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The sealing problem of the cement sheath often appears in gas wells for underground
energy exploitation, especially when horizontal multistage fracturing technology is used in
the shale gas industry. In this article, according to the elastic–plastic mechanics and
Mohr–Coulomb yield criteria, an analytical solution of the equations is obtained by
considering the effect of pressure on the fluid column, volume shrinkage, or expansion
and geological characteristics on the initial stress of the cement sheath. The analysis of the
example indicates that the smaller the initial stress of the cement sheath, the lower its radial
stress and circumferential stress, which is under the maximum inner casing pressure of
150 MPa. With the increase of initial stress of the cement sheath, it is easier for the first and
second interfaces to enter the plastic and damage state for the cement sheath. The smaller
the initial stress of the cement sheath, the earlier the damage appears, and it develops with
the increase of inner casing pressure more quickly. When the initial stress of the cement
sheath is less than 7.9 MPa, the damage factor finally reaches 1with the increase of internal
casing pressure; however, when the initial stress of the cement sheath is greater than
34.2 MPa, the damage factor always remains 0 with the increase of inner casing pressure.
The results preliminarily revealed that the initial stress of the cement sheath plays a decisive
role in promoting its integrity and may provide guidance for the choice of the formula of
cement and construction methods in the oil field.

Keywords: cement sheath integrity, initial stress, Mohr–Coulomb yield criteria, theoretical solution, damage factor,
shale gas

1 INTRODUCTION

Energy is the cornerstone of human survival and human social development. Global unconventional
oil and gas resources account for 80% of oil and gas resources and will become the main energy in the
future (Xu et al., 2022). Cement slurry cementing is widely used in underground energy exploitation.
Due to the influence of cement characteristics, formation pressure, temperature, and post-fracturing
construction operations, the seal integrity of the cement sheath meets a serious challenge, which
causes the plastic ring of the cement sheath yield; the first and second interface micro-seam joints and
the annulus pressure are extremely prominent (Wang et al., 2013).

In the process of multistage fracturing of horizontal wells, the cement sheath is constantly affected
by the cyclic alternation of low temperature (fracturing fluid) and high temperature (formation),
which could cause shear, tensile, and interface separation damage easily, resulting in shale gas
entering into the cement sheath fracture and generating annular pressure problems (Saint-Marc,
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2008), as shown in Figures 1, 2. The first or second interface
separation indicates bond failure at the inner/outer boundary of
the cement sheaths for the plastic deformation of the cement
sheath cannot be restored to the initial state under circulating
pressure in casing, which results in discontinuous displacement of
casing–cement sheath-formation. The shear damage indicates the
shear stress of the cement sheath that exceeds the friction stress in
the Mohr–Coulomb criterion. The tensile failure indicates that
the tensile stress exceeds tensile strength. Therefore, it is essential
to investigate the stress distribution of the casing–cement sheath-
formation system during construction in cementing operations.

Domestic and foreign scholars have performed a lot of
research on the integrity of cement sheath seals (Liu et al.,
2020; Chen et al., 2021). Zhang et al. (2017) studied the sealing
characteristics of the cement sheath in the fracturing process by
simulation experiments and found that with the increase of the
number of fracturing alternating stress, the plasticity
deformation continues to accumulate and eventually
produces microcracks; Fang et al. (1995) and Yin et al.
(2006) gave the elastic analytical solution of casing–cement

sheath-formation under nonuniform ground stress under
ideal conditions; Li et al. (2005a) analyzed the elastoplastic
theory of casing, cement sheath, and shaft wall rock and gave
the elastoplastic analytical solution. Deng et al. (1994) deduced
the formula for calculating the stress state of the casing and
cement sheath under the creep load of various nonuniform
surrounding rocks; Jing et al. (2009) deduced the theoretical
calculation formulas of thermal stress and thermal displacement
of the casing–cement sheath-formation coupling system based
on the theory of elastic mechanics and thermodynamics and
analyzed the system heat, the radial distribution of stress, and
thermal displacement; Xu et al. (2015) coupled the thermal
stress and elastoplastic mechanics to give the analytical solution
and numerical solution of the stress and deformation of the
casing–cement sheath-formation system; Li et al. (2010)
calculated the stress of the cement sheath and its
deformation characteristics under high temperature and
nonuniform stress conditions. Li et al. (2005b) carried out a
theoretical calculation method to investigate the influence of the
cement sheath elastic modulus on the stress state of the
composite; Zhang et al. (2013) studied the impact of the
elastic parameters of the cement sheath on the structural
integrity of casing–cement sheath-formation by ANSYS
software.

However, all of the aforementioned studies have applied the
far-field stress directly to the casing–cement sheath-formation
combination, neglecting the stress release of the wellbore after
drilling and the entire process of stress application. Based on
this, to study the mechanical characteristics of the whole process
of cement solidification, the author defines the stress state of the
cement sheath formed by solidification of the cement slurry in
this article as the initial stress of the cement sheath, and at this
moment, it receives equal radial and circumferential stress at
each point. The cementing cement sheath-forming process
includes the stress release of the wellbore after drilling, the
cement slurry pressure causes the wellbore and the casing to
deform coordinately, and the cement slurry solidification
shrinkage or expansion, and the initial stress of the cement
sheath is subjected to the liquid column pressure during the
solidification process, volume shrinkage or expansion,

FIGURE 1 | Diagram of a well in energy exploitation and storage.

FIGURE 2 | Failure types of the cement sheath.
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formation characteristics, and other factors. In order to
investigate the influence of different initial stresses on the
mechanical characteristics of the casing–cement sheath-
formation system after solidification of cement slurry, the
mechanical model of the casing–cement sheath-formation
system considering the initial stress state of the cement
sheath is established by using the elastoplastic theory.

2 CASING–CEMENT SHEATH-FORMATION
SYSTEM MODEL

The cement sheath often exceeds hundreds of meters in the
axial direction, and it is restricted deformation in the axial
direction. The model of casing–cement sheath-formation can
be simplified to the plane strain model. Before conducting
research, the following assumptions need to be made on the
model:

(1) During the study, it is assumed that the casing and formation
are elastic materials because the formation stress does not
exceed the yield stress of the casing and rock (Xu et al., 2017).

(2) During the study, it is assumed that the cement sheath is an
ideal elastic–plastic material and meets the Mohr–Coulomb
criterion (Xu et al., 2021).

(3) The initial stress formed by cement solidification is equal
everywhere, that is, the first and second interface contact
stresses are equal, and the specific parameters are shown in
Figure 3;

(4) The casing is completely centered, that is, the casing and the
cement sheath are concentric rings, and the cement is
completely filled; this article adopts the elastic mechanical
symbol convention, positive tensile stress, and negative
compressive stress.

Figure 3A shows the physical size and stress state of the
casing–cement sheath-formation system model after
solidification and coordinated deformation of cement.
Figure 3B shows the physical model and mechanical
parameters of the composite during fracturing, that is, the
physical model of Figure 3B is due to Figure 3A. The physical

model is caused by the application of internal pressure in the
casing. In the figure, r0, r1, r2, r3, and rp, respectively,
represent the inner and outer diameters of the casing of the
composite model after cement solidification, the outer
diameter of the cement sheath, the outer boundary of the
surrounding rock, and the elastic–plastic interface of the
cement sheath; pc indicates the initial cement sheath after
solidification of the cement. The stresses, p0, p1, p2, pp, and p3,
respectively, indicate the pressure in the casing of the
composite during the fracturing process, the first interface
contact stress, the second interface contact stress, the
elastoplastic interface stress of the cement sheath, and the
far-field stress of the formation.

2.1 Establishment of a Combination
Mechanics Models
For cement sheaths with planar problems, the failure criterion is
generally based on the Mohr–Coulomb yield criterion. Because
the first and second interfacial stresses are equal after the cement
stone solidifies, the calculated cement sheath satisfies σθ � σr �
−pc everywhere. As the internal pressure of the casing increases,
σθ > − pc > σr always holds. Then, the Mohr–Coulomb yield
criterion is as follows:

1
2
(σθ − σr) + 1

2
(σθ + σr)sinφ − Ccosφ � 0. (1)

As shown in Figure 3, when the pressure p0 in the casing is
increased to a certain extent, a plastic zone appears inside the
initially elastic cement sheath, and as the internal pressure
increases, the shaping zone gradually expands outward. The
stress component of the plastic zone of the cement sheath
should satisfy the equilibrium equation, namely,

dσr
dr

+ σr − σθ

r
� 0. (2)

When Eqs 1, 2 are jointly solved and the boundary condition
r � r1, σr � −p1 is taken into the aforementioned equation, and
the expression of the stress component of the plastic zone of the
cement sheath (r1 ≤ r≤ rp) can be obtained as follows (Zhaowei
and Yongen, 2009):

FIGURE 3 | Casing–cement sheath-formation system model. (A) Assembly model after the cement setting. (B) Assembly model in hydraulic fracturing.
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⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
σr � Ccotφ⎡⎣1 − (1 + p1

Ccotφ
)( r

r1
)B−1⎤⎦

σθ � Ccotφ⎡⎣1 − B(1 + p1

Ccotφ
)( r

r1
)B−1⎤⎦

, (3)

where B � (1 − sinφ)/(1 + sinφ), C is the cement sheath
cohesion, and φ is the cement sheath internal friction angle.

When the cement sheath r � rp, σr � −pp is substituted into
the formula (Eq. 3), and the stress expression at the
elastic–plastic interface of the cement sheath is obtained as
follows:

pp � Ccotφ⎡⎣(1 + p1

Ccotφ
)(rp

r1
)B−1

− 1⎤⎦. (4)

The stress component of the elastic zone of the cement sheath
(rp ≤ r≤ r2) is:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

σr �
r2pr

2
2(p2 − pp)
r22 − r2p

1

r2
+ r2ppp − r22p2

r22 − r2p

σθ � −r
2
pr

2
2(p2 − pp)
r22 − r2p

1

r2
+ r2ppp − r22p2

r22 − r2p

. (5)

When the elastic zone r � rp, it is just in the plastic critical
state and meets the Mohr–Coulomb failure criterion.
Substituting the values of σr and σθ obtained by substituting
the elastic region r � rp into Eq. 5 into Eq. 1, we obtain the
following equation:

r22(p2 − pp)
r22 − r2p

− .
r2ppp − r22p2

r22 − r2p
sinφ + Ccosφ � 0. (6)

2.2 Establishment of Assembly
Displacement Relationship
The casing–cement sheath-formation system has continuity at
the first and second interface displacements, since the stress state
in Figure 3 is formed by the stress state of the (1) stress state and
the internal pressure of the casing during the fracturing stage, and
the casing is formed. The change in the displacement of the
cement sheath-formation system is due to the application of the
internal pressure of the casing, so the displacement should be the
displacement change caused by the internal pressure of the
casing. The actual displacement generated by the elastic zone
fracturing process shall be the change of the displacement of the
composite during the fracturing process subtracted by the
displacement change of the composite during the solidification
process of the cement stone:

u|r�ri � u|1r�ri − u|0r�ri . (7)
According to the Lame formula (Jin and Chen, 2012), the

radial displacement expressions of the casing, cement sheath, and
borehole elastic region are as follows:

The displacement of the outer wall for the casing is:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
uca|1r�r1 �

(1 + μ1)r1
E1(r21 − r20) [r20(p0 − p1) + (1 − 2μ1)(r20p0 − r21p1)]

uca|0r�r1 �
(1 + μ1)r1
E1(r21 − r20) [r20(−pc) + (1 − 2μ1)(−r21pc)]

.

(8)
The displacement of borehole wall is:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
uf

∣∣∣∣1r�r2 � (1 + μ3)r2
E3(r23 − r22) [r23(p2 − p3) + (1 − 2μ3)(r22p2 − r23p3)]

uf

∣∣∣∣0r�r2 � (1 + μ3)r2
E3(r23 − r22) [r23(pc − p3) + (1 − 2μ3)(r22pc − r23p3)]

.

(9)
The displacement of the cement sheath elastic zone is:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

uce|1r�r2 �
(1 + μ2)r2
E2(r22 − r2p) [r

2
p(pp − p2) + (1 − 2μ2)(r2ppp − r22p2)]

uce|0r�r2 �
(1 + μ2)r2
E2(r22 − r2p) [(1 − 2μ2)(r2ppc − r22pc)]

uce|1r�rp �
(1 + μ2)rp
E2(r22 − r2p) [r

2
2(pp − p2) + (1 − 2μ2)(r2ppp − r22p2)]

uce|0r�rp �
(1 + μ2)rp
E2(r22 − r2p) [(1 − 2μ2)(r2ppc − r22pc)]

,

(10)
where um|nr�ri represents the displacement value of the
casing–cement sheath-formation system assembly; m =
ca, f , and ce represent the elastic zone of the casing,
formation, and cement sheath, respectively; n = 0
represents the stress state of the composite after
solidification of the cement stone; n = 1 represents the
stress state of the composite during fracturing; and ri
represents different radius.

In the plastic zone of the cement sheath, considering the
condition of the plane strain model εz � 0 and the volume
incompressibility, Eq. 11 (Xu and Liu, 1995) can be obtained
as follows:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

εr + εθ � 0

εr � ducp

dr

εθ � ucp

r

. (11)

Using Eq. 11, the aforementioned formula can be written as:

ducp

dr
+ ucp

r
� 0. (12)

Through the integral formula (Eq. 12), the expression of the
cement sheath plastic region ucp is obtained as follows:

ucp � C1

r
. (13)
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Considering the continuity of the first interface in the
casing–cement sheath-formation system, the elastoplastic
interface of the cement sheath, and the displacement at the
second interface caused by the increase in the internal
pressure of the casing, the relationship between the
elastic–plastic interface stress of the cement sheath and the
first and second interface stresses and by combining the
formulas of Eqs 4, 6, 8–10, 13, the system of stress
characteristic equations of the system assembly can be obtained.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pp � Ccotφ⎡⎣(1 + p1

Ccotφ
)(rp

r1
)B−1

− 1⎤⎦
r22(p2 − pp)

r22 − r2p
− r2ppp − r22p2

r22 − r2p
sinφ + Ccosφ � 0

uf

∣∣∣∣1r�r2 − uf

∣∣∣∣0r�r2 � uce|1r�r2 − uce|0r�r2
uce|1r�rp − uce|0r�rp � ucp

∣∣∣∣1r�rp
uca|1r�r1 − uca|0r�r1 � ucp

∣∣∣∣1r�r1

. (14)

Eq. 14 is a five-element equation for the unknown parameters
p1, pp, p2, rp, and C1. When the casing–cement sheath-
formation system assembly is known to receive the internal
pressure p0 , the initial stress pc, and the formation after
cement solidification in the case of far-field stress p3, the
program is written by MATLAB to solve the stress state, the
displacement size, and the elastoplastic interface radius of the
cement sheath at the point of the casing pressurization stage.

3 CASE ANALYSIS

3.1 Basic Parameters
According to the current situation of the southwest shale gas well
and the possible stress state in the future deep mining process, the
physical and mechanical parameters of the casing–cement
sheath-stratum combination are selected as shown in Table 1.
The maximum site stress p3 of the stratum is 80 MPa, and the
maximum bottom hole pressure in the fracturing construction is
150 MPa. The calculation parameters of the latitude and
longitude in Chu and Yang (2015) and Jackson and Murphey
(1993) are referenced as follows: the cohesive force of the cement
stone is 5.77 MPa, and the internal friction angle is 30°. After the
cement is solidified, if the initial stress is affected by the cement
type (expansion type and shrinkage type), cement slurry density,
and cementing method, etc., then pc is taken from 0–50 MPa.

3.2 Influence of Initial Stress of the Cement
Sheath
The relationship between the elastoplastic interface radius and
the casing internal pressure under different initial stress
conditions of the cement sheath is shown in Figure 4. It can
be found from the figure that the smaller the initial stress of the
cement sheath, the easier it is to enter the plastic state, and as the
internal pressure of the casing increases, the elastoplastic interface
gradually expands outward from the first interface, and finally the
entire cement sheath enters the plasticity. At the first interface,

TABLE 1 | Physical and mechanical parameters of the casing–cement sheath- formation model.

Elastic modulus/GPa Poisson’s ratio Inner diameter/mm Outer diameter/mm

Casing 200 0.30 129.16 150.24
Cement sheath 10 0.26 150.24 227
Stratum 30 0.20 227 2270

FIGURE 4 | Relationship between the elastoplastic interface and casing
pressure.

FIGURE 5 | Radial stress distribution of the cement sheath on a casing
pressure of 150 MPa.
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the initial stress of the cement sheath is increased from 0 to
50 MPa, and the internal pressure of the casing entering the
plastic condition is increased from 33.89 to 203.46 MPa; also, at
the second interface, the bottom hole pressure entering the plastic
state is higher. When the initial stress of the cement sheath
increases from 0 to 50 MPa, the internal pressure of the casing
increases from 203.46 to 504.18 MPa.

Figures 5, 6, respectively, show the radial and circumferential
stress distribution of the cement sheath when the initial stress of
different cement sheaths is 150 MPa inside the casing. When the
local stress and the casing internal pressure are directly applied to
the combination, the radial compressive stress of the cement
sheath is between −102.6 MPa and −82.8 MPa, and the radial
stress is greater than the initial stress of the cement sheath from 0
to 50 MPa; the stress is directly applied to the assembly. The
circumferential stress is similar to the radial stress at 40–50 MPa.
Regardless of whether the cement sheath is in an elastic or plastic
state, the radial compressive stress decreases as the radius of the
cement sheath increases.

When the initial stress is 0–50 MPa, the initial stress of the
cement sheath is larger, and the radial stress is larger; the radial
compressive stress is the largest at the first interface and is from
-87.16 MPa to −41.37 MPa, and at the second interface, the
stress is the smallest one, which is from −71.92 MPa to
−29.02 MPa. For the circumferential stress, the variation law
is directly related to the elastoplastic characteristics. It shows
that as the radius of the cement sheath increases, the
circumferential compressive stress of the plastic zone
decreases, and the circumferential compressive stress of the
elastic zone increases, mainly in three cases: 1) the cement
sheath is in a fully plastic state. For example, the initial stress of
the cement sheath is 0 MPa, the circumferential stress decreases
with the radius of the cement sheath, and the maximum
circumferential stress appears at the first interface, which is
−7.13 Mpa; the minimum circumferential stress appears at the
second interface, which is −3.01 MPa; 2) the inner side of the
cement sheath is in a plastic state and the outer side is in an
elastic state, i.e., the initial stress of the cement sheath is 10 MPa,

20 MPa, and 30 MPa, the circumferential compressive stress
first decreases and then increases. The circumferential stress is
the smallest at the elastoplastic interface, and the maximum
circumferential stress is at the first or second interface,
depending on the specific situation; (3) the cement sheath is
in a fully elastic state, i.e., the initial stress of the cement sheath is
40 and 50 MPa, the circumferential stress increases with the
radius of the cement sheath, and the minimum one appears at
the first interface, which is from −22.90 MPa to −32.90 MPa; the
maximum one appears at the second interface, which is from
−38.15 MPa to −48.15 MPa.

3.3 Cement Sheath Damage Analysis
During the fracturing construction process, as the internal
pressure of the casing increases, the cement sheath in the
elastic state gradually undergoes yield failure from the first
interface, entering the plasticity. Then, the plastic volume

FIGURE 6 |Circumferential stress distribution of the cement sheath on a
casing pressure of 150 MPa.

FIGURE 7 | Schematic diagram of the elastoplastic zone of the cement
sheath.

FIGURE 8 | Relationship between the damage factor of the cement
sheath and casing pressure.
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gradually increases, and even the entire cement sheath finally
enters the plastic state. In this article, the damage factor D is
introduced to better describe the damage and failure
characteristics of the cement sheath with the increase of the
internal pressure of the casing. The damage factor is defined as
the ratio of plastic area to total area of the cement sheath. The
damage factor D � 0 is defined when the cement sheath is all in
the elastic state and the damage factor D � 1 when the cement
sheath is all in the plastic state.

Damage factor:

D � S1
S1 + S2

, (0≤D≤ 1).

As shown in Figure 7, S1 represents the area of the plastic zone
of the cement sheath section, and S2 represents the area of the
elastic zone of the cement sheath section.

The damage results of the internal pressure of the casing under
different initial stress conditions are calculated. As shown in
Figure 8, the initial stress of the cement sheath has a significant
influence on the evolution process of the damage factor during
the internal pressure loading process. As the initial stress of the
cement sheath increases, the damage appears later or even does
not occur, and the rate of damage increases with the increase of
internal pressure. When the initial stress is 0 MPa, the cement
sheath is damaged when the internal pressure of the casing is
33.89 MPa.When it is only 83.99 MPa, the cement sheath damage
factor reaches 1, indicating that the whole enters the plastic state.
When the initial stress is 10, 20, and 30 MPa, the corresponding
casing internal pressure is 67.81, 101.72, and 135.63 MPa,
respectively. When the internal pressure reaching the
maximum downhole casing pressure of the oil and gas well is
150 MPa, the damage factors are 0.84 0.34, and 0.08 and did not
enter the plastic state as a whole. When the initial stress is above
40 MPa, even if the internal pressure reaches the maximum
casing internal pressure of 150 MPa, the cement sheath can
still maintain the damage factor of 0, that is, the cement
sheath as a whole is in an elastic state.

4 CONCLUSION

In this article, considering the volume shrinkage, constant, and
expansion of the cement slurry during the solidification process,
assuming the initial stress state of the cement sheath is 0–50 MPa,
a casing–cement sheath-shale formation model is established; the
stress state of the cement sheath and the damage characteristics of

the cement sheath during the fracturing process are deduced by
the Mohr–Coulomb yield criterion. The conclusions are as
follows:

(1) When the initial stress of the cement sheath is smaller, the
radial stress and the circumferential stress are smaller, and
the smaller the internal pressure of the casing causing the
cement sheath to enter the plastic state, the more likely the
damage occurs in the cement sheath.

(2) The damage factor is introduced. According to the example
analysis, the smaller the initial stress of the cement sheath, the
earlier the damage occurs, and the damage factor grows
faster. When the initial stress of the cement sheath is less
than 7.9 MPa, the damage factor D finally reaches 1 with the
increase of the internal pressure of the casing; when the initial
stress of the cement sheath is greater than 34.2 MPa, although
the internal pressure of the casing increases, the damage
factor D remains at zero.
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