with known heating temperature is
an analogy to the balance node in the power system. Then,
according to the coupled part modeling mentioned in 2.3, the
sum of thermal power of all equilibrium nodes in the thermal
system is transformed into the power of electric load to realize the
transformation process of the power flow solution.

3 RESEARCH ON THE OPTIMAL ENERGY
FLOW CALCULATION MODEL AND
ALGORITHM OF THE ELECTRIC-HEAT
COMBINED SYSTEM

3.1 Problem Description
One of the main research problems in this study is the
construction of the optimal energy flow model for the entire
system and the solution method. The purpose of solving the
optimal energy flow is to make the entire system run efficiently
and to obtain security guarantees at the same time. Adjustment
through certain algorithms of the output of each energy unit can
achieve the optimal distribution of energy among various
systems. When the model is built, the grid is used as the basis.
The thermal grid and the grid are connected together through
coupling elements at a certain node, and the thermal power of the
thermal grid is converted into electrical power and introduced
into the grid. To calculate the optimal energy flow, the objective
function must be selected first. In this study, the goal is to
minimize the operating cost of the entire system. This is a

nonlinear programming problem that considers multiple
constraints of independent networks and coupled parts. The
following assumptions should be made before modeling:

1) The operating conditions of each power source and a heat
source are known (if there is a parallel connection between
power sources or heat sources, it will not be considered);

2) The output of each power source and heat source are known;
3) The topologies of the heat grid and the grid are known;
4) The node load size is known;
5) The parameters of the overall network are known.

The mathematical model of the optimal energy flow can be
expressed as

⎧⎪⎨⎪⎩
minf(u, x),

s.t.
g(u, x) � 0,
h(u, x)≤ 0,

(17)

where u is generally an independent variable that can adjust the
active and reactive power output of each power supply and the
temperature and flow of hot water flowing out of the heat source,
and x is generally a variable that follows u, such as the voltage of
each node in the power grid and the branch power, the heat
network. The temperature of the water flow at each node and the
flow of the pipeline at other places are determined; minf(u, x) is
the minimum system operating cost in this study, g(u, x) � 0 is
the power balance equation of the power grid and the heat
network, and h(u, x)≤ 0 is the inequality constraint.

3.2 Objective Function
If the objective function is to minimize the operating cost, the
corresponding coal consumption should be minimized. The heat
source selected in this study is a backpressure unit, and a peak-
shaving electric boiler is used to assist it, so it can be considered
that the objective function established in this study is based on
heat production and production. Electricity is a quadratic fitting
function of the variable, and the objective function is as follows:

min∑N
i�1
(c0(i) + c1(i)PBY(i) + c2(i)P2

BY(i) + c3(i)DBY(i) + c3(i)D2
BY(i)

+ c5(i)DBY(i)PBY(i)),
(18)

where i is the backpressure unit from 1 to n, c0(i) ~ c5(i) is the
fitting constant, PBY(i) is the electrical power generated by the
backpressure unit, and DBY(i) is the thermal power generated by
the backpressure unit.

3.3 Restrictions
3.3.1 Grid Active and Reactive Power Balance
Constraints
The equation constraints of the power grid can be considered as
the active and reactive power equations of the power flow
calculation, and the balance condition is that the inflow power
of each node in the power grid is equal to the sum of the outflow
and losses:
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⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∑N
a�1

PBY(a) − Pa − Ua∑n
b�1

Ub(Gab cos θab + Bij sin θab) � 0

∑N
a�1

QBY(a) − Qa − Ua∑n
b�1

Ub(Bij sin θab + Gab cos θab) � 0

(19)

where∑N
a�1PBY(a) and∑N

a�1QBY(a) are the sum of the active power
and reactive power of the backpressure units connected to 1 to N
unit, and Pa andQa are the active and reactive power of the node.

3.3.2 Power Balance Constraints of the Heating
Network
The power balance constraints of the heating network include the
electric power balance of backpressure unit nodes, the thermal
power of heat source nodes, the thermal power used by users and
the thermal power supplied by electric boilers, and the
temperature balance of hot water flowing into pipes.

ϕi − ϕEi − cpm(Til − Tol) � 0, (20)
(Tstart − Te)e−

λd
cpm + Te + μ − Tend � 0, (21)

ϕi + cpm(Til − Tol) − ϕEB −DBY(i) � 0, (22)
where ϕi is the node heat load power vector, ϕEi is the node electric
boiler injection heat power vector,Til is the temperature of hot water
provided by each node, Tol is the temperature of hot water flowing
back, Tend is the temperature of the hot water as it leaves the pipe,
Tstart is the temperature at which the hot water enters the pipe, Te is
the ambient temperature, λ is the coefficient of heat conduction per
unit length of the pipeline, d is the transmission distance of the
pipeline, and μ is the temperature compensation parameter.

3.3.3 Constraint Conditions of Power Grid Inequality
For all backpressure units, the upper and lower power limits of
active and reactive power are met:

{ Pmin
BY(i) ≤PBY(i) ≤Pmax

BY(i),
Qmin

BY(i) ≤QBY(i) ≤Qmax
BY(i),

(23)

where Pmin
BY(i) and Pmax

BY(i) are the minimum and maximum active
power output of the back pressure unit, and Qmin

BY(i) and Q
max
BY(i) are

the limit values of the reactive power output of the back
pressure unit.

Similarly, all peak-shaving electric boilers also meet the upper
and lower power limits of active and reactive power:

{ Pmin
BE(i) ≤PBE(i) ≤Pmax

BE(i),
Qmin

BE(i) ≤QBE(i) ≤Qmax
BE(i),

(24)

where Pmin
BE(i) and Pmax

BE(i) are the minimum and maximum active
power output of the peak-shaving electric boiler, and Qmin

BE(i) and
Qmax

BE(i) are the limit values of the reactive power output of the
peak-shaving electric boiler.

To meet the stability of power grid operation, it is necessary to
restrict the amplitude of the voltage and the phase angle
difference of the voltage:

⎧⎨⎩ Umin
a(i) ≤Ua(i) ≤Umax

a(i)∣∣∣∣∣θmin
a(i) ≤Ua(i)

∣∣∣∣∣min
≤
∣∣∣∣∣θa(i) ≤ θa(j)∣∣∣∣∣≤ ∣∣∣∣∣∣θa(i) ≤ θa(j)max

∣∣∣∣∣∣ (25)

whereUmin
a(i) andU

max
a(i) are the upper and lower limits of the voltage

amplitude of the i node, and |θa(i) − θa(j)|min and |θa(i) − θa(j)|max

are the limits of the voltage phase angle difference between the
two nodes.

3.3.4 Inequality Constraint Conditions of the Heating
Network
If the variables m, Til ,Tol, Tend, Tstart, Te, and DBY(i) of the
heating network exceed a certain range, the operation of the
whole combined system will become unstable, so the upper and
lower limits of these variables should be constrained:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

mmin
a(i) ≤ma(i) ≤mmax

a(i) ,
Tmin
il(i) ≤Til(i) ≤Tmax

il(i) ,
Tmin
ol(i) ≤Tol(i) ≤Tmax

ol(i),
Tmin
end(i) ≤Tend(i) ≤Tmax

end(i),
Tmin
start(i) ≤Tstart(i) ≤Tmax

start(i).
Tmin
e(i) ≤Te(i) ≤Tmax

e(i) ,
Dmin

BY(i) ≤DBY(i) ≤Dmax
BY(i),

(26)

3.3.5 Power Balance Constraint of the Electrothermal
Coupling Node
When the backpressure unit is used as the hub of the power grid
and the heating network and when the peak-shaving electric
boiler assists in regulation, there is the following power balance
equation at the junction of the two networks:

{ δ−1 · ϕEB − PEB � 0,
ζ−1 · ϕBY − PBY � 0.

(27)

The aforementioned formula is the conversion relationship
between thermal power and electric power of the backpressure
unit and electric boiler.

3.4 Calculation Method of the Optimal
Energy Flow in the Electrothermal Coupling
System.
Among many methods for solving optimal energy flow, the
nonlinear programming method and interior point method are
widely used. Compared with the former, the interior point method
has the advantages of fast calculation speed and better convergence.
When the system is huge, the calculation amount is not as complex
as other methods, and the initial value is not particularly strict.
Therefore, the interior point method is selected to solve the optimal
energy flow of the whole joint system in this study. The traditional
interior pointmethod is always in the feasible region in the iterative
process. Therefore, it is often difficult to choose the initial value.
However, with the emergence of the central trajectory method, it is
not necessary to find the initial value in the feasible region of the
established model, and the range has changed greatly than the
previous one. It only needs to meet the conditions of relaxation
variables and disturbance factors, and the requirements for the
initial value are no longer so strict.

At first, the interior point method appeared to calculate the
optimal power flow in the power grid. When constructing the
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objective function, it is not necessary to list the state variables and
control variables separately like other power flow models. In the
interior point method, these two variables are not distinguished,
and they are uniformly represented by x. In addition to the active
power, reactive power, voltage amplitude, and phase angle of each
node, x in this study also includes the thermal power generated by
the heat source in the heating network, the temperature and flow
rate of water flowing out to the pipeline, the temperature
information of the outlet and inlet of each pipeline, and the
water flow rate in the pipeline.

After the aforementioned analysis, the optimal power flow
model is simplified as the following formula:

⎧⎪⎨⎪⎩
minf(x),

s.t.
p(x) � 0,
qmin ≤ q(x)≤ qmax,

(28)

where f(x) is the minimum operating cost function described in
3.2, p(x) � 0 is the equality constraint, qmin ≤ q(x)≤ qmax is the
inequality constraint, and x is the set composed of variables PBY,
QBY, PBE, QBE, Ua, θa, DBY, DBE, m, Til, Tol, Tend, and Tstart.

For Equation 28, it is difficult to solve the model. Two
relaxation variables m and n can be introduced to transform it
into the same equality constraint as p(x) � 0:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

minf(x),

s.t.

p(x) � 0,
q(x) +m � qmax,
q(x) − n � qmin,
mn> 0,

(29)

wherem and n are relaxation variables, both of which are positive
numbers.

FIGURE 3 | Integrated energy testing system.

TABLE 1 | Heat system pipeline flow.

Heat pipe number Pipe flow (kg/s)

1 40
2 16.6529
3 21.5897
4 9.3549
5 11.7643
6 4.9764
7 40
8 33.9334
9 4.1648
10 3.9732
11 25.3871
12 6.1745
13 8.8621
14 11.2856

TABLE 2 | Temperature at each node in the heat network.

Node number Node
supply temperature (°C)

Node
return temperature (°C)

1 119.8635 35.9729
2 118.6832 35.7832
3 116.9732 34.0842
4 119.3761 35.7906
5 118.8532 35.6818
6 118.7532 35.3986
7 119.6394 35.7867
8 117.5079 34.9103
9 116.0632 34.8903
10 113.9729 34.7865
11 114.2797 34.6984
12 113.9721 33.9721
13 114.1674 34.1957
14 114.3908 34.5772
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If the solution directly according to the aforementioned
formula may make the result beyond the feasible range, Eq. 29
can be combined with the objective function to limit the solution
result within the determined range, and once it approaches the
boundary, the result increases rapidly and returns to the region
again.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

minf(x) − υ∑n
a�1

log
ma

na
,

s.t.

p(x) � 0,

q(x) +m � qmax,

q(x) − n � qmin,

(30)

where υ is the perturbation factor; the perturbation factor is used
to eliminate inequality constraints and transform them into
equality constraints for subsequent solutions.

FIGURE 4 | Comparison of power flow calculation results.

TABLE 3 | Setting of optimal power flow operating conditions.

Node number Til.min(+C) Til.max(+C) Tol.min(+C) Tol.max(+C)

S1 80 120 — —

S2 80 120 — —

1 80 120 20 70
2 80 120 20 70
3 80 120 20 70
4 80 120 20 70
5 80 120 20 70
6 80 120 20 70
7 80 120 20 70
8 80 120 20 70
9 80 120 20 70
10 80 120 20 70
11 80 120 20 70
12 80 120 20 70
13 80 120 20 70
14 80 120 20 70

FIGURE 5 | Test model of the electrothermal combined system.
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For equality constraints, Lagrange functions can be
constructed to find the extremum of each variable:

L � f(x) − υ∑n
a�1

log
ma

na
− rTp(x) − sT[q(x) +m − qmax]

− tT[q(x) − n − qmin], (31)

where rT � [r1, r2,/, rn]T, sT � [s1, s2,/, sn]T, and tT �
[t1, t2,/, tn]T are multipliers introduced in the constructor.

The partial derivatives of x, m, n, r, s, and t are obtained by
using the Lagrange function, and the nonlinear equations are
constructed when the derivative value is zero:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

zL

zx
� ∇xf(x) − ∇xp(x)r − ∇xq(x)(s + t) � 0,

zL

zr
� p(x) � 0,

zL

zs
� q(x) +m − qmax � 0,

zL

zt
� q(x) − n − qmin � 0,

zL

zn
� NTE − υE � 0,

zL

zM
� MSE + υE � 0,

(32)

whereM,N, S, and T are diagonal matrices with a elements, and
E is an identity matrix with a elements.

Newton’s method is used to solve the aforementioned
differential equation and simplify it, and the simplified
modified equation matrix form is as follows:

[ A ∇p(x)
∇T
xp(x) 0

][ΔxΔr ] � [ B
C
], (33)

where the matrices A, B, and C are expressed by the following
equations:

FIGURE 6 | Comparison chart of pipeline flow calculation results.

TABLE 4 | Fitting constant with operating cost as the objective function.

Parameter c0 c1 c2 c3 c4 c5

S1 1.7532 0.3526 0.0972 0.6752 0.0672 0.0873
S2 1.2656 0.7683 0.0837 0.9773 0.0273 0.0187

TABLE 5 | Water flow of the heat network pipeline (kg/s).

Node number Optimal power flow
calculation results

Power flow calculation
results

1 40.9362 40
2 8.4987 8.9305
3 30.5982 30.4281
4 23.5112 23.9387
5 5.7123 5.7243
6 6.8981 6.6928
7 39.8724 40
8 33.4897 32.9073
9 2.2761 2.4917
10 4.8912 4.7982
11 36.2781 36.1920
12 10.3987 10.2139
13 8.9872 8.8193
14 16.4092 16.2384
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A � ∇2
xf(x) + ∇2

xp(x) + ∇2
xh(x)(s + t) + ∇h(x)[M−1S

−N−1Z]∇T
xh(x), (34)

B � ∇xf(x) − ∇xp(x)r − ∇xq(x)(s + t) + ∇xh(x)[N−1Z

− U−1W]∇T
xh(x), (35)

C � −p(x). (36)
According to Eq. 33, a group of solutions closest to the optimal

solution can be solved.

4 EXAMPLE VERIFICATION

4.1 Example Verification of the Energy Flow
Calculation of the Electrothermal Coupling
System
To prove that the aforementioned method can be practically
applied, an actual model is used in Figure 3 as an example to
conduct experiments.

FIGURE 7 | Comparison diagram of the supply and return temperature.

TABLE 6 | Temperature comparison of heating network nodes.

Node number Optimal power flow calculation results Power flow calculation results

Node
supply temperature (°C)

Node
return temperature (°C)

Node
supply temperature (°C)

Node
return temperature (°C)

1 82.3443 36.3529 119.8635 68.7862
2 81.0918 35.4832 118.6832 67.7863
3 81.1273 34.0342 118.9732 67.2435
4 81.8273 35.7346 119.3761 67.9872
5 81.2344 35.1434 118.8532 66.7862
6 83.2321 36.8556 119.5532 68.7863
7 83.8624 37.3234 119.6394 68.8234
8 83.3567 36.3245 118.5079 67.7523
9 83.2449 35.3564 118.0632 66.7852
10 82.8847 35.9075 117.9729 66.6752
11 82.2540 36.2567 118.2797 66.6255
12 81.6624 35.9837 117.9721 65.7852
13 82.0859 35.4557 117.1674 66.2576
14 81.2349 35.6534 118.0938 66.2478
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In this example, the heat grid and the power grid are coupled
through the cogeneration unit. The heat network part includes
two heat source nodes source 1 and source 2 using a backpressure
unit, a peak-shaving electric boiler located at node 5, and 14 heat
load nodes. The peak modulation ratio is 0.45, the thermoelectric
ratio is 1.4, and the heat load is 0.5 MW. The length of each
pipeline is set to 1.58 km, λ is set to 0.289, and the diameter of the
pipeline is set to 100 mm. According to the transformation
method of the multi-source radiant heat network in Section
2.2, the multi-source radiant heat network is transformed into
several single-source radiant heat networks and then the energy
flow solution is performed. Table 1 is the heating system pipeline
flow, and Table 2 is the temperature at each node in the heat
network.

The thermal system and power system are coupled through node
6. The thermal power of node 6 is 1.7347MW, which is converted to
2.2551MW. The power grid part selects 14 node distribution
networks, node 1 is set to 1.00 pu, node 2 and node 6 are PV
nodes, the voltage amplitudes are 0.993 pu and 0.964 pu, and its
node isPQ node. According to the flow chart in Figure 2, the 1st and
2nd are set to PQ nodes for the first iterative, and then, the program
is returned to calculate the reactive power correction. The reactive
power correction is substituted for the next iterative calculation.
After three iterations, the convergence criteria are met, and the result
is output. The power flow calculation results obtained by this
method are compared with those obtained by the traditional
Newton–Raphson method of power flow calculation, as shown in
Figure 4 which verifies the accuracy of this method.

4.2 Example Verification of the Optimal
Energy Flow Calculation of the
Electrothermal Coupling System
In this chapter, the model of the 14-node grid and 14-node
heating network shown in Figure 5 is selected for example
verification. Two heat sources S1 and S2 in the heating
network are connected with 6 and 11 nodes in the grid,
respectively. The parameters of the two heat source nodes of
the back pressure unit and heat load nodes in the combined
system are set as shown in Table 3.

When setting the objective function, theminimumoperating cost
is selected as the objective function, and the fitting constant in the
objective function is selected in Table 4. After setting the initial
values and upper and lower limits of each parameter, the simulation
is carried out according to the optimal energy flow calculation
method described in Section 3.4, and the running cost of the
system is minimized by adjusting the thermal power and electric
power of the power supply and heat source. The comparison
diagram of pipeline flow calculation results of optimal power
flow and general power flow is shown in Figure 6 and Table 5.
The comparison diagram of the supply and return temperature of
each node is shown in Figure 7 and Table 6.

The node temperature obtained from the optimal power flow
calculation is determined by optimizing the control variables,
while the control variables in the ordinary power flow are initially
given. Therefore, it is more economical to introduce the results of
the optimal power flow into the actual operation, and the coal

consumption will be lower, thus achieving the purpose of the
optimal energy flow calculation.

5 CONCLUSION

In this study, an improved forward push-back substitution
method is proposed for the combined electric and heat system.
First, models of individual systems and coupled parts are built,
and the calculation model of the electro-thermal combined
system is constructed. The improved forward-backward
substitution method is used for energy flow calculation to
realize the analysis and calculation of the energy flow of the
whole combined system. Finally, through the calculation and
analysis of the example of the comprehensive energy test system,
it is proved that the idea proposed in this study can be practically
used. In the part of the study of the optimal energy flow
calculation method, the interior point method is used to find
the parameters that meet the optimal operation conditions of the
system. By comparing the simulation results of energy flow
calculation and optimal energy flow calculation, it can be
obtained that the interior point method is feasible and
economical to calculate the optimal energy flow of the
electrothermal combined system.
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