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The ever-increasing integration of power converter-coupled renewable energy sources
reduces carbon footprints yet weakens power system inertia due to the retirement of
synchronous generators. Inertia shortage makes modern power systems sensitive to
frequency variations, thereby leading to undesirable load shedding, cascading failures, or
even large-scale blackouts. To address the inertia concern, distributed virtual inertia from
grid-tied power converters is emerging as an attractive solution. On top of that, there are
upcoming standards of grid-tied power converters, such as PV inverters, that require grid
formulation. As such, this paper proposes flexible distributed virtual inertia delivered by
grid-forming converters without additional energy storage units. It is revealed that virtual
inertia control may possibly cause stability problems. Through the derived state-space
model and sensitivity analysis, the mechanism of instability is disclosed. Although droop
control may stabilize converters, it inevitably necessitates extra energy storage, and is
hence not cost-effective. Instead, a lead compensator, together with its design procedure,
is proposed. Finally, simulation and experimental results validate the correctness and
effectiveness of the proposed model and compensator. Moreover, the results
demonstrate that the proposed grid-forming converters allow significant improvements
in inertia and frequency regulation.
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1 INTRODUCTION

In bulky power systems, the per unit kinetic energy stored in the rotors of synchronous generators
(SGs), defined as inertia, automatically mitigates frequency deviations and stabilizes the mains
frequency (Fang et al., 2018b). To reduce carbon footprints, distributed generators (DGs) fed by
renewable energy sources (RESs), such as solar and wind, are gradually replacing SGs in modern
power systems (REN21 2020). However, DGs are normally coupled to grids through power
electronic converters, which mainly track maximum power points without contributing any
inertia (Blaabjerg et al., 2004, Blaabjerg et al., 2006). Therefore, inertia continues to reduce with
the growing penetration of DGs, thus threatening the frequency regulation of modern grids.
Specifically, inertia shortage causes excessive rate of change of frequency (RoCoF) and large
frequency swings under contingencies (e.g., load and SG tripping events), resulting in cascading
failures and/or even large scale blackouts (Kundur 1994). Consequently, it is essential to increase
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inertia and improve frequency regulation. Among inertia
enhancement schemes, inertia delivery through grid-connected
converters (GCCs), with or without additional energy storage, is
preferable than redundant SGs or synchronous condensers in
terms of cost (Fang et al., 2018b).

According to (Rocabert et al., 2012), GCCs can broadly be
categorized into grid-feeding (GFDCs) and grid-forming
converters (GFMCs), which are equivalent to controllable
current and voltage sources, respectively. Most commercial
GCCs work as GFDCs due to their tight current control and
technology maturity (Piya et al., 2018; Zhang et al., 2021).
However, GFDCs fail to form voltage and frequency under
islanded conditions. They must follow the point of common
coupling (PCC) voltages and track their phase angles, e.g.,
through phase-locked loops (PLLs). In addition, GFDCs are
prone to instability in weak grids (Ashabani and Mohamed
2014). In contrast, GFMCs regulate ac voltages and their
frequency either directly or according to their power
references. As such, GFMCs allow standalone operation and
seamless transitions between isolated and grid-connected
modes. After a successful grid connection, PLLs are no longer
necessary in GFMCs (Qing-Chang et al., 2014). Due to the above-
mentioned advantages, GFMCs enjoy growing popularity for grid
support (Khajehoddin et al., 2019; Quan et al., 2020).

During the past decade, many control strategies were
proposed to deliver inertia through GFMCs (Lasseter et al.,
2020). For example, a well-known concept, known as virtual
synchronous machines (VSMs) (Wu et al., 2016), virtual
synchronous generators (VSGs) (Zhong and Weiss 2011;
Qing-Chang et al., 2014) and static synchronous generators
(SSGs) (Xiong et al., 2016) intends to integrate the voltage and
frequency dynamics of SGs into GFMCs. In particular, the swing
equation, which models the mechanical behaviors of SGs, enables
VSMs to deliver virtual inertia (Kundur 1994). Alternatively,
droop control, when combined with low-pass filters, is claimed to
be equivalent to the swing equation (D’Arco and Suul 2014),
thereby allowing VSMs to contribute virtual inertia. As for
power-synchronization control (Zhang et al., 2010; Zhang
et al., 2011), GCCs emulate the synchronization mechanism of
VSMs. However, power-synchronization control involves only
droop control without inertia emulation, hence it cannot handle
excessive RoCoF events. As a nonlinear time-domain controller,
the virtual oscillator control emulates the dynamics of limit-cycle
oscillators (Johnson et al., 2016). Despite showing promise in
terms of large-signal stability, virtual oscillators suffer from
complex mathematical foundations and ideal assumptions
(Awal et al., 2020). Apart from the controller design, the
small-signal stability and transient stability of VSMs have also
been discussed in literature (Xiong et al., 2016; Xiong et al., 2020;
Yuan et al., 2021).

VSMs incorporating the swing equation mimic both inertia
and droop (or damping) of SGs. Frequency droop control
changes the active power reference of VSMs as per grid
frequency deviations. In this way, droop control can damp
low-frequency oscillations (Wu et al., 2016). A generalized
droop control for VSM with good dynamic performance
under both grid-connected and standalone mode is proposed

in (Meng et al., 2019). However, the price paid for droop is a
continuous power injection under contingencies, as long as
frequency deviations exist. This implies that VSMs must
employ energy storage units (such as batteries and flywheels)
to achieve the swing equation (Fang et al., 2018c), thus leading to
the extra cost of energy storage and system complexity. In
addition, although large droop coefficients translate into better
stability, they may overload or even trip VSMs under large
frequency drifts (Xin et al., 2016). In other words, droop
coefficients are limited by the capacity of VSMs.

Alternatively, it is preferable to use existing GCCs without
additional energy storage for only inertia emulation. For
GFDCs, inertia emulation is simply achieved by
proportionally changing their dc capacitor voltages in
response to the mains frequency (Fang et al., 2018a; Fang
et al., 2018b; Fang et al., 2018d). This method benefits from no
or minor hardware changes, simplicity, and flexibility.
However, when transplanted to GFMCs, it is found that
inertia emulation brings instability (Hirase et al., 2016; Han
et al., 2019). We will analyze the mechanism of instability in
this article.

To get rid of the instability related to inertia delivery,
(Ebrahimi et al., 2019) modify the frequency droop, which
links the difference between the inverter frequency and the
grid frequency instead of the nominal frequency to improve
stability. As the grid and GFMC share the same frequency in
steady state, the GFMC can be stabilized without any
additional steady-state power output. However, PLLs should
always operate. The power system stabilizer relates the
frequency deviation with the voltage amplitude to stabilize
SGs (Chen et al., 2017; Ebrahimi et al., 2019). However, the
active power and reactive power are mainly associated with the
frequency and voltage amplitude, respectively. Therefore,
power system stabilizers are not directly applicable to
GFMCs with distributed inertia. (Dong and Chen 2017;
Dong and Chen 2018). proposed damping correction loop
to damp the oscillation caused by the virtual inertia, while
derivative term of frequency is introduced, which will cause
instability problems. (Liu et al., 2016). uses a lead-lag
compensator to emulate stable inertia, while sudden
frequency change will be introduced by load disturbances,
which will be harmful to frequency-sensitive loads.
Consequently, a research gap on the stabilization of GFMCs
delivering inertia without extra energy storage remains.

This paper proposes a lead compensator for stability
improvement. With the proposed compensator, GFMCs can
provide flexible and distributed inertia even without additional
energy storage. A detailed state-space model of GFMCs is derived.
Based on the derived model, we conduct the stability analysis of
GFMCs with different controllers. The rest of this paper is
organized as follows: Section 3 derives a detailed state-space
small-signal model of GFMCs. Section 4 performs stability
analysis based on the derived model. Section 5 proposes a
lead compensator for flexible inertia emulation. Section 6
verifies the derived model and the proposed control strategies
by simulations and experiments. Finally, Section 7 summarizes
the paper.
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2 SMALL-SIGNAL MODELING OF
GRID-FORMING CONVERTERS

This section introduces the system configuration and derives the
detailed small-signal model. The small-signal model is
fractionated into several parts, which are introduced
separately. Finally, the individual parts constitute an
overall model.

2.1 System Configuration
Figure 1 shows the system configuration, where the grid-forming
converter is connected to the grid through an LCL filter, which
consists of Lgi, Cgf, and Lgg. The power grid is modeled as a serial
connection of grid inductors Ls and voltage sources vsabc. The
basic control objectives of a grid-forming converter are to
regulate the active power P and reactive power Q injected to
the power grid through the active power controller (APC) and the
reactive power controller (RPC), respectively. pg_c and qg_c
represents the measured active and reactive power, and pg_ref
and qg_ref are the references for pg_c and qg_c, respectively. The
APC regulates the phase angle reference ωot of the capacitor
voltages vgfabc, and the RPC tunes the voltage amplitude reference
vgfd_ref. As shown in Figure 1, the cascaded voltage controller
Gv(s) and current controller Gc(s) are implemented in the
synchronous dq-frame to control the capacitor voltages vgfabc
and the converter-side currents igiabc, respectively. The subscripts
d and q represent the signals in the d and q axes, respectively.
vgiabc denote the inverter voltages, and iggabc represent the
currents flowing from the converter to the grid.

The overall system comprises the system plant, the voltage and
current controllers, the power controllers, and the sampling and
update parts, which will separately be introduced in the following
subsections.

2.2 Modeling of the System Plant
Figure 2Amodels the system plant in the synchronous dq frame,
where vsq = 0, ω1 denotes the fundamental angular frequency, Δ
represents the small-signal perturbation, and the subscript ref

stands for the reference value. Correspondingly, the small-signal
state-space model of the system plant is

Δ _xplant � AplantΔxplant + BplantΔuplant,Δyplant � IΔxplant, (1)
where

Δxplant � ΔigidΔigiqΔvgfdΔvgfqΔiggdΔiggq[ ]T, (2)
Δuplant � ΔvgidΔvgiqΔvsdΔvsq[ ]T. (3)

The expressions of Aplant and Bplant can be seen from
Supplementary Appendix SA1

2.3 Modeling of Voltage and Current
Controllers
Figure 2B depicts the voltage and current controllers in the
synchronous dq frame, where vgfq_ref = 0. The subscript c refers to
signals in the control frame. Proportional integral (PI) controllers
serve as the voltage and current controllers, where Kvp and Kvi as
well as Kcp and Kci represent the proportional and integral gains
of the voltage controllers as well as the current controllers,
respectively.

Gd(s) denotes the delay introduced by computation and pulse
width modulation (PWM). In this article, the sampling frequency
fs and switching frequency fsw are designed to be identical, i.e. fs =
fsw = 1/Ts. Computation and PWM collectively introduce one and
a half sampling period delay, i.e. 1.5Ts (Wang et al., 2017). Here,
the delay function is linearized with the first-order Pade
approximation, which yields

Gd s( ) � e−1.5sTs ≈
1 − 1.5Tss/2
1 + 1.5Tss/2. (4)

The small-signal model of the voltage and current controllers
is expressed as

Δ _xv& c � Av& cΔxv& c + Bv& cΔuv& c

Δyv& c � Cv& cΔxv& c +Dv& cΔuv& c
, (5)

where

Δxv& c � ΔxvdΔxvqΔxcdΔxcqΔxddΔxdq[ ]T, (6)
Δuv& c � Δvgfd_refΔvgfd_ref 0( )Δvgfd_cΔvgfq_cΔigid_cΔigiq_c[ ]T, (7)

Δyv& c � Δvgid_cΔvgiq_c[ ]T. (8)
The states Δxvdq, Δxcdq and Δxdq are introduced by the voltage

controllers, the current controllers, and the delay functions,
respectively. Supplementary Appendix SA1 covers the
expressions of Av&c, Bv&c, Cv&c and Dv&c.

2.4 Modeling of Active Power Controller and
Reactive Power Controller
Figures 2C,D show the small-signal models of the APC and the
RPC, where Vn indicates the nominal voltage, ωn = ω1 stands for
the nominal angular frequency, ωo represents the angular
frequency of the converter reference, and the subscript pu

FIGURE 1 | System configuration of grid-forming converters.
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denotes the per unit value. The phase difference between the
converter control reference and the grid is denoted by

δ � θo − θg � ∫ ωo − ωg( )dt. (9)
Assuming that the grid frequency is constant yields

Δ _δ � Δωo − Δωg � Δωo � ωnΔωo_pu. (10)
In general, GFMCs should emulate the essential swing equation
of SGs, and can ignore the models of speed governors and
turbines. In this case, frequency droop and load damping are
equivalent (Kundur 1994). As such, we lump the damping factor
and the droop coefficient into Dp. When the converter frequency
deviates from the nominal frequency, the active droop power is

pdroop_pu � Dp ωo_pu − ωn_pu( ). (11)
The APC employs the well-known swing equation (Kundur
1994), whose small-signal expression is

Δpg_ref_pu − Δpg_c_pu −DpΔωo_pu � 2HΔ _ωo_pu, (12)

where H stands for the inertia constant.
The RPC utilizes the droop control as well as an integral term

to share reactive power and eliminate the steady-state error,
respectively. The reactive power droop mechanism is given by

qdroop_pu � Dq vgfd_ref_pu − Vn_pu( ). (13)
where Dq refers to the reactive power droop coefficient.
According to (13), the small-signal model of RPC is
represented as

Δqg_ref_pu − Δqg_c_pu −DqΔvgfd_ref_pu � Δ _vgfd_ref_pu/Kqi. (14)

where Kqi stands for the integral gain.
The small-signal state-space model of this part can be written

in the form of

Δ _xp&q � Ap&qΔxp&q + Bp&qΔup&q

Δyp& q � Cp&qΔxp&q +Dp&qΔup&q
, (15)

where

FIGURE 2 | Small-signal model of grid-forming converters.
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Δxp& q � Δxpe Δδ Δxqe[ ]T, (16)
Δup& q � Δpg_ref_pu Δpg_c Δqg_ref_pu Δqg_c[ ]T, (17)

Δyp&q � Δωo_pu Δδ Δvgfd_ref[ ]T. (18)
The states Δxpe and Δxqe are introduced by the virtual inertia

term and the integral term, respectively. The expressions of Ap&q,
Bp&q, Cp&q and Dp&q can be found in Supplementary
Appendix SA1.

2.5 Modeling of Frame Rotations
The control reference voltage vgfd_ref leads the grid voltage vsd
by a phase angle of δ. The phase difference δ affects the
sampling and update through frame rotations. The standard
rotation matrix can be written in the form of (Wang et al.,
2020)

R δ( ) � cos δ −sin δ
sin δ cos δ

[ ]. (19)

The sampling process leads to (Wen et al., 2016)

igid_c igiq_c[ ]T � R −δ( ) igid igiq[ ]T, (20)
vgfd_c vgfq_c[ ]T � R −δ( ) vgfd vgfq[ ]T, (21)
iggd_c iggq_c[ ]T � R −δ( ) iggd iggq[ ]T. (22)

The update process is given by (Wen et al., 2016)

vgid vgiq[ ]T � R δ( ) vgid_c vgiq_c[ ]T. (23)
Assuming that the power angle δ = δ0 + Δδ, where δ0 is the

steady-state phase difference between vgfd_ref and vsd. For a stiff
grid where the grid impedance is small, the power angle δ0 under
normal operation is small. As such, cos δ0 ≈ 1, sin δ0 ≈ 0.
Linearizing (20)–(23) and substituting the above
approximations yield

Δysampling �

Δigid_c
Δigiq_c
Δvgfd_c
Δvgfq_c
Δiggd_c
Δiggq_c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

Igiq 1 0 0 0 0 0
−Igid 0 1 0 0 0 0
Vgfq 0 0 1 0 0 0
−Vgfd 0 0 0 1 0 0
Iggq 0 0 0 0 1 0
−Iggd 0 0 0 0 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Δδ
Δigid
Δigiq
Δvgfd
Δvgfq
Δiggd
Δiggq

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (24)

Δyupdate � Δvgid
Δvgiq[ ] � Vgiq 1 0

−Vgid 0 1[ ] Δδ
Δvgid_c
Δvgiq_c
⎡⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎦, (25)

where the symbols in the upper case are the steady-state values of
those in the lower case. Figures 2E,F visualize the model of frame
rotations.

2.6 Modeling of Power Calculation
The active and reactive power transferred from the converter to
the grid can be calculated as

pg_c � 3
2

vgfd_ciggd_c + vgfq_ciggq_c( ), (26)

qg_c � 3
2

vgfq_ciggd_c − vgfd_ciggq_c( ). (27)
By linearizing (26) and (27), one obtains

Δpg_c

Δqg_c[ ] � 3
2

Iggd_c Iggq_c Vgfd_c Vgfq_c

−Iggq_c Iggd_c Vgfq_c −Vgfd_c
[ ] Δvgfd_c

Δvgfq_c
Δiggd_c
Δiggq_c

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (28)

Figure 2G,H demonstrate the model of the power calculation.

2.7 Overall Model
After building the models of individual parts, we derive the
combined model as

Δ _x � AΔx + BΔu
Δy � CΔx +DΔu , (29)

where

Δx � Δxp& q Δxv& c Δxplant[ ], (30)
Δu � Δpg_ref_pu Δqg_ref_pu Δvsd Δvsq[ ]T, (31)

Δy � Δpg_c Δqg_c[ ]T. (32)
Figure 2I illustrates the interconnection relationships among

the separate models. The expressions of A, B, C, and D are
included in Supplementary Appendix SA1 (without the red
dashed rows and columns).

3 STABILITY ANALYSIS OFGRID-FORMING
CONVERTERS WITH VIRTUAL INERTIA
AND DROOP CONTROL
This section analyzes the stability of GFMCs with virtual inertia
and droop control. The stability analysis first employs a simplified
small-signal model of power control loops. Next, sensitivity
analysis is conducted with the state-space model derived in
section 3.

3.1 Stability Analysis of Grid-Forming
Converters With Droop Control
As voltage and current control loops respond much faster than
power control loops, voltage and current controllers are often
omitted in the simplified models when designing power
controllers (Wu et al., 2016; Taul et al., 2019; Lasseter et al.,
2020). The active power P and reactive power Q injected to the
grid can be calculated as (Wu et al., 2016)

P � Re
3
2
�Vgf

�Igg*[ ] � 3VgfVs sin δ

2XT
, (33)

Q � Im
3
2
�Vgf

�Igg*[ ] � 3 Vgf − Vs cos δ( )Vgf

2XT
, (34)

where Vgf and Vs designate the amplitudes of the converter and
grid voltages, respectively. Igg stands for the amplitude of the grid
current flowing from the converter to the grid. �Vgf and �Igg denote
the phasors of vgfabc and iggabc, respectively. The asterisk * refers to
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the conjugate operation. XT = ω1 (Lgg + Ls) represents the grid
reactance.

When the power angle δ is small, the coupling effect between
the active and reactive power control can be ignored (Wu et al.,
2016). As such, in the simplified model, the active power P and
the reactive power Q are considered to be independently
controlled by δ and Vgf, respectively. Linearizing (33) and (34)
yields

ΔP � 3VgfVs

2XT
cos δΔδ �→ δ ≈ 0 3VgfVs

2XT
Δδ, (35)

ΔQ � 6Vgf − 3Vs cos δ

2XT
ΔVgf �→ δ ≈ 0 6Vgf − 3Vs

2XT
ΔVgf . (36)

The block diagrams of the active and reactive power control
loops are shown in Figure 3, where Gp(s) and Gq(s) model the
APC and the RPC, respectively. According to (12) and (14),

Gp s( ) � 1/ 2Hs +DP( ), (37)
Gq s( ) � 1/ s/Kqi +Dq( ). (38)

Assuming that Vgf ≈ Vs ≈ Vn and defining Pmax � 3V2
n/(2XT),

we can derive the system loop gains as

Gp_open � 3VgfVsω1Gp s( )/ 2sXTSn( ) ≈ Pmaxω1Gp s( )/ sSn( )
(39)

Gq_open s( ) � 3 2Vgf − Vs( )Vn/ 2XTSn( ) ≈ PmaxGq s( )/Sn. (40)
Figure 4 shows the Bode diagrams of the system loop gains

with different droop coefficients. When Dp = 0 the system loop
gain has a 0° phase margin (PM), so the system is unstable in
practice. WhenDp = 50, the system is stable but only with a PM of
15°. With a certain inertia constant H and a required PM of ϕm,
the value of Dp can be calculated by solving

Gp_open jωcrossover( )∣∣∣∣ ∣∣∣∣ � 1, (41)
∠Gp_open jωcrossover( ) � ϕm − 180°, (42)

where ωcrossover is the crossover frequency. The solution leads to

ωcrossover �
��������������������������������
ω1Pmax/2HSn

��������������������
1 + 1/ tan 90° − ϕm( )2( )√√

, (43)

FIGURE 3 | Block diagrams of the simplified active and reactive power
control loops.

FIGURE 4 | Bode diagrams of Gp_open(s) with droop control.

FIGURE 5 | Eigenvalues and sensitivity analysis of A.
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Dp � 2Hωcrossover/ tan 90° − ϕm( ). (44)
To obtain a PM of 45°, Dp should be 163, indicating that a 2%
frequency change will cause a 326% active power change. Such a
large Dp will easily overload the GFMCs when the grid frequency
deviates from its nominal value.

3.2 Sensitivity Analysis of Critical
Eigenvalues
System stability is further analyzed by the detailed state-space
model derived in section 3. Figure 5A depicts the eigenvalues of
the state matrix A with Dp = 0, Dp = 50 and Dp = 163. Other
system and control parameters can be referred to Table 1.
Figure 5A highlights a pair of critical eigenvalues, whose real
parts are positive when Dp = 0. This indicates that instability
occurs when providing only virtual inertia by grid-forming
converters.

To determine the influence of each parameter on the critical
poles, we conduct sensitivity analysis. The sensitivity of the nth
eigenvalue to the kth parameter ρk takes the form of [5, 35]

Re
zλn
zρk
( ) � Re

ΦT
n
zA
zρk
Ψn

ΦT
nΨn

⎛⎝ ⎞⎠ρk, (45)

whereΦn andΨn denote the left and right eigenvectors associated
with the nth eigenvalue λn ofA, respectively. As system stability is
determined by the real parts of eigenvalues, they are more of
interest. The positive sensitivity means that increasing the
parameter will move the corresponding pole rightwards.
Alternatively, the negative sensitivity suggests that increasing
the parameter will move the corresponding pole leftwards.

Figure 5B shows the sensitivity analysis of the real parts of the
critical poles in Figure 5A related to each control parameter when
Dp = 50. It can be noticed that each control parameter influences
the critical poles, especially for the droop coefficient Dp and the

inertia constantH. Another dominant parameter is Kf, which will
be introduced in the next section. The negative sensitivity of Dp

indicates that increasing Dp will decrease the real part of the
critical poles, and vice versa.

Figure 5A verifies the sensitivity analysis result of Figures 5B.
According to Figure 5A with a fixed inertia constant H, when Dp

= 50, the system is stable. However, the critical poles are very close
to the imaginary axis, indicating that the respective stability
margin is insufficient. Increasing Dp to 163 will improve
stability yet cause a 326% additional steady-state power output
under a 2% frequency deviation.

On the one hand, although droop control (or damping)
improves stability, this is achieved at the expense of an
additional power output (i.e. Δωo_puDp) as long as the
frequency deviates from its nominal value. Notably, such
an additional power output prevents droop control from
being used in GFMCs without large energy storage, e.g.
batteries. In addition, GFMCs delivering virtual inertia
alone will be unstable without droop control (see
Figure 5A). Therefore, a research gap exists, as will be
filled up by the next section.

4 STABILITY IMPROVEMENT THROUGH
THE PROPOSED LEAD COMPENSATOR

To stably emulate inertia via GFMCs without extra energy
storage, this section proposes a novel lead compensator.

4.1 Design of the Proposed Lead
Compensator
The proposed lead compensator is cascaded directly in the power
controller and takes the form of

GL s( ) � Kf s + ωc( )/ s + ωc( ), (46)
where Kf and ωc are the parameters of the lead compensator.

Inserting GL(s) into Figure 3 yields

Δpg_c s( )
Δωg_pu s( ) �

−Pmaxω1/s
1 + Pmaxω1

2HSns2
Kfs+ω1( )
s+ω1( )

. (47)

According to the final value theorem (Franklin et al., 1994), when
the grid frequency deviates from its nominal value, i.e.
Δωg_pu(t) = A · 1(t) or Δωg_pu(s) = A/s, the steady-state power
output is expressed as

lim
t→∞

Δpg_c t( ) � lim
t→0

sΔpg_c s( ) � 0. (48)

Therefore, the proposed compensator can provide virtual
inertia without causing steady-state output even under
significant frequency deviations, which makes the energy
storage capacity no longer important for the GFMC.

The simplified system loop gain of the APC loop with GL

becomes

Gp_open s( ) � Pmaxω1GL s( )/ 2HSns
2( ). (49)

TABLE 1 | System parameters and control parameters.

Symbol Description Value

Ts Sampling period 0.1 ms
fn Nominal frequency 50 Hz
ωn Nominal angular frequency 314.1rads1

fsw Switching frequency 10 kHz
Vn Nominal phase voltage amplitude 70.7 V
Lgi LCL filter converter-side inductance 2 mH
Cgf LCL filter capacitance 40 µF
Lgg LCL filter grid-side inductance 2 mH
Ls Grid inductance 3 mH
Vdc Dc-link voltage 200 V
Sn Power rating 400VA
H Inertia constant 5 s
Dp Active power droop coefficient 50
Kqi Reactive power integral gain 1.62
Dq Reactive power droop coefficient 10
Kvp Voltage controller proportional gain 0
Kvi Voltage controller integral gain 100
Kcp Current controller proportional gain 1
Kci Current controller integral gain 0
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For GL(s) = (Kfs + ωc)/(s + ωc), the maximum phase boost is
expected when (Franklin et al., 1994)

ωmax _PM � ωc/ ���
Kf

√
. (50)

In our design, the major criterion lies in the maximum phase
margin. This criterion can be further translated into

Gp_open jωmax _PM( )∣∣∣∣ ∣∣∣∣ � 1, (51)
∠GL jωmax _PM( ) � ϕm. (52)

The solutions of 51 and 52 are

Kf � tan ϕm( ) + ����������
tan ϕm( ) + 1
√( )2, (53)

ωc � K3/4
f

�������������
ω1Pmax/ 2HSn( )
√

. (54)

With Dp = 0 andΦm = 45°, the decisive control parameters are
designed as Kf = 5.83 and ωc = 72.6rad/s1. The Bode diagrams of
Gp_open with and without the lead compensator are shown in
Figure 6. The phase margin is improved to 45° with the help of
the proposed lead compensator. In addition, (48) indicates that
the frequency deviation will not introduce any steady-state power
output. As a result, the proposed lead compensator enables
GFMCs to stably provide virtual inertia without adding extra
energy storage.

4.2 Stability Analysis of Grid-Forming
Converters With the Lead Compensator
Although the analysis result of the simplified APC loop is stable,
the GFMC system stability also relates to other factors such as the
interaction between the power control loop and inner control
loops. As a result, the instability may be caused by other control
and system parameters. To ensure the overall stability, we further
tested the stability with the detailed small-signal model. When the
lead compensator is applied, the small-signal state-space model of
the designed APC and RPC becomes

Δ _xp&q2 � Ap&q2Δxp&q2 + Bp&q2Δup&q2

Δyp& q2 � Cp& q2Δxp&q2 +Dp&q2Δup& q2
, (55)

where

Δxp& q2 � Δxpe Δx1 Δδ Δxqe[ ]T, (56)
Δxp& q2 � ΔxpeU Δx1 Δδ Δxqe[ ]T, (57)

Δup&q2 � Δpg_ref_pu Δpg_c Δqg_ref_pu Δqg_c Δωg_pu[ ]T, (58)
Δyp&q2 � Δωo_pu Δδ Δvgfd_ref[ ]T. (59)

The state Δx1 is introduced by the lead compensator. The
expression of Ap&q2, Bp&q2, Cp&q2, and Dp&q2 can be found in
Supplementary Appendix SA1.

Further, the overall state-space model corresponding to (29) is
derived. In Supplementary Appendix SA1, A, B, C and D
containing the dashed curved part describe the system model
with the lead compensator.

Figure 7 plots the eigenvalues of the state matrix A with and
without the lead compensator, where Kf = 5.83 and ωc =
72.6rad/s1. Recapping Figure 5A,B, we find that increasing
Kf can move the critical poles leftwards, which is verified in
Figure 7. The pole-zero map shows that the proposed lead
compensator can improve system stability.

5 SIMULATION AND EXPERIMENTAL
RESULTS

This section verifies the analysis and design of GFMCs with
virtual inertia by simulations and experiments based on the
schematic diagram shown in Figure 1.

5.1 Simulation Results
Figure 8 compares the active and reactive power responses of the
small-signal model and the simulation under a 100W active
power reference step-up change of GFMCs. The close
resemblance between the two cases verifies the correctness of
the presented model.

FIGURE 6 | Bode diagrams of Gpopen
(s) with and without the lead

compensator.

FIGURE 7 | Eigenvalues of A with and without the designed lead
compensator.
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Figure 9 shows the step-up active power responses of GFMCs
with different control parameters. As shown, delivering virtual
inertia alone without any damping (i.e. Dp = 0 and Kf = 1)
destabilizes the system. When Dp is increased to 50, the system is
stabilized yet with slow dynamics, characterized by a large
overshoot. In contrast, when the proposed lead compensator is
activated (i.e. Dp = 0 and Kf = 5.83), the system is stabilized with
satisfactory dynamics.

In Figure 10, the effectiveness of virtual inertia delivered by
the GFMC is validated. In this case, the GFMC is tied to an SG,
whose model incorporates a reheat steam turbine and a speed
governor for frequency regulation. Notably, Hg and HGFMC

represent the inertia coefficients of the SG and the GFMC,
respectively. As observed from Figure 10, with the SG only,
i.e. HGFMC (0 s) + Hg (5 s) = 5 s, the frequency nadir reaches
48.53 Hz, and the maximum RoCoF is 0.094 Hz s−1. When the
GFMC contributes virtual inertia,i.e. HGFMC (5 s) + Hg (5 s) =
10 s, the frequency nadir and RoCoF are improved to 48.82 Hz
and 0.047 Hz s−1, respectively. The delivery of virtual inertia
improves the frequency nadir by 19.7%. In addition, we
achieve a 50% improvement in the RoCoF. The response of
the combination inertia HGFMC (5 s) + Hg (5 s) = 10 s is
almost the same as the response with SG inertia Hg = 10 s
only. As a result, the inertia provided by the proposed GFMC
is almost identical to the SG inertia itself.

5.2 Experimental Results
We conducted experiments to verify the stability and the inertia
enhancement of the proposed controller based on the system
schematic diagram shown in Figure 1. The system parameters
and the GFMC control parameters are shown in Table 1.
Figure 11 displays the photo of the experimental platform. As
seen, a VSM emulates the SG in experiments. The VSM and the
GFMC are controlled by a dSPACE (Microlabbox) control
platform and fed by two DC power supplies. An 8-channel
oscilloscope (TELEDYNE LECROY: HDO8038) is employed
to capture the experimental waveforms. The experimental
results are shown in Figures 12–14.

Figures 12A–C illustrate the stability enhancement of the
proposed lead compensator. The VSM is designed as an ideal
voltage source with a fixed frequency to emulate an infinite bus.
The converter voltages vgfabc and the grid voltage vsa are plotted
above. The currents iggabc and the power flowing from the GFMC
to the VSM pg_c are plotted below. As observed in Figure 12A,
when the lead compensator is applied (Kf = 5.83), the system is
stable. The zoom-in view of the GFMC voltages vgfabc and VSG
voltage vsa are illustrated in Figure 12B. The clean sinusoidal
waveforms of the voltages and currents with low distortions show
the rationality of the controller design. When the lead
compensator is bypassed, i.e. Kf = 1, the currents iggabc and

FIGURE 8 | Active and reactive power responses of the small-signal
model and simulation of the droop-controlled converters under a 100 W step-
up active power reference change.

FIGURE 9 | Simulated 100 W step-up active power responses of
GFMCs with different parameters.

FIGURE 10 | Simulated frequency responses of power systems under a
100 W (25%) step-up load change.
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the transmitted active power pg_c start to oscillate and diverge,
thus indicating that the system becomes unstable. The zoom-in
view of the unstable condition is presented in Figure 12C.

Figure 12C also reveals that the active power output changes
with the phase difference between vsa and vgfa, which is a basic
characteristic of GFMCs.

Figures 13, 14 validate the effectiveness of frequency response
improvement by the proposed virtual inertia strategy. In this case,
the VSM incorporates the models of the reheat steam turbine and
the speed governor of an SG (Kundur 1994). The detailed
implementation of the VSM can be found in (Fang et al., 2018a).

Figure 13 shows the experimental frequency responses under
a 100W step-up load change, which corroborates Figure 10. It
verifies that the proposed inertia enhancement strategy plays an
identical role as synchronous inertia. In the case of a 5 s total
inertia constant (i.e. HVSM + HGFMC = 5s), the frequency nadir
and RoCoF reach 48.3 Hz and 0.094 Hz s−1, respectively.
Increasing the total inertia constant to 10 s either by the VSM
or the GFMC improves the frequency nadir by 0.3 Hz (or 20%)
the RoCoF by 0.047 Hz s−1 (or 50%).

Figure 14 experimentally compares the proposed lead
compensator with droop control. The inertia constants of the
VSM and the GFMC are both designed to be 5 s. When the
proposed lead compensator works alone (i.e. Kf = 5.83 and Dp =
0), the converter stably outputs active power with small
oscillations, and the steady-state active power output is zero.
In contrast, the GFMC with only droop control (i.e. Kf = 1 andDp

= 50) suffers from power oscillations. More importantly, the

FIGURE 11 | The experimental platform.

FIGURE 12 | Experimental waveforms of the conveter voltages, grid
voltages, converter output current and power when Kf =5.83 and Kf =1.

FIGURE 13 | Experimental frequency responses under a 100 W (25%)
step-up load change.
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droop control stabilizes GFMCs at the expense of a continuous
active power output, i.e. 70 W. In addition, it is possible to
combine the proposed lead compensator and droop control
(i.e. Kf = 5.83 and Dp = 50). As shown, this case features
slightly better dynamics and a steady-state power output.
Obviously, the proposed lead compensator is compatible with
droop control.

6 CONCLUSION

This paper proposes flexible and distributed inertia emulation
through existing grid-forming converters. We build a detailed
state-space model, including the inner voltage and current loops
as well as the outer power control loops. With the detailed model,
the overall system stability and the interactions between the inner
and outer control loops can be studied comprehensively. Based
on the derived model, the subsequent sensitivity analysis reveals
that grid-forming converters may possibly become unstable when
they deliver distributed virtual inertia. Through the proposed lead

compensator, we stabilize grid-forming converters. As compared
with existing low-frequency oscillation damping methods, the
proposed lead compensator enables stable inertia emulation
without additional energy storage. In consequence, grid-
forming converters can contribute power system inertia and
improve the RoCoF and frequency nadir, as verified by
simulation and experimental results. The future work includes
the small-signal stability analysis and oscillation damping of large
scale multi-GFMC systems.
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