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An iDTMC-based Monte Carlo
depletion of a 3D SMR with
intra-pin flux renormalization

Inhyung Kim, Inyup Kim and Yonghee Kim*

Nuclear and Quantum Engineering, Korea Advanced Institute of Science and Technology, Daejeon,
South Korea

Improved deterministic truncation of the Monte Carlo (iDTMC) solution method
has been applied to neutronic depletion analyses of a nuclear reactor in this
work. The theoretical background on the iIDTMC method and material
depletion calculation is briefly discussed, and the concept of an intra-pin
renormalization scheme is presented to determine the detailed power and
flux profiles with the pin-wise homogenized iDTMC solutions. The iDTMC
method is applied and evaluated in a 100 MWth 3-dimensional small
modular reactor (SMR) problem. Burnup-dependent multiplication factors,
pin power distributions, and material densities are estimated by the iDTMC
method and compared with the reference and standard Monte Carlo solutions.
Numerical performance is investigated in terms of real standard deviation, root-
mean-square and relative errors, computing time, and figure-of-merit. The
numerical results demonstrate that the iDTMC method is superior to the
standard MC method in estimating the burnup-dependent reactor
eigenvalue and 3D pin-wise power distribution.
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Introduction

A depletion calculation in nuclear reactor analyses is essential for evaluating burnup-
dependent reactor parameters and material compositions of nuclear fuels. Recently, the
Monte Carlo (MC) method has been extended to the depletion analysis in response to the
demand for high-fidelity physics solutions (Romano et al., 2021; Haeck and Verboomen
2007; Ebiwonjumi et al., 2020; Davidson et al., 2018; A. Isotalo 2015). For a practical
application of the MC method in commercial reactor problems, a whole core depletion
calculation should be affordable in terms of memory and computing time. Despite of
advances in computational resources, an intra-pin level burnup calculation in large-scale
whole core problems is still excessively demanding.

Many research groups have studied to enhance the efficiency of the MC-based
depletion calculation. Fission and surface source iteration algorithm has been suggested to
efficiently utilize the given memory storage based on a domain decomposition approach
(Y. G. Jo et al,, 2020). In a multi-core cluster, each group of processors independently
simulates particle sources within local domains evenly decomposing a whole core and
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corrects the fission and surface sources by a non-blocking
communication between the groups. The predictor-corrector
method has been applied in the depletion analysis to improve
the accuracy and stability of the established burnup calculation
(A. E. Isotalo and Aarnio 2011; Dufek et al., 2013; Cosgrove,
Shwageraus, and Parks 2020). This method solves multiple
neutronic calculations at every depletion time step, and then
it can provide corrected material compositions and neutron
fluxes by considering continuously changing reaction rates
over an interval. The Chebyshev rational approximation
method (CRAM) has been popularly used in solving the
exponential matrix to enhance the computational accuracy
and efficiency by examining the characteristics of the
eigenvalues of the burnup matrix (Pusa and Leppinen 2010;
A. E. Isotalo and Aarnio 2011; Pusa 2016).

In the meantime, the amount of computational burden in
Monte Carlo burnup calculation is largely consumed in the
neutronic transport calculation than in the material depletion
calculation in large-scale whole core problems. Reducing the
numerical cost for the neutronic simulation is still strongly
required for the practical and affordable whole core depletion
analyses.

The improved deterministic truncation of the Monte Carlo
solution (iDTMC) method has been previously developed to
decrease the computing time and stochastic uncertainties for the
steady-state MC eigenvalue analysis (Kim and Kim 2020; Kim,
Kim, and Kim 2020; Kim and Kim 2022). It was shown that the
iDTMC method can improve the accuracy and reliability of the
pin-wise power and flux profiles compared to the conventional
MC method. Recently, preliminary studies were carried out for
the application of the iDTMC method to lattice (fuel assembly)
depletion calculations (Kim and Kim, 2021a; 2021b).

In this study, the iDTMC method is applied to the depletion
calculation in a small modular reactor (SMR) whole core problem.
First, an overview of the iDTMC method and material depletion
calculation is briefly presented, and the concept of an intra-pin flux
renormalization scheme is provided. In numerical analysis, burnup-
dependent criticalities, pin power distributions, and material
densities through the burnup are estimated by an in-house MC
code called iMC (Kim 2021) for both the standard MC and iDTMC
approaches. Moreover, computational performance is evaluated by
examining the real standard deviation (SD), root-mean-square
(RMS) and relative errors, computing time, and figure-of-
merit (FOM).

Methods

Improved deterministic truncation of
Monte Carlo solution method

The iDTMC method is a numerical algorithm to reduce
statistical uncertainty and computing time in the MC transport
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simulation by maximizing the utilization of deterministic
solutions (Kim and Kim 2020; Kim and Kim 2021a; Kim and
Kim 2022). The MC method can provide high-fidelity neutronic
solutions, while the deterministic method is numerically
cheap. Therefore, the accurate reactor solutions can be quickly
calculated by strategically combining the deterministic and MC
methods and employing the advantages of each method.

In the iDTMC method, the deterministic solutions are
calculated by the partial-current coarse mesh finite difference
(p-CMFD) method (Cho, 2012). The p-CMFD method is a
nonlinear iterative acceleration scheme popularly used in
neutronic analyses. This method can give MC-equivalent
high-fidelity solutions by solving a one-group diffusion-like
neutron balance equation with surface current correction. The
one-group neutron balance equation can be simply expressed in
the Cartesian coordinate:

?% Ui = Jiip) + Zh¢; = évz}@ (1)
where i is the node index, A is surface area, V is the volume of the
node, ] is the net current, 2, is the absorption cross section, vX f
is the fission cross section times the number of neutrons per
fission, kef 7 is the effective multiplication factor, and ¢ is the
neutron flux. The net current can be represented by the partial
currents, and the partial currents can be expressed by the
neighboring neutron fluxes:

_ ~ A+ A
Jinp = ];1/2 - ]i+1/2 =—Diap (¢i+1 - ¢:) + Di+1/2¢i - Di+1/2¢i+1’
(2)

where Dj,1, is the interface diffusion coefficient, and Dj,;, are
the correction factors:
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The group constants for equation formation and the currents
and fluxes for the correction factors are obtained from the MC
simulation. Then, the subset of the eigenvalue equation can be
derived in reference to the MC simulation. By solving the matrix
equation, deterministic solutions such as the multiplication
factor and neutron flux distribution can be obtained with a
convergence tolerance of 1E-9 for the relative errors between
criticalities.

In the iDTMC method, these deterministic solutions are used
not only to accelerate the convergence of the fission source
distribution but also to predict the system solutions. The
assembly-wise p-CMFD calculation is implemented during
inactive cycles coupled with the MC simulation. In this stage,
the deterministic solutions update the fission source of the MC
simulation by adjusting particles’ weight. In the meantime, the
pin-wise p-CMFD calculation is carried out during active cycles

frontiersin.org


https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.859622

Kim et al.

to solely acquire the reactor solutions like the eigenvalue and
detailed power distribution.

Depletion analysis

The isotopic changes can be characterized by the Bateman
depletion equation taking into account neutron-induced
reactions and spontaneous radioactive decay:

dN;
di = ;/\,,]N] - (A«, + ¢0',‘)N,',
itj

®)

where i and j are the indices for the nuclides, N; is the
concentration of nuclide i, )Lij is the coefficient characterizing
the production of the nuclide i from the nuclide j through decay,
transmutation, and fission reactions, A; is the decay constant of
the nuclide 7, and o; is the disappearance cross section.

The first-order linear differential equations for the isotopes
can be represented in a matrix form assuming the coefficients are
constant in a time:

(6)

n' = An,

where A is the burnup matrix including the transmutation and
decay coefficients of the nuclides and n is the isotope
concentration vector. This equation can be solved by the
matrix exponential method having the simple solution:

%

n(t) = e*n,,

where ny = n(t = 0). In our study, the CRAM is applied to compute
the matrix exponential solutions using the constant extrapolation
method. Meanwhile, the burnup matrix is determined based on
ORIGEN and ACE-formatted libraries (Rearden and Jessee 2018).
The libraries contain one-group fission vyields and decay
characteristics for 1,306 nuclides, and the transmutation cross-
section is tallied for 301 nuclides during the MC transport calculation.

In general, the burnup calculation of nuclear fuels in reactor cores
is performed by sequentially solving the steady-state neutronics and
changes of material compositions in a quasi-static manner. From the
MC simulation, the one-group effective cross sections for each
isotope are calculated and the one-group neutron flux is updated
via the iDTMC method at every time step. These are used for the
input parameters in the depletion calculation. The Bateman equation
gives the material compositions and isotopic concentrations. Then,
the MC simulation is again implemented with the changed materials.
This process is repeated over a fuel depletion cycle.

Intra-pin renormalization scheme
In the neutronic depletion calculation, the material

compositions and neutron flux are considered spatially
constant within each burnup zone. However, in reality,
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nuclear fuels are pretty heterogeneous due to the spatial self-
shielding effect particularly in a radial direction in terms of both
the materials and neutron flux. Neutrons are mainly absorbed at
the outer periphery of a fuel pellet resulting in the highest thermal
flux at the rim and lowest one at the center, and this flux gradient
also affects the distribution of fission products and fissionable
nuclides. Therefore, fuel rods are generally divided into several
rings for a reliable computer simulation of fuel depletion.
However, the iDTMC method only can provide the
The detailed flux
distribution inside the fuel pin is essential to apply the iDTMC

homogenized pin-cell flux distribution.

method to the neutronic depletion calculation. In this study, the
intra-pin flux distribution on the designated geometry of the pin
interior is reproduced with the iDTMC solutions by the intra-pin
renormalization scheme (Nguyen and Kim 2018; Kim and Kim
2021b). A form function upon pin cells is calculated from the MC
simulation, and then the intra-pin flux and power distributions are
renormalized by adjusting the magnitude with the iDTMC solutions.
The form function is generated based on the MC flux
distribution, and normalized for the summation to be unity at
each pin cell:
MC
= Nf’S“MC,
29

r

®)

where i and r are the indices for the pin and ring nodes respectively,
and N, is the number of rings. When it comes to the number of
rings, the fuel rod is generally divided into 1 to 5 rings and the
burnable absorber rods are divided into 3 to 10 concentric rings. The
flux distribution is normalized to the actual reactor power:

¢::DTMC’ =C- ¢::DTMC’

)

where C is the normalization factor

P [MW]
Y kZi POV, [MeV] x 1.602E - 19

Then, the intra-pin flux distribution on each pin cell can be
finally calculated by multiplying the pin homogenized flux and
form function as follows (see Figure 1):

i, = ffir x 0T (10)

The neutron balance can be exactly preserved by the iDTMC
method on each pin cell as well as the whole core.

Numerical results
Problem description

A small modular reactor (SMR) core has been considered for
numerical analysis. The detailed configurations of the reactor
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Water reflector

Inner core

Outer core

100 cm
140 cm

Active core

96.39 cm

Configuration of SMR core; (A) radial (B) axial.

core are presented in Figures 2A,B. Total 37 fuel assemblies are
loaded in the core. There are two different types of fuel assembly.
One fuel assembly contains higher-enriched U fuel rods and
Gadolinia (Gd,O3) burnable absorber pins, while the other one
solely consists of lower enriched fuel rods. The fuel rods are
arranged in a 17 by 17 array and the fuel assembly includes
25 guide tubes and 264 fuel rods. Among them, 24 fuel rods
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contain Gadolinia burnable absorbers as shown in Figure 3. The
core is surrounded by a water reflector. The diameter and height
of the core are 192.78 ¢cm and 140 cm, respectively. The reactor
power is 100 MW thermal. The detailed specifications of the
SMR core can be found in Table 1.

The reactor core was depleted over 650 effective full power
days (EFPDs) with a power level of 100 MWth. For the burnup
calculation, the fuel pins are axially divided into 10 subdivisions
by 10 cm. The fuel rods without the Gd,O; burnable absorber are
not divided radially in the standard MC and iDTMC calculations,
while they are radially divided into 2 rings in the reference
calculation for a more accurate solution. In the meantime,
since the flux gradient is larger in the Gadolinia-loaded fuel
rods due to the strong spatial self-shielding, those are radially
divided into equivolumetric 5 rings to account for the spatial self-
shielding effect.

Neutronic analysis has been implemented by an in-house
MC code named iMC (Kim 2021) with ENDF/B-VIL1 nuclear
data library (Chadwick et al., 2011). A reference solution was
calculated with 30 inactive cycles, 200 active cycles,
1,500,000 histories per cycle. For the standard MC
iDTMC methods, 30 inactive cycles, 10 active cycles,

and
and
and
1,500,000 histories per cycle were used at every time step. For
the estimation of the real SD of the reactor parameters,
20 independent batches were simulated with the different
random seeds. All the calculations were carried out with a

total of 112 cores of Xeon E5-2697.

Source conve rgence

The convergence of the fission source distribution has been
characterized by the Shannon entropy. Figures 4A,B show the
behavior of the Shannon entropy at the first (0 EFPD) and second
(0.25 EFPD) time steps, respectively. The entropy value is highest
at the first transport cycle because of uniformly distributed
particles and gradually decreases along with the simulation at
the first time step. The entropy in the standard MC method
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Inner core fuel assembly
(4.0% U-235 enrichment)

FIGURE 3
Detailed configuration of fuel assemblies.

TABLE 1 Specifications of the SMR core.

Parameters Values
No. of fuel assemblies 37
Weight fraction of Gd,O5 in fuel 4%

Fuel pellet radius 0.5 cm
Pin pitch size 1.26 cm
Assembly pitch size 2142 cm
U0, density 10.4 g/em’
Cladding thickness 0.3 mm
Cladding density 6.5 g/cm’
Reflector Water
Water density 0.9 g/em’
Reactor diameter 192.78 cm
Reactor height 140 cm
Reactor thermal power 100 MW

reaches a stationary state at around cycle 25, while the iDTMC
method more quickly attains the source convergence at around
cycle 15 due to the CMFD acceleration. The fission source
distribution does not change significantly with the fuel
burnup, so the entropy values are already close to the
stationary state from the initial transport cycle after the first
time step as shown in Figure 4B.

Burnup dependent criticality

The multiplication factors were calculated at certain time
steps over 650 EFPDs. The SMR core was depleted with the short
time bin at the beginning of the cycle to properly take into
account the depletion of the burnable absorber and the buildup of
the neutron-absorbing fission products. Figure 5 describes the
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burnup-dependent criticalities and the differences compared to
the reference solution. The criticality quickly decreases over the
early depletion steps due to Xe build-up, and gradually decreases
after 10 EFPDs. The RMS error for the burnup dependent
criticalities is estimated to be 12.8 pcm for the iDTMC
method and 17.1 pcm for the standard MC method. In short,
the iDTMC method shows a better agreement with the reference
solution compared to the standard MC method.

The same reactor problem was also analyzed by Serpent
2.1.29 code (A. Isotalo and Sahlberg 2015; A. Isotalo 2015) for
comparison, and the results are also given in Figure 5. For the
Serpent calculation, 100 inactive cycles, 10 active cycles, and
1,500,000 particles per cycle were simulated. Although Serpent
uses different fission yield and decay libraries from iMC and deals
with a lot more nuclides including meta-stable isotopes, the iMC
results are quite close to the Serpent values. The difference of
criticalities between iMC and Serpent is 17.4 pcm for the initial
condition. Since the one standard deviation of the multiplication
factor is 5.6 pcm for the iMC reference and 20 pcm for the
Serpent results, their results agree well within the stochastic
uncertainty. The largest discrepancy between the iMC and
Serpent through the depletion is only about 220 pcm.

Figure 6 shows the standard deviations of the burnup
dependent multiplication factor. The
provides the apparent SDs, while the standard MC and
iDTMC methods give the real SDs estimated by the batch
calculation. The apparent SD for the reference solution is

reference solution

estimated to be around 5 pcm on average. According to the
figure, the iDTMC method clearly shows smaller stochastic
uncertainties throughout the simulation than the standard
MC. The average of values at each time step is estimated to
be 9.4 pcm in the iDTMC method and 21.6 pcm in the standard
MC method.

Meanwhile, the iDTMC method has shown the effectiveness
of the early truncation of the MC solutions in many steady-state
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neutronic analyses (Kim, Kim, and Kim 2020; Kim and Kim
2022). It means that the iDTMC method can provide accurate
and reliable solutions even within 3 active cycles. This
characteristic also has been evaluated in this depletion
calculation by assessing the statistical errors at the different
active cycles. Figure 7 describes the real SDs of the criticality
at the specific active cycle 1, 3, 5, and 10, respectively. The
standard MC method shows higher SDs at the earlier active
cycles. On the other hand, the iDTMC method has consistently
smaller SDs even from the early active cycles and seems not
significantly affected by the number of active cycles. This implies
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that the computational burden for the active cycles can be
possibly reduced by decreasing the number of cycles.

Power distribution

A 2-D pin power distribution has been evaluated and
compared with each other. The original 3D powers were
axially summed up and normalized for the average to be
unity. Figure 8 describes the RMS and relative errors of the 2-
D pin power profile. The RMS error is 3.2% in the standard MC
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FIGURE 6
Standard deviations for burnup dependent criticality (active cycle 10)

and 2.1% in the iDTMC method. The maximum errors were
reduced by 40% in the iDTMC method compared to the standard
MC method. The pin power distribution was also calculated with
the Serpent for comparison. The Serpent solution shows a 4%
discrepancy from the iMC-based reference distribution in terms
of the RMS errors.
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Figure 9 shows the average of real standard deviations of the
2-D pin power distribution at each burnup step. The real
standard deviation for the pin power was also calculated with
15 independent runs. The iDTMC method shows smaller
stochastic uncertainties for the pin power distribution. The
iDTMC method reduces the real standard deviation by 40%
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Errors for pin power distribution (active cycle 10)

compared to the standard MC method with the same calculation
condition. Figure 10 shows the RMS errors for the 2-D intra-pin
power distribution. The ring-wise intra-pin power distribution
was normalized for the average to be unity. The iDTMC method
has similar RMS errors with the standard MC method, indicating
that the intra-pin power profile was properly determined by the
intra-pin renormalization scheme.

The effectiveness of the early truncation of the MC solutions
also has been assessed with the pin power profile. The RMS errors
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were estimated at the different active cycles (ie. 1, 3, 5, and
10 cycles) in Figure 11. The RMS errors of the standard MC were
more than 9% at the first active cycle and gradually decreased
with the cycle accumulation. On the other hand, the RMS errors
of the iDTMC method were already low from the first active cycle
and slowly decreases with the active cycles. The iDTMC RMS
errors of the pin-power profile are consistently lower than in the
standard MC case in all active cycles and the difference gets
smaller with active cycles.
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Material density

Figure 12 presents the change of the total number density
of all the low-enriched uranium fuel rods for several nuclides.
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EFPD (days)

The number densities of the gadolinium, uranium, and
plutonium isotopes were estimated and compared. U-235
was steadily depleted, while Pu-239 was quickly produced
and reaches an equilibrium state. Gadolinium isotopes were
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FIGURE 12
Number densities of the several isotopes in the fuel.

also quickly produced as fission products. The nuclide number
densities are basically identical within the statistical
uncertainties for the two schemes. The results prove that
the production and loss of the nuclides in the reactor core
have been correctly modeled by the standard MC and iDTMC
calculations.
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Numerical performance

Table 2 compares the computing time consumed during the
transport and depletion calculations. The standard MC took 16.8 h,
while the iDTMC method took 17.3 h. The iDTMC method requires
a slightly more running time due to the additional deterministic
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TABLE 2 Total computing time for the whole core depletion calculation.

Computing time (hr.) Reference
Transport Inactive 21.1

Active 208.8

Total 229.9
Depletion 5.0
Total (transport + depletion) 234.9
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FIGURE 13
Figure of merits for the multiplication factor and pin power profile.

calculations, but it can be reckoned that the numerical overhead for
the iDTMC calculation accounting for ~3% of the total time is
affordable when considering the more accurate and reliable
solutions. The computing time of the Serpent calculation is also
included only for information, but the Serpent depletion calculation
has not been optimized for the large-scale burnup problem involving
more than 20,000 depletion zones, and a lot more nuclides are
handled in the Serpent depletion.

The iDTMC method requires more memory for the
deterministic The additional
necessary for the iDTMC calculation considerably depends on
the problem size. In this SMR problem, the iDTMC method
utilized 17.7 MB more memory than the standard MC method.

Lastly, numerical performance has been measured in view of
the FOM for the multiplication factor and pin power as shown in
Figure 13. The FOM was calculated with the real variance (¢?) at
the active cycle 10 and corresponding total transport computing
time (T).

calculation. memory  size

1
FOM = —

e (11)

Although the computing time is longer in the iDTMC

method, the iDTMC method significantly reduces the
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stochastic uncertainties. Therefore, the iDTMC method shows
much bigger FOMs. The FOM of the iDTMC method is 5.2 times
higher for the multiplication factor and 2.5 times higher for the
pin power distribution.

The FOM of the multiplication factor is also calculated at the
first active cycle to demonstrate the effectiveness of the early
truncation in the iDTMC method. The iDTMC shows even
higher FOM from the beginning of the active cycle. The FOM
of the iDTMC method at the first active cycle is shown to be
comparable to that at the active cycle 10. On the other hand, the
FOM of the standard MC at the first active cycle is clearly lower
than that of the 10th active cycle. The average FOM of the
standard MC for the multiplication factor is 8.6E+2 at the first
cycle and 3.5E+4 at the last cycle, while it is 7.6E+3 at the 1st cycle
and 4.3E+4 at the 10th cycle for the iDTMC method, respectively.
The iDTMC FOM is ~40 times higher at the 1** active cycle and
~6 times higher at the 10th cycle than that of the standard MC.

Conclusion

Improved deterministic truncation of the Monte Carlo
solution (iDTMC) method has been applied to the neutronic
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depletion calculation in a small modular reactor core problem.
The intra-pin flux distribution has been properly determined
by the renormalization scheme combined with the iDTMC
solutions. From numerical analyses, the iDTMC method
showed better agreement with the reference solution and
superior numerical performance compared to the standard
MC method. For the burnup dependent multiplication factors,
the iDTMC method showed the smaller discrepancy on
average and reduced the real standard deviation almost by
50%. In particular, the iDTMC method produced reliable
solutions even from the first active cycle having
consistently smaller stochastic uncertainties regardless of
the number of active cycles. When it comes to the pin
power distribution, the iDTMC method achieved a 40%
reduction both in the stochastic uncertainties and errors.
The average real standard deviations for the pin power
distribution have been estimated to be 1.3% in the iDTMC
method but 2.0% in the standard MC method. Moreover, the
RMS error for the iDTMC method was shown to be 2.1%,
while that for the standard MC method was shown to be 3.2%.
In the meantime, the computing time is marginally longer in
the iDTMC method due to the additional deterministic
calculation. As a result, the iDTMC method provides quite
larger FOMs in terms of the multiplication factor and pin
power distribution.
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