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The influence of different test methods on the accuracy of mode identification is not clear,
and it is necessary to explore the error transfer characteristics in mode decomposition of
fan noise. Numerical and experimental research studies are carried out on the advantages
and disadvantages of radial rake and axial microphone array and error transmission
characteristics in mode decomposition. In the numerical study, the error transmission
characteristics of different arrays are investigated by adding random disturbances to the
artificial sound field, so as to evaluate the applicability and limitations of the two typical
arrays in mode identification based on the error analysis theory. Themode recognition error
of the single-stage axial flow fan is investigated experimentally using the designed radial
rakes and axial arrays. The results show that although the radial rake can directly measure
the radial distribution of the modal amplitude, it has a large error in the mode identification
at low frequencies. Compared with the radial rake, axial array will take more priority in
practical applications. The accuracy of the axial microphone array in mode recognition
strongly depends on the axial spacing of the array measuring sensors. The small deviations
in the mode identification when applying the two typical arrays are caused by the different
signal-to-noise ratio of the sound pressure signals acquired by the two arrays and their
discriminative sensitivities to the duct airflow. Based on the obtained modal identification
error characteristics, an effective mode identification method can be proposed to help fan
noise reduction design.
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1 INTRODUCTION

The acoustic wave propagates in the form of modal waves in the duct, and the number of cut-on
modal waves depends on the duct geometry, sound wave frequency, the airflow velocity, and the
acoustic boundary conditions of the duct. Aero-engine noise includes tonal noise (such as rotor self-
noise, buzzer, and rotor-static interference noise) and broadband noise (Qiao, 2010). The method of
mode decomposition is widely used to investigate the generation mechanism of tonal noise and
broadband noise in the flow duct. For radial modal analysis in tonal noise, starting in the 1960s, a
number of experimental measurement methods have been developed (Bolleter and Crocker, 1972;
Bolleter et al., 1973; Moore, 1979; Holste and Neise, 1997; Enghardt et al., 1999; Lan et al., 2002).
These methods have different limitations considering the solvable modal order range, the accuracy of
analysis results, and the complexity of method application. Ideally, radial mode decomposition is
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achieved by far-field measurements (Farassat et al., 2001), as this
is easy to achieve in practical measurements and is not limited by
size. However, considering the errors introduced by the analytical
model when applied to the real engine geometry and the time-
consuming in numerical calculation of the transfer function
between the inlet (or outlet) and the far field, nowadays, the
radial mode decomposition of the sound field at low frequencies
is usually performed by arranging a large number of sensors in the
duct (Tapken and Enghardt, 2006), and the radial mode
distribution results in the duct are obtained by inversely
processing the measured sound pressure data. The German
Aerospace Academy (DLR) successfully used this method to
measure tonal noise in the ducts of fans (Enghardt et al.,
2002), low-pressure compressors (Enghardt et al., 2005), and
low-pressure turbines (Enghardt et al., 2001).

There are two types of commonly used microphone arrays:
radial rakes and axial arrays. The radial rake can directly measure
the distribution of modal waves in the radial direction, and it is
easier to realize the modal sound power in terms of numerical
solution. Enghardt et al. (2001), Sutliff, (2005), Dahl et al. (2013),
and Heidelberg and Hall, (1996) used a rotating rake array to
measure the sound field in the flow duct, but when placed
upstream, its wake will interfere with the original flow field and
pollute the sound field. Joppa, (1987) developed a practical method
to measure the sound pressure using an array of equally spaced
axial microphones flush-mounted on the duct wall, and the
distribution of the fan discrete tonal noise can be obtained by
using the axial microphones (Wang et al., 2014; Xu et al., 2018),
which can perform circumferential modal analysis of compressor
rotational instability (Zhou et al., 2015) and compressor fault
diagnosis (Cheng et al., 2019). Zillmann and Tapken, (2009)
and Tapken et al. (2009) used a circumferentially rotatable axial
array to measure fan noise with very large bypass ratios. Yardley
(Yardley, 1974) suggested that the microphones should be installed
on the duct wall and pointed out that themode identification of fan
duct noise can be carried out by sound pressure measurement at
multiple axial positions, and the duct acoustic performance
analysis can be carried out according to the acoustic modal
amplitude (Wagih Nashed et al., 2018) and sound field
reconstruction (Liu et al., 2018). For both radial rakes and axial
arrays, the mode identification is achieved by inverting the
coefficient matrix between the sound pressure at the measuring
sensors and the radial modal amplitudes. Acoustic mode
identification is also closely related to the airflow turbulence in
the duct (Kan et al., 2021). Under the measured modal coherence
characteristics, the accuracy in acoustic mode identification can be
effectively improved. However, the influence of different testing
methods onmode identification accuracy is not clear, and the error
transmission characteristics of different microphone arrays in
mode identification are not analyzed in detail.

Based on the modal decomposition theory, the error transfer
characteristics of two typical kinds of arrays in turbomachinery
noise measurement is investigated in this study. The influence of
different microphone arrays on the accuracy of acoustic mode
identification is numerically studied, and the design criteria of the
axial microphone array are established. Based on the error
characteristics shown in the results, acoustic mode

identification of a single-stage axial flow fan is investigated
experimentally through the processing of rotating radial rakes
and axial arrays. Accordingly, effective measures to reduce the
mode identification error are proposed.

2 MEASUREMENT THEORY

2.1 Acoustic Mode Recognition Method
For acoustic propagation in an incompressible circular/annular
duct, the acoustic propagation equation in a circular/annular duct
can be written as follows:

1
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D2p

Dt2
− z2p

zx2
− 1
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where c is the speed of sound and p is the sound pressure. For the
propagation of the sound field in a cylindrical or annular hard-
walled duct, a numerical solution can be obtained from the
formula (Eq. 1), which can be obtained by linear
superposition of modal waves for a certain frequency (Qiao,
2010).
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The axial wavenumber k±mn depends on the eigenvalues σmn of
the mode (m,n) and the wavenumber in the free field k � ω/c; the
modal wave can cut-on along the duct when axial wavenumber
k±mn is a real number and is defined as follows:
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The modal characteristic functions satisfy the following:

1
πR2

∫2π
0

ei(m−μ)φ∫R
ηR

ψmn(r)ψμ](r)rdrdφ � δmμδn] (5)

In which μ, ] represents mode (μ, ]), and assuming that there
are K measuring points in the duct for synchronous acquisition of
sound pressure data, the sound pressure at the measuring points
can be written as follows:

p � Φa (6)
In the formula, p ∈ CK represents the complex sound pressure

vector at the measured frequency ω, a ∈ CL represents the
complex modal amplitude A±

mn, in which m represents the
modal circumferential order and n represents modal radial
order, the size of L depends on the total number of cut-on
modes in the flow duct, and the values in the matrix
Φ ∈ CK×L are determined by the measuring point position of
the microphone array and the modal order. The cross-spectral
matrix of the sound pressure signals at the two measuring points
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can be defined as Spp ≜ E(ppH), where E represents the
expectation. Based on the formula (Eq. 6), the cross-spectrum
of the two sound pressure measuring points can be written as
follows:

Spp � ΦSaaΦH (7)
Therefore, the cross-spectrum of the modal amplitudes can be

written as follows:

Saa � Φ†Spp(Φ†)H (8)
where † represents the pseudo-inverse of the matrix. In actual
experimental measurements, the number of measurement points
K of the microphone array is usually larger than the size L of the
modal amplitude vector, and the coefficient matrix may be
singular. When solving the matrix with the singular coefficient
matrix and the overdetermined equation, singular value
decomposition (SVD) (Nelson and Yoon, 2000; Kim and
Nelson, 2004) was used in this study to solve the following:

Gp � â5V · [diag ( 1
wj

)] · UTp � â (9)

In the formula, U and V are both transformation matrices and
orthogonal matrices, which satisfy U · UT � 1 and V · VT � 1, but
W is a diagonal matrix, and the elements are all positive values and
values tending to zero (i.e., singular values). Appropriately discarding
smaller singular values can improve the accuracy of the algorithm. Its
optimal estimate can be obtained by the following:

p � [GHG]−1GHâ � G+â (10)
The solvability and stability of Eq. 10 and the error transfer

characteristics of the system are closely related to the condition
number of the square matrix. The condition number depends on
many factors: the number of cut-on modes, frequency, hub-to-
shroud ratio, airflow parameters, and the shape of the design
array. Therefore, it becomes necessary to evaluate the quality of
mode decomposition by condition number analysis.

2.2 Error Analysis Theory
In order to explore the limitations of different array schemes in
mode identification measurement, the numerical method is used
to study the error characteristics of radial rakes and axial arrays in
mode identification. By analyzing the coefficient matrix condition
number, the influence of the axial spacing in the array design on
the mode identification is studied and the error transfer
characteristics of different arrays during mode decomposition
are investigated by superimposing random disturbances in the
artificial sound field, which thus provides theoretical guidance for
mode identification of duct noise.

The accuracy of the calculation results in the mode
identification is related to the condition number of the matrix.
It determines the upper bound of the error transfer coefficient of
the system of Eq. 10: ���� ~Amn

����
‖Amn‖≤ κ(w)

���� ~Am

����
‖Am‖ (11)

The tilde character ~ represents the perturbation of the
circumferential modal amplitude Am and radial modal
amplitude Amn, respectively, and the circumferential modal
amplitude can be calculated by reference (Moore, 1979), in
which Am � Wm · Amn and
Amn � [WH

mWm]−1WH
mAm � W+

mAm. ‖p‖ represents the
Euclidean norm. As shown in the formula (Eq. 11), if the
condition number is κ(w) � 1, that is to say, when a small
disturbance in the input signal is transmitted to the output
signal through the system, the magnitude of the disturbance is
basically unchanged. When the input amplitude error is 10%, the
maximum error of the output signal amplitude after passing
through the system can reach 10%. But when the condition
number is greater than 1, the small disturbance in the input
signal will be amplified after passing through the system, and its
amplification rate depends on the condition number of the
coefficient matrix in the system, as shown in the formula (Eq.
11). Therefore, the error characteristics of different arrays in
mode identification can be qualitatively analyzed by calculating
the condition numbers of the coefficient matrices constructed by
different microphone arrays, and furthermore, their distribution
law can be grasped.

The matrix condition number κ(w) can only reflect the upper
limit of the overall error of the modal recognition system but
cannot reflect the error characteristics of a single internal mode.
In order to further study the reliability of mode identification, the
formula (Eq. 11) is used to derive the relative accuracy expression
in mode identification, which is defined as follows:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣ ~Amn

∣∣∣∣∣∣∣∣∣|rel: �
∣∣∣∣∣∣∣∣ ~Amn

∣∣∣∣∣∣∣∣
||Amn||

||Am||∣∣∣∣∣∣∣∣ ~Am

∣∣∣∣∣∣∣∣ (12)

It is easy to know that the larger the relative accuracy value, the
larger the relative error in mode identification.

2.3 Error Analysis Process
Numerical simulation is used to investigate the influence of the
measurement error on the final output of the system in the
experimental test. Generally speaking, measurement error is
divided into systematic error and random error, but only the
influence of random measurement error is considered here, and
the random error added in the simulation satisfies the Gaussian
distribution.

The numerical simulation process is mainly divided into four
steps: 1) based on the given radial modal amplitude A mn, the
circumferential modal amplitude at different measuring points
(xj, rl) can be constructed, where j and l are integers and the
ranges are 1~ Nx and 1~ Nr, respectively; 2) for the nith

measurement, the perturbation superimposed to
circumferential modal amplitude at position (xj, rl) is defined
as follows:

~Am(xj, rl, [ni]) � σAmajl[ni]eibjl[ni]2π (13)
where σAm is the standard deviation of the circumferential modal
amplitude, and ajk[i] and bjk[i] are real numbers and their time
dependence obeys Gaussian distribution; 3) for each
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measurement, the radial modal amplitudeAmn[i] can be obtained
by solving the pseudo-inverse matrix W+

m; 4) after Navg times
averaging, the accuracy of the calculation can be determined by
solving the formula (Eq. 13) or calculating the standard deviation
of each radial mode, which is defined as follows:

σAmn �

																					
1

Navg
∑Navg

i�1
(Amn[i] − �Amn)2

√√
(14)

The modal amplitude A+
mn propagating downstream is set as

85 dB, and A−
mn in the upstream direction is set as 75 dB. The

average number of times in the calculation is set to 50.

2.4 Array Design Scheme
Radial rakes and axial microphone arrays have been mainly
developed for acoustic mode identification of engine noise.
Therefore, four array design schemes shown in Figure 1 are
investigated in this section, the array is represented by prefix A,
and different schemes are distinguished by Roman numbers.
Generally, the experimental measurement section is arranged in
the fan inlet section, so the hub ratio of the four arrays is set as η � 0.
The total number of microphones in the A-I and A-III schemes is
Nx ·Nr � 14 and the total number of microphones in the A-II and
A-IV schemes is Nx ·Nr � 24. The details are as follows:

I: Array scheme A-I consists of radial rakes at Nx � 2 axial
measurement positions. Each radial rake consists of Nr

microphones arranged at equal radial spacing, and the radial
spacing Δr and radial position rj are defined as follows:

rj � jΔr , j � (1 ~ Nr), Δr � R

Nr + 1
(15)

II: The array scheme A-II consists of four radial rakes atNx �
4 equally spaced axial measurement positions. Each radial rake
contains Nr equally distributed sensors, and the radial position
and space Δr definitions are the same as those of A-I according to
the formula (Eq. 15).

III: The array scheme A-III consists of an axial array mounted
on the duct wall. There are Nx measuring points arranged at
equal intervals in the axial direction. The axial spacing is Δx.

IV: The array scheme A-IV is similar to A-III, in which the
microphones are arranged on the duct wall, but the total number
of microphones is different.

A-I and A-III consist of the same number of microphones
Nx ·Nr � 14, while A-II and A-IV both have Nx ·Nr � 24
microphones. A-I and A-II are radial rakes, while A-III and
A-IV are axial microphone arrays arranged on the duct wall.
Therefore, the only common parameter—Δx—is left. The effect
of the array spacing on the matrix condition number and the
optimal arrangement will be investigated below.

Considering the number of measuring points Nϕ in the
circumferential direction, it is assumed in the simulation that the
arrays are all installed on the rotating measuring section, which can
accomplish sound pressure collection with enough circumferential
measuring points. In all simulations, it is ensured that there are enough
measuring points in the circumferential direction, so that the
identification of any circumferential mode can meet the sampling
requirements. Based on mathematical principles, the modal

FIGURE 1 | Sensor array schemes A-I to A-VI: NxNr � 14 in the left column; NxNr � 24 in the right column.
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amplitudes collected by different radial positions in the radial rakes are
different, and they will be distributed in the form of Bessel functions
along the radial direction, so the modal decomposition can be
achieved by using this fixed phase difference appearing between
different measurement sensors. In experimental measurements, the
measurement of the duct sound field at the fan inlet section, the wake
of one or more sensors in the radial microphone array can interfere
with noise sources such as the rotor. This changes the original sound
field structure and excites additional noise sources. Especially in
smaller diameter test benches, the radial rakes can cause airflow
blockage, which will essentially change the working point of the
turbomachinery. For axial arrays such as A-III and A-IV, both of
these drawbacks can be circumvented.

The frequency range for the numerical study is 0≤ kR≤ 35,
where k � 2πf/c represents the wavenumber of the sound wave
in the free field. The modal cut-on function calculated using Eq. 3 is
shown in Figure 2. It can be seen that up to 11 radial modes can be
cut on at kR � 35, and these modes propagate in the downstream
and upstream directions, respectively. It can be seen from the figure
that the (0,1) mode is cut on at kR ≈ 3.8, and then at kR,
approximately equal to 6.9, 10.1, and 13.3, more radial modes in
the duct begin to cut on. The cut-off frequency difference between
different radial modes is approximately equal to kR = 3.2. This rule
helps to observe the error characteristics of different array design
schemes in mode identification and their sensitivity to radial modal
cut-off characteristics in the spectrogram.

3 MODE IDENTIFICATION ERROR
SIMULATION

3.1 Mode Identification Relative Accuracy
Figure 3 shows the condition number results of the four array
schemes at m = 0 circumferential mode; m = 0 mode is selected

for analysis because more radial modes can be cut on at m = 0.
The results show that the condition number is very sensitive to
the axial spacing of the array as well as the frequency. Comparing
the relative accuracy results of the four arrays, it can be found that
the corresponding frequencies appearing with poor relative
accuracy are roughly the same, while the A-I array is better
than the other three arrays initially. It can be found that the poor
relative accuracy is caused by insufficient sampling of the phase
information of the acoustic wave in the axial direction by the
array schemes. Unlike the orthogonality of the radial modal
eigenfunctions, the axial wavenumbers are not orthogonal, so
frequencies with poor relative accuracy in mode identification
appear at the following:

{ (αmn − αm])kΔx � s · 2π (a)
(αmn + αm])kΔx � s · 2π (b) (16)

where s is an integer. In principle, as the frequency increases, the
number of combinations ( kR and Δx/R) corresponding to the
formula (Eq. 16) will also increase. This is because the number of
cut-on radial modal waves continues to increase and the modal
cut-off factor approaches 1 with increasing frequency. However,
the correlation with respect to the formula (Eq. 16) of the four
arrays is different; it depends on the ratio of the radial
measurement points to the number of radial modes Nr/Nrad.
When the frequency is close to the mode cut-off frequency, the
axial wavenumber k±mn is approximately equal to 0, at which the
wavelength of the mode approaches infinity. For this condition, it
is theoretically necessary to arrange microphones far apart in the
axial direction to perform modal measurements. For the A-I and
A-II schemes, the number of axial measuring points is small,
which can cause the condition numbers of A-I and A-II to surge
at kR ≈ fc,mn as shown in Figure 3. After a given threshold value
max(|| ~Amn||rel), the optimal axial spacing Δx opt of each array
and the corresponding upper limit of the solvable frequency
max(kR) can be calculated. According to the numerical study
results, the axial array is more suitable for mode identification of
airflow noise in ducts because this type of array can maintain a
small coefficient matrix condition number and excellent relative
accuracy over a wide frequency range. This characteristic is more
pronounced in axial arrays with relatively small axial spacing. For
all axial arrays, there is an upper limit of the solvable frequency
max(kR) after a given relative accuracy threshold value, and it
can be seen from Figure 3 that for all microphone arrays, the
minimum solution frequency satisfies min(kR) ≈ 0, and
|| ~Amn||rel is affected by the n ≠ ] modal combination. The
upper frequency limit represented by the black long dashed
line in Figure 3 satisfies the law Δx · k � π, which corresponds
to the situation in (11(b)) s � 1 and n � ] � 0 (α 0,0 ≡ 1 at this
time). The lower limit of the axial spacing will decrease with the
increase in NxNr/Nrad. When the relative accuracy threshold
value is set to max(|| ~Amn||rel) � 10, the optimal spacing of each
array and the corresponding upper limit of frequency can be
obtained, and the exact values are shown in Table 1. It can be seen
that the optimal axial spacing continues to decrease with more
axial measuring points being applied in the simulation. It should
be noted that when the number of axial measuring points is

FIGURE 2 | Modal cut-on function up to kR = 35.
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determined, smaller axial spacing between the measuring sensors is
not better, especially when the number of axial measuring points is
small, such as Nx � 14 as shown in Figure 3. Moreover, the upper
limit of frequency max(kR) that can be solved precisely cannot be
obtained simply by Δx≤ λ/2, where λ � c/f, that is to say, the
frequency range ofmode identification cannot be determined simply
using the Nyquist sampling theorem. In experimental
measurements, the frequency range that can be accurately solved
in mode identification is much smaller than the range calculated
using the Nyquist sampling theorem after a given upper error limit.

Figures 4, 5 present the condition number and relative
accuracy results for the four axial arrays at the optimum

spacing, respectively. As the frequency increases, the condition
number of the axial array presents a monotonically and steadily
increasing trend, and the greater the number of axial measuring
points in the array, the slower the increasing trend. Different from
the spectral characteristics of the condition number, the relative
accuracy results show an upward trend of oscillation as the
frequency increases. When the threshold values of the
condition number and the relative accuracy are given, it can
be found by comparing Figures 4, 5 that the upper limit of
frequency max(kR) determined by the condition number is
basically consistent with that determined by the relative accuracy.

3.2 Sensitivity of Relative Accuracy of Mode
Identification to Modal Order
The previous section only studied the relationship between the
axial spacing Δx and the upper limit of the solution frequency
max(kR) during the m � 0 mode identification process. When
the optimum axial spacing Δx opt is determined, it is necessary to

FIGURE 3 | Relative accuracy of the four axial arrays.

TABLE 1 | Optimal axial spacing and upper limit of solvable frequency.

Axial measurement points 14 24 30 45

Δxopt/R 0.17 0.14 0.11 0.09
max(kR) 16.4 20.0 25.1 31.2
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investigate the relative accuracy during the mode identification
process of each circumferential mode. Figure 6 shows the
solution accuracy results of circumferential modes of different
orders after setting the axial spacing of the four arrays to Δx opt,
and it is necessary to relate the results of the modal cut-off
function shown in Figure 2 in the comparative analysis. It can be
seen that with the increase in the circumferential mode order m,
the change trend of the relative accuracy of each circumferential
mode is not the same due to the change of the modal cut-off
frequency fc,mn and the modal cut-off factor αmn. At high
frequencies, the identification operation of the low-order
circumferential modes is more likely to become unstable
because the eigenvalues σmn of the low-order circumferential
modes are smaller than those of high-order circumferential
modes, so that the cut-off factors of the low-order
circumferential modes tend to approach 1 more easily,
resulting in different modes becoming indistinguishable due to
the similar axial wave numbers. This situation will be improved
with the increase in axial measuring points. It can also be found in
the figure that for any axial array,m � 0mode is always the first to
appear as the solution instability phenomenon, which indicates
thatm � 0mode is the dominant mode restricting the accuracy of
the mode identification method and the upper limit of the
solvable frequency, which is consistent with the research
conclusion in the previous chapter.

4 ARRAY DESIGN METHOD IN MODE
DECOMPOSITION
4.1 Standard Deviation in Mode
Decomposition
In the turbomachinery noise mode identification experiment, the
amplitude of each radial mode is what everyone cares about most.

The investigations in the previous chapter can only predict the
overall accuracy of each radial mode. In this section, modal
standard deviation is used to investigate the accuracy of
different microphone arrays in mode identification.

Figure 7 shows the standard deviation σAmn/σAm results when
m � 0 mode is decomposed into each radial mode; the axial
spacing of the four arrays is set to Δx � Δxopt. When the flow is
uniform in the duct, the modal σAmn values are the same for mode
propagating upstream and downstream. The simulation results of
the artificial sound fields show that when the coefficient matrix
condition number is within the range κ(w)< 500 (or relative
accuracy || ~Amn||rel < 100), σAmn/σAm is independent of the initial
modal amplitudeA0

mn in the simulated sound source. Therefore, it
can also prove that the law in Figure 6 can be applied to any
modal amplitude A 0(xj, rk). The relative standard deviations of
the radial modes are very similar, especially for the modes with
radial mode order n � 0 and ] � 1, and their relative standard
deviations are in good agreement. It should be noted that the
difference between the relative standard deviations of each radial
mode (n ≠ ]) is not affected by the new cut-on mode, which
makes it possible to measure the individual radial modes more
accurately when relative accuracy is poor.

4.2 Guidelines for Microphone Array Design
The previous section presents the upper frequency limit of the
four axial arrays for mode identification and the optimal spacing
in array scheme design. In general, as the number of measuring
points increases, the frequency range that can be accurately solved
in mode identification also increases. However, the array design
scheme will seriously affect the solution accuracy in the mode
identification, so it is necessary to investigate the design criteria of
the axial array.

In the process of array design, two main problems need to be
solved: (a) when the number of measuring sensors is given, how
to quickly determine the distance between the measuring sensors,

FIGURE 4 | Condition numbers at optimal spacing for the four axial
arrays.

FIGURE 5 | Relative accuracy of the four axial arrays at optimal spacing.
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so that the mode identification measurement in a wider frequency
range can be realized within a certain error limit; (b) how to quickly
determine the number of measuring sensors required by the array
design when the frequency of interest is given. For the first problem, it
can be achieved by calculating the optimal axial spacingΔxopt and the
upper frequency limit max(kR) under different numbers NxNr of
measuring sensors in mode identification. Figure 8 presents the
optimal spacing results of the axial arrays at different frequencies,
where the frequency range increases from kR � 8 to kR � 56. In
order to describe its distribution lawmore clearly, two auxiliary curves
are given in Figure 8,Δx � π/k andΔx � 0.8π/k, respectively. It can
be seen that the optimal spacing satisfies the following:

0.8π
kR

≤
Δxopt

R
≤

π

kR
(17)

For the second problem, this section investigates the
dependence of the frequency upper limit max(kR) in mode
identification on the number NxNr of measuring sensors by

giving the upper limit of the relative standard deviation σA 0, 0/σAm.
The calculation of relative standard deviations allow the relative
accuracy of individual modes to be determined. From the
research in the previous section, it can be seen that the m = 0
mode contains most cut-on radial modes. Therefore, this mode is
more sensitive to the measurement device, that is to say, the
σA 0, 0/σAm value can be used to identify the accuracy of the entire
mode measurement. For a given σAm, the signal-to-noise ratio of
the mode can be easily obtained. This section examines two
relative standard deviation upper limits: σA 0, 0/σAm � 1 and
σA 0, 0/σAm � 2. The upper limit selected in this section is
actually relatively conservative, because when the relative
standard deviation is relatively high, the signal-to-noise ratio
in mode identification can be improved using the adaptive
resampling method (re-sampling technique). Figure 9 shows
the required measuring sensors for mode identification as the
frequency increases under the two upper limit conditions of the
relative standard deviation mentioned above, and the cut-on

FIGURE 6 | Relative accuracy of the four axial arrays under optimum spacing in different circumferential mode decompositions.
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frequency of each radial order is marked with a dotted line. It can be
clearly seen from the figure that with the increasing number of radial
modes, the ratioNxNr/Nrad of the number of measuring sensors to
that of radialmodes formode identification is not fixed, that is to say,
the growth rates of the two numbers are different. For example, at
n � 2, the ratio needs to satisfy NxNr/Nrad ≥ 1.67; at n � 9, the
ratio needs to satisfy NxNr/Nrad ≥ 4.5. When given an upper
relative standard deviation, it is difficult to determine a parameter
that satisfies all modes unless it is set to a large value.

5 EXPERIMENTAL ANALYSIS OF MODE
IDENTIFICATION ERROR

Regarding the influence of different microphone arrays on the
mode identification accuracy, after numerical investigation of

error variation, this section will conduct an experimental
measurement based on the axial fan test bench. The main
purpose of the research is to conduct an experimental study
on the differences in mode identification between axial arrays
(Axial Arrays, AA) and radial rakes (Radial Rakes, RR) installed,
respectively, in the fan inlet section.

5.1 Acoustic Test Bench
The experimental test scheme of the axial microphone array is
shown in Figure 10. The acoustic measurement device is installed
in the inlet section of the fan, 1.50 m away from the leading edge
of the rotor blade tip. The entire acoustic measurement section
and the fan inlet are placed in a semi-anechoic chamber. Four
rows of microphones were installed on the acoustic measurement
section with an axial spacing of 10 cm. Each row consists of
8 flush-mounted microphones with equal angles.

FIGURE 7 | Relative standard deviations σAmn/σAm in the m = 0 mode decomposition of the four axial arrays with optimal spacing.

Frontiers in Energy Research | www.frontiersin.org March 2022 | Volume 10 | Article 8756389

Xu et al. Mode Identification of Fan Noise

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


Radial rakes are designed and fabricated in this study in order to
compare the influence of different microphone arrays on fan noise
measurement. The radial rakes are also installed in the acoustic
measurement section at the same location as the axial microphone
array, andmulti-anglemeasurement is achieved by installing the radial
rakes on the casing that can rotate around the axis. A total of 60
circumferential positions are measured in the experimental test. As
shown in Figure 11, two radial rakes are installed at the same axial
position and separated by 180° in the circumferential direction.
Figure 12 shows the actual photo and three-dimensional design of
the radial rakes. Each rake has a total ofNr � 4 measuring points in
the radial direction.

Applying radial rakes to the mode decomposition test of fan
noise needs to pay attention to two issues: (1) since the measuring
device penetrates deep into the cross section in the duct, it will
inevitably affect the original flow field, and its wake may interfere
with the rotor and then generate a new interference mode, which
may eventually affect the original fan noise field and (2) the
microphone is located inside the flow field, and the measured
sound pressure will be affected by the airflow velocity and
pressure pulsation, which thereby can reduce the signal-to-
noise ratio in acoustic test.

This study adopts two ways to deal with the first issue: on one
hand, the outer wall of the pipeline wrapping the signal line is
designed to be streamlined, so as to ensure that the radial rake is
not a blunt trailing edge structure; on the other hand, the axial
position of the radial rake is nearly 2 m away from the rotor
leading edge. According to the research of Chong (Chong et al.,
2015), the turbulent intensity will decay approximately with a
regularity (xl − x0)−5, where xl is the observation point and x0 is
the initial position, Therefore, the turbulence intensity 2 m apart
will decay to 1/32 of the turbulent intensity at the initial position,
which can be approximately ignored. For the second issue, a
windshield is installed for each microphone in the experimental

measurement to reduce the influence of airflow on the sound
pressure test.

5.2 Signal-to-Noise Ratio
In order to analyze the accuracy of sound pressure acquisition
data, the concept of signal-to-noise ratio (SNR) is used here,
which can be defined as follows (Joseph et al., 2003; Tapken et al.,
2008):

SNRp � 20 × log(PRMS/sp) (18)
where PRMS is the root mean square (RMS) result of the
complex sound pressure amplitudes (frequency domain
results after fast Fourier transform) of all measuring points
at a single frequency, but sp is the random pulsation amplitude
of the complex sound pressure amplitudes p. The measured
sound pressure time series signal is processed by sub-window
truncation, and the truncated data are processed by FFT,
respectively, where p[k] represents the complex pressure
value calculated from the k’th window truncated data. The
component of the sound pressure at the measurement point at
this frequency is represented by the mean of multiple Fourier
transforms, namely,

�p � 1
Ntotal

∑Ntotal

k�1
p[k] (19)

For a single sound pressure measurement point, starting from
time i, a single subset consists of Nwin data, where the mean of
Nwin ≪Ntotal is defined as follows:

pNwin[i] �
1

Nwin
∑Nwin

j�1
p[i − 1 + j] (20)

FIGURE 8 | Law of optimal axial spacing applied in array scheme design.

FIGURE 9 | Required sensors under a given threshold value of relative
standard deviation.

Frontiers in Energy Research | www.frontiersin.org March 2022 | Volume 10 | Article 87563810

Xu et al. Mode Identification of Fan Noise

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


When repeated pNwin[i] such that i � 1, 2, ..., Nmeans, the sp of
sound pressure is defined as follows:

sp �

																						
1

Nmeans
∑Nmeans

i�1
(pNwin[i] − �p)2√√

(21)

It represents the predicted magnitude of random noise
superimposed on the valid signal during the measurement.

Figure 13 shows the signal-to-noise ratio results of the sound
pressure data measured by the two arrays at different operation
conditions. It can be seen that the SNR values at all operation
conditions are higher than 10 dB, which indicates that the quality

FIGURE 10 | Schematic diagram of the axial microphone array in experimental investigation.

FIGURE 11 | Schematic diagram of rotating radial rakes in experimental investigation.
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of the sound pressure data during the entire measurement process
is good. The signal-to-noise ratio of the axial array increases as the
rotational speed increases because the aerodynamic interference
between the rotor and stator becomes stronger with higher
rotational speed. However, the signal-to-noise ratio of the
radial rakes decreases with increasing rotational speed; this
may be because when the air velocity increases, the influence
of the air pressure pulsation on the radial rake is also intensified.
In order to further investigate this phenomenon, Figure 14A
presents the RMS and sp results for radial rakes and axial arrays,
respectively. It can be seen that as the rotational speed increases,
the RMS of the sound pressure data shows an overall upward
trend, although at 80% and 90% design rotational speed, the RMS

value of the sound pressure measured by the axial array is lower
than that of the radial rake, and the signal-to-noise ratio of the
measured signal of the axial array is higher than that of the radial
array as shown in Figure 13 because the random noise of the axial
array is smaller. At 100% design speed, although the RMS value of
sound pressure has increased, the final signal-to-noise ratio result
is smaller than those of the first two operation conditions because
of the larger margin increase in random noise at this operation
condition. This is the intrinsic reason for the reduction in the
SNR of the sound pressure signal at 100% rotational speed in
Figure 13. Figure 14B shows the RMS and sp difference results of
the radial rake array and the axial array, respectively, where the
black bar chart represents the RMS difference RMS(RR) −
RMS(AA) of all measuring points, and the green histogram
represents the amplitude difference of Sp(RR) − Sp(AA). It can
be seen that as the fan rotational speed increases, the RMS value
of the sound pressure measured by the axial array increases faster
than the result of the radial rake. In terms of random noise, the
results of radial rake are larger than those of the axial array at the
three operation conditions because the microphones of the axial
array are all wall-mounted, which are much less affected by
airflow velocity or pressure pulsation than the radial rakes
exposed to the airflow.

5.3 Mode Decomposition Results
Based on the two measurement devices designed in the above
sections, this section conducts experimental measurements on
the fan inlet noise. Figure 15 presents the sound power results for
each circumferential mode measured by the axial array (AA) and
radial rake (RR) at 1 BPF. Figure 15A shows the results of
circumferential sound power at 90% design speed condition. It
can be seen that the modal sound power calculated by the radial
rakes is generally larger than that of the axial arrays, the difference
between the dominant mode m = 1 is 3 dB, and the difference
between the non-dominant modes is even greater. It can be seen
that the results measured by the two arrays are in good agreement
on the whole at 100% design speed condition as shown in
Figure 15B. The difference in the sound power results of the
m = 1 dominant mode measured using the two devices is less than

FIGURE 12 | Photo and 3D design drawing of radial rakes.

FIGURE 13 | Results of signal-to-noise ratio at different operation
conditions.
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1 dB, and the test results of the two devices are also in good
agreement in the low-order circumferential mode range (m = −2
to m = +1). The sound power results of the high-order

circumferential mode measured by different arrays have large
deviations, which may be caused by the non-dominant modes
being “buried” into random noise in the calculation. Referring to

FIGURE 14 | RMS and sp of sound pressure measurement signals measured by radial rakes and axial arrays. (A) Results of RMS and sp. (B) Difference results of
RMS and sp.

FIGURE 15 | Comparison of modal sound power applying radial rakes and axial microphone arrays. (A) 90% design rotating speed. (B) 100% design
rotating speed.
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Figure 13, the SNR of the measured signal at 90% design speed
condition is only 11 dB, but the non-dominant mode (m≠1) in
Figure 15A is at least 13 dB lower than that of the dominant
mode, and the difference is greater than the acquisition signal-to-
noise ratio of the signal, which makes the estimation results of
these non-dominant modes heavily influenced by random noise
and eventually unreliable. At 100% design speed condition,
although the signal-to-noise ratio of the two arrays is relatively
small, the measurement results of the two devices have high
consistency. In order to better investigate the influence of random
noise during measurement on mode identification, it is necessary
to derive the transfer relationship between the mode
identification error and the random noise of sound pressure
measurement. For the sound pressure measured at a single
location, it can be expressed as a superposition of the actual
value and random noise, namely,

pl � p0
l + ~pl (22)

In the formula, the random noise amplitude satisfies the
Gaussian distribution. If the random noise collected at
different measuring points is incoherent, then the expected
value of random noise satisfies the following:

〈~pl〉 � 0〈~pl
~pp

l’〉 � s2pδll’ (23)
If it is further assumed that all measuring points and the signal

transfer function are the same, then the amplitude of the
circumferential mode can be written as follows:

Am � 1
Nϕ

∑Nϕ−1

l�0
p0
l · e−iml2π/Nϕ + 1

Nϕ
∑Nϕ−1

l�0
~pl · e−iml2π/Nϕ (24)

The first part of Eq. 19 is denoted as A0
m , and the second part

is denoted as ~Am ; then the error amplitude of the circumferential
mode is equal to the following:

〈 ~Am
~A
p

m’〉 � 1
N2

ϕ

∑
l

∑
l′
〈~pl

~pp

l′〉 · e−i(ml−m’l’)2π/Nϕ

� s2p
N2

ϕ

∑
l

e−i(m−m’)l2π/Nϕ � s2p
N2

ϕ

δmm’ (25)

Therefore, the standard deviation in mode identification is as
follows:

sAm � sp			
Nϕ

√ (26)

That is to say, the standard deviation of mode identification is
smaller than the standard deviation of sound pressure
measurement, and the two values are proportional. This shows
that random noise during measurement will have a linear effect
on the accuracy of mode identification.

The modal acoustic powers calculated by the radial rakes in
Figure 15 are generally greater than the results of the axial arrays
because the random noise measured by the radial rake is larger
than that of the axial array. As shown in Figure 14, Sp(RR) −
Sp(AA) is a positive value at each operation condition. The
physical mechanism of this phenomenon is easy to

understand; in experimental measurements, although the
microphones on the radial rake are equipped with
windshields, the airflow velocity and pressure pulsations in the
airflow will still affect the sound pressure data measured by the
microphones. In contrast, the microphones arranged on the duct
wall are relatively less affected by the airflow velocity or pressure
pulsation during the signal acquisition process, that is to say, the
two arrays have different sensitivities to the airflow in the duct. In
order to analyze the error characteristics of the two microphone
arrays in the identification of different radial modes, Figure 16
shows the (0, 0) and (0, 1) modes measured by the axial array and
the radial rakes. At 90% design rotational speed, modal results
measured by radial rakes are larger than those identified by the
axial arrays, which results in the sound power of the m = 0 mode
decomposed by radial rakes being higher than that decomposed
by axial arrays as shown in Figure 15A. For 100% design
rotational speed, the two arrays have high consistency in the
identification of the n = 0 radial mode. The main difference is in
the identification of the n = 1 radial mode, which may be caused
by the low accuracy inmode identification with high cut-on ratios
induced by the small angle between the main lobe of modal
radiation and the axis.

Although the mode decomposition results of different radial
modes are different, this effect is negligible for circumferential
mode recognition, for example, the sound power of the m = 0
mode measured by the two arrays matches very well as shown in
Figure 15B. The above content mainly focuses on the influence of
random noise in sound pressure measurement on modal
recognition, but as Taddei et al. (2013) stated, the accuracy of
the acoustic model used in mode decomposition is another main
factor affecting mode identification. Distortion of the airflow in
the duct, other noise sources, errors in the aerodynamic
parameters of the airflow, etc. will affect the accuracy of the

FIGURE 16 | Comparison of results for radial modes n = 0 and n = 1.

Frontiers in Energy Research | www.frontiersin.org March 2022 | Volume 10 | Article 87563814

Xu et al. Mode Identification of Fan Noise

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


mode identification, and the two typical arrays have different
sensitivities to the acoustic models used in the mode
identification. This study uses an equally spaced axial array
and radial rakes to test the fan noise. For non-equidistant or
compressed sensing arrays, finding out whether the error transfer
characteristics obtained in this study are applicable requires
further research. How to use the obtained error characteristics
in modal decomposition to design a new test method or a new
array scheme needs further research, especially for large
ventilation facilities.

6 CONCLUSION

Based on the error analysis theory, the influence of different
microphone arrays on the accuracy of acoustic mode
identification is studied, and the design criteria for axial
microphone arrays are established. Through the processing of
rotating radial rakes and axial arrays, the experimental analysis of
the acoustic mode identification error applying different arrays is
carried out.

Although radial rakes can directly measure the radial
distribution of the modal amplitude, this type of array has a
large error in the mode identification at low frequencies. As the
frequency approaches the cut-on frequency of the mode, the
condition number of the coefficient matrix increases by about two
orders of magnitude. Compared with the axial arrays, the radial
rakes are more suitable for mode identification at high
frequencies. At low frequencies, the condition number of the
coefficient matrix is less than 10 when applying axial arrays.
Therefore, the axial microphone arrays will become more
advantageous than the radial rakes in practice. The design
criterion of axial microphone array is established: (a) m = 0
mode is the dominant mode that restricts the mode identification
accuracy and the upper limit of the frequency that can be solved;
(b) the accuracy of the axial microphone array in mode
identification strongly depends on the axial spacing of the
array measuring points, and when 0.8π/kR≤Δx/R≤ π/kR is
satisfied, the frequency range of the mode identification
investigation can be broadened; (c) the upper frequency limit
for mode identification cannot be estimated bymeans of Δx≤ λ/2,
and when the error threshold value is given in the experimental

measurement, the frequency range of mode identification is much
smaller than that calculated using the Nyquist sampling theorem;
and (d)when given an upper limit of relative standard deviation, it
is difficult to determine a NxNr/Nrad parameter that satisfies all
modes unless it is set to a large value.

The experimental test results show that the modal sound
power values calculated with axial arrays and radial rakes are
in good agreement, especially for the rotor–stator interference
mode determination. The small deviations in the mode
identification when applying the two typical arrays are caused
by the different signal-to-noise ratios of the sound pressure
signals acquired by the two arrays and their discriminative
sensitivities to the duct airflow.
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