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This paper presents a method to directly extract the Jacobian matrix of a power system’s
power flow (PF) equations in polar coordinates (termed as DEJMP method). This method is
designed to reduce the computational complexity of the extraction process and improve the
computational efficiency of the relevant PF algorithm. Direct extraction of the Jacobianmatrix
from the complex power equation in polar coordinates precludes an increase in both the
number of procedural steps and the computational expense, which is a problem associated
with the conventional PF (C-PF) algorithm due to its requirement that the derivatives of the
active and reactive bus power equations be taken in separate steps. The DEJMP method
avoids the trigonometric calculations used in the conventional method for computing the
Jacobian matrix, resulting in a significant increase in computational efficiency. In addition,
simulation results obtained for IEEE-300, S-1047, S-2383, and S-9241 bus systems validate
the efficiency of the DEJMP-based PF algorithm. The DEJMP-based PF algorithm requires
more than 20% less time to calculate the PF than the C-PF algorithm. This decrease in
computing time is more pronounced for large systems.
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1 INTRODUCTION

Power flow (PF) calculations (Tinney and Hart, 1967; Pourbagher, 2016; Issicaba, 2019) are a basic
tool used to determine the steady-state operating condition of a power system based on the given
operating environment and network structure, with the goal of facilitating the formulation of power
supply schemes and real-time monitoring of the power grid. Therefore, rapid and reliable PF
algorithms are urgently needed for power grids (Tang et al., 2019; Tostado-Véliz et al., 2019;
Tostado-Véliz et al., 2021; Wei and Zhao, 2021; Xiao et al., 2021).

From a mathematical perspective, the calculation of the PF is a problem of solving a system of
multivariate nonlinear equations. The Newton method is widely used to calculate the PF, and its
ncomputational load depends heavily on the formation of the Jacobian matrix. Reducing the complexity
of this process is an essential means of improving the computational efficiency of the relevant algorithm
and lowering the cost of the computation of the PF. To date, the most common way of acquiring the
Jacobian matrix of the power flow equation is as follows:

In Semlyen and de Leon (2001) and Alves et al. (2003), algorithms for reducing the Jacobian
matrix calculation time in PF are proposed, and their performance is reviewed. In Jegatheesan et al.
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(2008) the Jacobian matrix is generated by using the power fluxes
in the network elements as the basic components. Network
elements are added one by one, and the Jacobian matrix is
updated thoroughly. In Filho et al. (2009), the generic
formulation of the Jacobian matrix in polar coordinates is
given, and the method to estimate this matrix is discussed. In
Xu et al. (2009), the approximate expressions of the power flow
Jacobian matrix are presented. Some indices are established to
quantify the error between the power flow Jacobian matrix and
these expressions. In Chen et al. (2016), a measurement-based
method is suggested to compute the power flow Jacobian matrix.
The technique proposed by Chen et al. (2016) is unique for its
ability to adapt fast to system operating points and topology
changes. In Chappa and Thakur (2018), a PMU measurement-
based method proposed by Lim and DeMarco (2016) is used to
generate a Jacobian matrix and identify weak nodes in power
systems. A complete comparison study of existing power flow
solution strategies and methods for obtaining Jacobian matrices
in these solutions is described in Dutto et al. (2019). In
Varwandkar (2019), the realification of PF is studied, and the
disadvantages of the conventional PF method that needs to
estimate the Jacobian matrix are investigated. The Jacobian
matrix for Newton-Raphson power flow solutions is given in a
concise form (Conlin et al., 2021). Moreover, a variety of
Jacobian matrix calculating methods is also explored (Conlin
et al., 2021).

In most of the above methods, the real and imaginary parts
of the complex power are separated before extracting the
Jacobian matrix. These methods are computationally
complex and time-consuming since they rely on
trigonometric computations.

To address this problem, this paper presents a novel solution.
The main contributions of this paper are as follows:

1) A method to directly extract the Jacobian matrix of the PF
equations in polar coordinates (termed as DEJMP method)
from the complex power equation is presented. This method
considerably reduces the computational complexity of
extracting the Jacobian matrix of a power system’s power
flow (PF) equations in polar coordinates.

2) ADEJMP-based PF algorithm is also suggested. The suggested
PF algorithm takes significantly less time to compute than
previous algorithms, thanks to the DEJMP approach.

Simulation results obtained for IEEE-300, S-1047, S-2383, and
S-9241 bus systems validate the efficiency of the proposed
method.

2 CONVENTIONAL METHOD TO
CALCULATE THE JACOBIAN MATRIX OF
THE PF
The complex PF equation can be expressed as:

Δ _S � diag( _V)ŶV̂ − _S (1)

where _V and V̂ are the voltage vector and its conjugate,
respectively; _S � [/, Sa,/]T ∈ Cn, Sa is the complex injection
power at the bus a; n is the number of buses.

To solve the above PF equation using the Newton-Raphson
method, it is necessary to calculate the Jacobian matrix of the PF
equation (Chappa and Thakur, 2017). This Jacobian matrix is
calculated in most conventional PF algorithms via the
following steps.

Step 1: separate the real and imaginary parts of the PF
equation:

ΔPa � Va∑n

b�1YabVb cos θab − Pa (2)
ΔQa � Va∑n

b�1YabVb sin θab − Qa (3)
where Va is the voltage amplitude at the bus a;
θab � (δa − δb − αab), δa and δb are the phase angle at bus a
and b, respectively; Pa andQa are active and reactive power at bus
a, respectively; Yab and αab are the amplitude and the angle of the
element of the bus admittance matrix.

Step 2: calculate the partial derivatives of ΔPa and ΔQa with
respect to Va and δa.

zΔPa

zVa
� 2VaYaa cos αaa +∑n

b�1
b ≠ a

YabVb cos θab (4)

zΔPa

zVb
� VaYab cos θab (5)

zΔPa

zδa
� −Va∑n

b�1
b ≠ a

YabVb sin θab (6)

zΔPa

zδb
� VaYabVb sin θab (7)

zΔQa

zVa
� ∑n

b�1
b ≠ a

YabVb sin θab − 2VaYaa sin αaa (8)

FIGURE 1 | Curves of convergence.
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zΔQa

zVb
� VaYab sin θab (9)

zΔQa

zδa
� Va∑n

b�1
b ≠ a

YabVb cos θab (10)

zΔQa

zδb
� −VaYabVb cos θab (11)

Step 3: based on (4–11), Form the Jacobian matrix of the PF
equation.
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(12)

The extracted Jacobian matrix is a system (12) coefficient matrix
derived after removing the rows and columns corresponding to
the slack and power/voltage (PV) buses.

As shown in steps 1–3, trigonometric operations are
required to obtain the Jacobian matrix elements. These
techniques are time-consuming and computationally
complex. To address the aforementioned difficulties, the
following section proposes a method for directly extracting
the Jacobian matrix of the PF equations in polar coordinates
(dubbed the DEJMP method) from the complex power
equation.

3 DEJMP METHODS

Under the condition that the bus voltage _V � Veiδ , the
following linear equation of Δ _S from the complex bus
power equation,:

(zΔ _S
zV

,
zΔ _S
zδ

)(ΔV
Δδ ) � −Δ _S (13)

where

zΔ _S
zV

� diag(ŶV̂)diag(eiδ) + diag( _V)Ŷdiag(e−iδ) (14)
zΔ _S
zδ

� j(diag(ŶV̂)diag( _V) − diag( _V)Ŷdiag(V̂)) (15)

diag signifies the operation of taking the diagonal matrix of the
corresponding vector, _Y ∈ Cn×n and Ŷ ∈ Cn×n are the bus
admittance matrix and its conjugate, respectively, _V ∈ Cn and
V̂ ∈ Cn are the voltage vector and its conjugate,
respectively, V ∈ Rn and δ ∈ Rn are the magnitude and
phase angle of the voltage, respectively; ΔV and Δδ are the
increments in the magnitude and phase angle of the voltage,
respectively.

Let D � diag(ŶV̂)diag( _V) and J � diag( _V)Ŷdiag(V̂),
Equations 14, 15 can be rewritten as:

zΔ _S
zV

� (D + J)diag(V)−1 (16)
zΔ _S
zδ

� j(D − J) (17)

TABLE 1 | Computing times of PF.

System Computing times (ms)

C-PF DEJMP-based PF Percentage difference (%)

IEEE-300 40 32 20.00
S-1047 62 49 20.97
S-2383 91 75 17.58
S-9241 559 425 23.97

TABLE 2 | Computing times to obtain the Jacobian matrix.

System Computing times (ms)

C-PF DEJMP Percentage difference (%)

IEEE-300 16 9 43.75
S-1047 22 10 54.55
S-2383 25 10 60.00
S-9241 198 77 61.11

FIGURE 2 | the voltage magnitude obtained by DEJMP-based PF and C-PF on IEEE-300 bus systems.
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FIGURE 3 | the voltage angle obtained by DEJMP-based PF and C-PF on IEEE-300 bus systems.

FIGURE 4 | the voltage magnitude obtained by DEJMP-based PF and C-PF on S-1047 bus systems.

FIGURE 5 | the voltage angle obtained by DEJMP-based PF and C-PF on S-1047 bus systems.

FIGURE 6 | the voltage magnitude obtained by DEJMP-based PF and C-PF on S-2383 bus systems.
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Based on 16, 17, we can obtain:

(D + J j(D − J) )( diag(V)−1ΔV
Δδ ) � −Δ _S (18)

Extraction of the real and imaginary parts of the system (18)
gives

(DR + JR −DI + JI
DI + JI DR − JR

)( diag(V)−1ΔV
Δδ ) � −( ΔP

ΔQ) (19)

where D � DR + jDI , and J � JR + jJI . The extracted Jacobian
matrix is the coefficient matrix of system (19) produced after
removing the rows and columns corresponding to the slack and
power/voltage (PV) buses.

The DEJMP method is summarized below:

Algorithm 1. DEJMP.

The proposed method differs from the conventional method
in three aspects: (1) the Jacobian matrix is directly extracted
from the complex power equation; (2) the real and imaginary
parts are separated after complex-number calculations; and (3)
the process of taking the derivatives of the active and reactive
power equations in separate steps is absent. Consequently,
compared to the conventional method, using the DEJMP
method to obtain the Jacobian matrix is much less
computationally expensive.

4 DEJMP-BASED PF ALGORITHM

A DEJMP-based PF algorithm is introduced to improve the
efficiency of calculating the PF:

Algorithm 2. DEJMP-based PF.

The essential difference between the DEJMP-based PF
algorithm and the conventional PF(C-PF) algorithm lies in
step 3. See Section 4 for a more detailed discussion of the
advantages of the DEJMP-based PF algorithm.

5 SIMULATION AND DISCUSSION

The effectiveness of the proposed DEJMP-based PF algorithm is
examined by comparing it with the C-PF algorithm in polar
coordinates. The two algorithms are implemented on the IEEE-
300, S-1047, S-2383, and S-9241 bus systems in MATLAB 2020b on
a computer with an Intel Core i5-8500 processor and 8 GB of
memory and running on the 64-bit Windows 10 Operating System.

Figure 1 shows the curves of convergence of the DEJMP-based
PF and C-PF algorithms.

Table 1 compares the computing times of the two algorithms.
An analysis of Table 1 reveals that the DEJMP-based PF

algorithm is muchmore efficient at extracting the Jacobianmatrix
than the C-PF algorithm. This advantage is more pronounced for
large systems. Simulation results obtained on the S-9241 system
show that the computing time of the DEJMP-based PF algorithm
is 23.97% less than that of the C-PF algorithm.

FIGURE 7 | the voltage angle obtained by DEJMP-based PF and C-PF on S-2383 bus systems.
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To further illustrate the effectiveness of the DEJMP-based PF
algorithm, the times (obtained using the Run and Time functions
in MATLAB) required by the two algorithms to calculate the
Jacobian matrix of each system selected for simulation are
compared, as shown in Table 2.

Clearly, the DEJMP method avoids the trigonometric
operations involved in the conventional method during the
calculation of the Jacobian matrix and, therefore, considerably
improves the computational efficiency of the relevant process. In
particular, compared to the C-PF algorithm, the DEJMP-based
PF algorithm requires 61.11% less time to calculate the Jacobian
matrix of the S-9241 system.

It is worth noting that the Jacobian matrix generated by
DEJMP is identical to that obtained by traditional methods.
As a result, the DEJMP-based method produces the same PF
results as traditional PF algorithms. Figures 2–9 demonstrate the
voltage magnitude and angle results of DEJMP-based PF and
C-PF, respectively.

As shown in Figures 2–9, the PF results of the DEJMP-based
algorithm are the same as the conventional PF algorithms.

6 CONCLUSION

This paper presents a method to directly extract the Jacobian
matrix of the PF equations of a power system in polar coordinates
from its complex power equation (termed the DEJMP method).

The DEJMP method improves the computational efficiency of the
relevant process because it avoids the complex trigonometric
operations involved in the conventional method during the
calculation of the Jacobian matrix. The simulation results show
that the DEJMP-based PF algorithm requires more than 40% less
time to calculate the Jacobianmatrix than the C-PF algorithm. This
decrease in computing time is more pronounced for large systems.
In fact, the DEJMP approach can be used to increase the
performance of any algorithm that includes the calculation of
the Jacobian matrix, aside from the PF (e.g., those used to produce
state and optimal PF estimates for power systems). In later
publications, relevant discoveries will be provided.
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