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Aiming at the lumped-circuits model of the lossless transmission line in the digital
simulation, the article discusses and analyzes the unit step response generation of the
lumped-circuits model by comparing the numerical simulation results of the implicit
trapezoidal method, the implicit Euler method, and a multi-step formula. The root
cause of numerical oscillations pointed out that using the L-stable numerical algorithm
to indirectly simulate the dynamic response of the lumped-circuits model is a numerical
method that does not truly reflect the original model, but it can directly reflect the true
dynamic response of the lossless transmission line. In this study, a method for determining
the chained number in the digital simulation of a lumped-circuits model is given. The
simulation results prove the effectiveness of the method.
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INTRODUCTION

In the digital simulation model of lossless transmission lines, the model using the circuit equivalent
model to study the physical characteristics of transmission lines is called the lumped-circuits model,
which is different from the classical finite-difference time-domain algorithm model. As the name
suggests, the lumped-circuits is different from the distributed parameter circuit, which uses a partial
differential equation to describe the voltage fluctuation process. The former uses lumped inductance
and capacitance to approximate the physical characteristics of lossless transmission lines with
distributed parameter characteristics. Cui (2018) pointed out that there are fundamental differences
between the two, and they cannot be completely equivalent in physical characteristics. Therefore,
only appropriate approximation methods (Shen et al., 2020; Shen et al., 2021; Shen and
Raksincharoensak, 2021) can be found to ensure that the lumped-circuits of the transmission
line can be approximately equivalent to the distributed parameter circuit.

The modeling of the transmission line transient response needs to select an appropriate physical
model according to the frequency of the system research signal. The lumped-circuits model is a
commonly used approximate model for physical simulation and digital simulation of transmission
lines, but its significant problem in digital simulation is numerical oscillation (Ye et al., 2021). In
order to solve this problem, various numerical algorithms are used to solve the transient response of
transmission lines, but there are different defects in dealing with numerical oscillation. Root-
matching techniques (Watson and Irwin, 1998) solve this problemwell and are themain algorithm to
solve the problem of numerical oscillation at present. Song et al. (2020) proposed an efficient
electromagnetic transient simulationmethod based on the discrete similarity principle, which further
expanded the application scope of root-matching techniques. Although the root-matching
techniques can better solve the numerical oscillation problem, in a strict sense, these discrete
calculation principles cannot ensure that the physical characteristics of the transmission line do not
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change. Therefore, the research on the numerical algorithm that
can keep the physical structure of the transmission line from
distortion has become a very important research subject.

In addition, the number of the chained circuits is a key
parameter for the lumped-circuits of lossless transmission lines
in physical analogy. Cui (2017) gives an estimation formula for
determining the chained number of the lumped-circuits in the
physical analogy of lossless transmission lines. This formula is also
useful for the estimation (Yang et al., 2019a; Yang et al., 2019b;
Yang et al., 2021a; Zhang et al., 2021) of the chained number in the
digital simulation, but it can not be directly applied. The influence
of the approximation error (Yang et al., 2018; Yang et al., 2021b) of
the numerical algorithm needs to be considered.

For a long time, the lumped-circuits model of lossless
transmission lines was often used as the electromagnetic
simulation model of transmission lines (Paul, 1994; Min and
Mao, 2007), but little is known about the numerical
characteristics of the model. Starting from the characteristics
of three lumped-circuits, the numerical characteristics of the
lumped-circuits model, including its unit step response and
sine excitation response, are studied in detail. The relevant

conclusions can provide reference for the application range
and method of the lumped-circuits model of lossless
transmission lines. In addition, this study pointed out that the
numerical algorithm of symplectic conservation can accurately
simulate the physical characteristics of lossless transmission lines.

LUMPED-CIRCUITS MODEL OF LOSSLESS
TRANSMISSION LINES

Basic Lumped-Circuits Model
Usually, the state space model is used to solve the dynamic
response of lossless transmission lines. First, the lossless
transmission lines need to be discretized in space to obtain
blocks of T-type circuits, Γ-type or inverse Γ- type circuits, and
Π-type circuits. As shown in Figure 1, it is a schematic diagram of a
lossless transmission line, with an inductance per unit length of L0
and a capacitance per unit length of C0, and the total length of the
line is recorded as l. If the transmission line is evenly divided into
M segments, the inductance parameter of a single circuit segment
is L � L0l∕M and the capacitance parameter is C � C0l∕M.

FIGURE 1 | Lossless transmission line and its three equivalent lumped-circuits. (A) Lossless transmission line. (B) Lumped-circuits consisted of M Π-type circuits.
(C) Lumped-circuits consisted of M inverse Γ-type circuits. (D) Lumped-circuits consisted of M T-type circuits.
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According to the topological characteristics of the above
lumped-circuits, it is not difficult to see that the lumped-
circuits consisting of chained inverse Γ-type circuits is suitable
for the situation where the ideal power supply is a unit step signal
and the load is a pure capacitive load. The lumped-circuits
composed of chained Π- type circuits are more suitable for the
case that the power supply is a non-ideal power supply, that is, the
power supply with internal impedance, and the load is pure
capacitive load. However, for ideal power supply, such as the unit
step signal, in order to facilitate the application of boundary
conditions at the head end during simulation, a small resistance
can be artificially inserted in series in the ideal power circuit, so
that the step response characteristics of the circuit can be
simulated. The lumped-circuit composed of chained T-type
circuits is more suitable for ideal or non-ideal power supply,
and the load is the pure inductance or resistance inductance series
branch. It is worth noting that the above discussion is only based
on not adding more system state variables. Without this
limitation, the above three lumped-circuits are applicable to
any form of load combination.

Dynamic Response of the Lumped-Circuits
Model
When the lossless transmission line shown in Figure 1A is
connected with the characteristic impedance Zc, at this time,
the head end voltage source ues is transmitted to the terminal at
the traveling wave velocity v � ( ����

L0C0
√ )−1, and there is no reverse

traveling wave of the voltage, that is, the ending voltage amplitude
has no attenuation, but the phase lags behind the head-end
voltage wave by a delay time tL � l∕ v. In this case, through the
Fourier analysis of the ending voltage, it is obtained that the
frequency response characteristic of the ending voltage transfer
function when the terminal is matching is as follows:

H(l, jω) � e−jωtL (1)

The amplitude-frequency characteristics and phase-frequency
characteristics of Eq. 1 are as follows:∣∣∣∣H(l, jω)∣∣∣∣ � 1 (2)

φ(l, jω) � −ωtL (3)

where ω is the angle frequency. Eqs. 4, 5 are the necessary
conditions for digital simulation of the lossless transmission
line and are also the key evaluation indexes to test the quality
of the numerical algorithm.

For the lumped-circuits shown in Figures 1B,D, when the
terminal is matched, the frequency response characteristic of the
ending voltage transfer function is as follows (Cui, 2017; Cui, 2018):∣∣∣∣HM(jωtl)∣∣∣∣ � { 1, ωtl ≤ 2rad

(ωtl)−2M, ωtl > 2rad
(4)

φM(jωtl) � ⎧⎪⎨⎪⎩ −2Marscin(ωtl
2
), ωtl ≤ 2rad

0, ωtl > 2rad
(5)

where tl represents the propagation time of the forward voltage
traveling wave along the transmission line with length l/M.

As shown in Figure 2A, the amplitude-frequency response
curve of the lumped-circuits when M is different is given. It can
be seen that whenM is greater than or equal to 5, the amplitude-
frequency response characteristics of the lumped-circuits show
the characteristics of an ideal low-pass filter, and the cut-off
frequency is ωc � 2∕ tl. In other words, if the frequency of the
excitation source is greater than ωc, the voltage signal transmitted
to the transmission line terminal will be seriously distorted. In
addition, in order to ensure that the phase error of the ending
voltage signal is small, ω≤ 1∕ tl must be made. Therefore, when
using the numerical method to analyze the lumped-circuits
model of lossless transmission lines in the time domain, the
frequency of the excitation source ω≤ωc must be met to ensure
that the amplitude-frequency response is constant 1, ω≤ωc ∕ 2 as
far as possible to ensure a small phase error, so as to ensure the
integrity of the signal in the transmission process.

Although it is theoretically possible to meet the property that
the amplitude-frequency response of the lossless transmission
line is always 1 and the phase relative error is 4.72% by physically
controlling the frequency of the excitation source, it is inevitable
to introduce numerical errors when using the numerical
integration algorithm to solve the state space equation of the
lumped-circuits (Lei et al., 2009). Therefore, reducing and

FIGURE 2 | Frequency response curve. (A) Amplitude-frequency response curve whenM takes different values. (B) Phase-frequency response curve whenM � 2.
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avoiding the amplitude and phase errors caused by numerical
calculation is the problem to be solved in this study.

Numerical Characteristics of the
Lumped-Circuits Model
Figure 3A shows an example of a double conductor lossless
transmission line. The wave impedance of the lossless
transmission line is Z0, the wave velocity is c, the total length of
the line is l, the ideal voltage source ues at the head end of the
transmission line is a 100-V step signal with time delay, and the load
end is connected with a capacitor CL of 1,000 pF. The lumped-
circuits models shown in Figures 1B,D are used for numerical
modeling, and the implicit trapezoidal integral formula, the implicit
Eulermethod, and a linearmulti-stepmethod in the study by (Wang
et al., 2019) are used for numerical simulation, and the respective
characteristics of the model and the algorithm are compared and
analyzed. The calculation formats of the three numerical algorithms
are introduced as follows.

For the Following Initial Value Problems

{ _x � f(x, t)
x(t � 0) � x0

The approximate formula of the implicit trapezoidal integral
formula (TR) for approximately solving the state variable x(t) is
as follows:

xj+1 � xj + h

2
[f(xj+1, tj+1) + f(xj, tj)]

where xj+1 ≈ x(tj+1), tj+1 � tj + h, and h is the space between
adjacent time grid points.

Similarly, the calculation format of the implicit Euler method
(IE) is as follows:

xj+1 � xj + hf(xj+1, tj+1)
The calculation format of the four-step method (FM) is as

follows:

20 − 8
�
2

√
11

hf(xj+4, tj+4) � 1
11

xj + 4
�
2

√ − 8
11

xj+1 + 4
11

xj+2

− 4
�
2

√ + 8
11

xj+3 + xj+4

Table 1 shows the comparison of the three numerical
algorithms. It can be seen that the properties of the three
algorithms are different, and the solution effect of the actual
problem is also different. The time domain response results of a
single lossless transmission line will be analyzed in detail below.

Taking the lumped model in Figure 1B as an example, a set of
linear differential equations can be obtained according to the
circuit law as follows:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
L
dik(t)
dt

� uk(t) − uk+1(t) − rik(t), k ∈ (1,M)

C
duk(t)
dt

� ik−1(t) − ik(t), k ∈ (1,M + 1)
(6)

[ L 0
0 C

][ _I
_U
] � [−R P

Q 0
][ I

U
] + [ μ1(t)

μ2(t)] (7)

In Eq. 7, I � [i1(t), i2(t),/, iM(t)]T, U � [u1(t), u2(t),/,
uM+1(t)]T, R � diag(r, r,/, r), C � diag(C, C,/, C),
L � diag(L, L,/, L), μ1(t) � [0, 0,/, 0]T, μ2(t) � [i0, 0,/, 0]T.

P �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 1

−1
1 −1

1
−1
1 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
M×(M+1)

Q �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
1 −1

1 1
1

−1
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(M+1)×M

Applying constraints to Eq. 7, we get the following:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
i0 � ues − u1

rs

(C
2
+ CL)duM+1

dt
� iM

(8)

In the simulation, the resistance in the ideal voltage source is
rs � 0.000001Ω, the chained number of the lumped-circuits
model is M � 100, and the simulation step size is
h � 1.0 × 10−7s. The lumped-circuits consisted of chained
Π-type circuits digitally simulated by using the implicit
trapezoidal integral formula, the implicit Euler method, and
the four-step method in the study by (Wang et al., 2019), as
shown in Figures 3B,D. Since the four-step method cannot start
the calculation by itself, the explicit Euler method needs to be
used to calculate the header.

It can be seen from Figures 3B,D that under the Π-type
lumped-circuits model, when the lossless transmission line is
terminated with a capacitor, the ending voltage calculated using
the three numerical algorithms with different properties has a
certain time delay relative to the head-end voltage (Zhan et al.,
2017). According to the research by (Cui, 2017; Cui, 2018), the
calculation formula of the delay time is as follows:

tM � M

ω
arccos

2 − ω2t2l
2

(9)

Therefore, the relative phase error of the algorithm is defined
as follows:

εφM � [ tphase
tM − 1

] × 100% (10)

where tphase represents the time delay of the ending voltage
waveform calculated using the numerical algorithm.

The reason for the signal transmission delay under the
lumped-circuits model is due to the charge discharge process
of capacitance and inductance and the dissipative process of load
energy in the lumped-circuits, which is obviously different from
the wave process of lossless transmission lines.

In addition, the ending voltage calculated using the implicit
trapezoidal method has obvious numerical oscillation. In order

Frontiers in Energy Research | www.frontiersin.org December 2021 | Volume 9 | Article 8094344

Zhou et al. Lumped-Circuits Model Numerical Characteristics

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


to further study the physical mechanism of numerical
oscillation, this study uses the implicit trapezoidal method to
solve the ending voltage response of different chained numbers
M in the T-type lumped-circuits with the unit step signal
connected at the head end without delay and characteristic
impedance of the lossless transmission line at the end load. The
simulation results are shown in Figure 3E, with the increase in
the chained number M; the greater the step response overshoot
of the ending voltage, the higher the frequency of voltage
oscillation, the faster the attenuation of amplitude, the
shorter the voltage rise time and dynamic time, and the

overall waveform of the ending voltage is closer to the unit
step voltage waveform in addition to the overshoot. This
conclusion has the same physical characteristics as the step

FIGURE 3 | Example analysis. (A) Step response model of the lossless transmission line. (B) Calculation results of the implicit Euler method. (C) Calculation results
of the implicit trapezoidal method. (D) Calculation results of the four-step method. (E) Unit step response of the T-type lumped-circuits.

TABLE 1 | Comparison of three numerical algorithms.

Algorithm Principal coefficient of truncation error Order Stability

TR −0.0833 2 A-stable
IE −0.5 1 L-stable
FM −0.1248 1 L-stable
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response of the lumped-circuits derived by inverse Fourier
transform in the study by (Cui, 2018).

The above shows that the implicit trapezoidal integration
method retains the dynamic response characteristics of the
step response of the lumped-circuits because it does not have
numerical L-stable (Noda et al., 2014; Chakraborty and
Ramanujam, 2018), which just reflects the real numerical
characteristics of the lumped-circuits. On the contrary, because
of the L-stable of the implicit Euler method and the four-step
method in the study by (Wang et al., 2019), the overshoot and
oscillation characteristics of the unit step voltage waveform are

suppressed and the details of the dynamic response process of the
lumped-circuits are obliterated, so they are impossible for truly
simulating the physical process (Wang and Yang, 2016).

The above conclusions show that whether the selection of
the numerical algorithm is appropriate is very important to
reflect the real dynamic response process of the lumped-
circuits. Of course, this numerical oscillation is false for the
lossless transmission line itself, which also shows that the
lumped-circuits can not be completely equivalent to the
lossless transmission line model. Therefore, the lumped-
circuits is only a numerical approximation of the lossless

FIGURE 4 | Chained number and numerical algorithm analysis of lumped-circuits numerical simulation. (A)M � 4 (the terminal resistance is 30 Ω). (B)M � 12 (the
terminal resistance is 30 Ω). (C)M � 12 (the terminal resistance is 29.65 Ω). (D) Amplitude-frequency response error curve of the TR algorithm. (E) Amplitude-frequency
response error curve of algorithm IE. (F) Amplitude-frequency response error curve of algorithms TR and IE.
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transmission line model. In order to truly reflect the numerical
characteristics of the lossless transmission line model, it is
suggested that the numerical algorithm with L-stable be used
to simulate the lumped-circuits. Although the L-stable
numerical algorithm dampens the overshoot and oscillation
characteristics of the real waveform of the lumped circuit (Gao
et al., 2021), it positively reflects the numerical characteristics
of the lossless transmission line model.

SINE EXCITATION RESPONSE OF THE
LUMPED-CIRCUITS MODEL

Different numerical algorithms have great differences in the
numerical simulation results of the lumped-circuits, but this
difference is not very obvious for the sine excitation response
without the disturbance term. In addition, although the larger the
chained number M is selected, the closer the ending voltage
waveform is to the unit step voltage waveform as a whole, from
the perspective of numerical calculation efficiency; how to select
the appropriate chained number M directly determines the
efficiency and accuracy of simulation. Besides, the simulation
step size is limited by the accuracy of the numerical algorithm.
Therefore, the efficiency of the lumped-circuits simulation
depends on the chained number M and the accuracy and
stability of the numerical algorithm adopted.

For the lossless transmission line shown in Figure 3A,
according to the previous analysis, considering that the ending
voltage phase delay is in the linear interval. Assuming that the
angular frequency of the sinusoidal excitation source meets ωtl ≤ 1,
the ending voltage phase delay approximately meets the following:

φM(jω) ≈ − ωMtl, ω � 2πf (11)

According to Eq. 11, in order to reduce the phase transmission
error of the lumped-circuits model and ensure that the
amplitude-frequency response characteristic is constant 1, the
chained number M should meet the following:

M≥[2πfmaxl

v
] (12)

where the square brackets indicate rounding up. fmax represents
the maximum frequency of the excitation signal of the lossless
transmission line during numerical simulation. l is the total
length of the transmission line.

In order to verify the correctness of the above conclusions, the
T-type lumped-circuits model of the lossless transmission line is
considered. The simulation step size shall be less than or equal to
the optimal step size as follows:

h< l

Mv
(13)

Using the numerical example shown in Figures 3A, a sine
voltage excitation source with a frequency of 10 kHz is
considered, which has a delay of 0.1ms and a peak value of
10 kV. The terminal load is the characteristic resistance of the
equivalent lumped-circuits. According to Eq. 12, the

transmission line is divided into 4 equal parts. The implicit
trapezoidal method is used to solve the model. According to
the research by (Cui, 2017), the characteristic impedance of the
T-type equivalent lumped-circuits is as follows:

ZT
c � z0

���������
1 − (1

2
ωtl)√

, tl � l

Mv
(14)

As can be seen from Figure 4, whenM � 4, there is an obvious
difference in the amplitude of the head and end voltage
waveform, which does not meet the characteristics of the
transmission line. After increasing to M � 12, except for the
obvious overshoot of the first wave peak, the subsequent
amplitude error is basically stable. This shows that in the
actual simulation, the value of N needs to be flexibly selected
accordingly. Through a large number of simulations, it is found
that M can be 2–3 times the calculated value of Eq. 12. In
addition, the characteristics of the numerical algorithm are also
one of the factors affecting the amplitude-frequency
characteristics of the lumped-circuits model. How to choose
an appropriate numerical algorithm is also a direction worthy
of further research. Symplectic algorithms (Xing and Yang, 2007;
Ye et al.) may be a better choice to accurately simulate the
physical characteristics of lossless transmission lines. The
amplitude frequency response error curve (absolute value of
absolute error) of the commonly used TR and IE algorithms
when N � 12 is calculated below, considering the sinusoidal
voltage excitation source with frequency f, the excitation
source has no delay and the end load is matched. The optimal
time domain simulation step is taken according to Eq. 13.

As can be seen from Figures 4D,E, when the system frequency
is small, that is, when ωtl is close to 0, the amplitude frequency
response error of algorithms TR and IE is also small. However, it
can be seen from Figure 4F that the amplitude frequency response
error of algorithms TR and IE increases sharply with the increase in
system frequency. According to Figure 2, the error amplitude
frequency response error caused by the model is almost 0, so the
error at this time is mainly caused by the numerical algorithm,
which also fully shows that it is very necessary to study the
application of symplectic algorithms in the high-precision time-
domain response simulation of lossless transmission lines.

CONCLUSION

Starting from the equivalent lumped-circuits model of lossless
transmission lines, this article mainly studies the boundary
condition application methods of three equivalent lumped-
circuits models. Users can flexibly choose the type of the
equivalent lumped-circuits model according to the type of
excitation source and load. The causes of numerical oscillation
in digital simulation of the equivalent lumped-circuits model are
explained theoretically, and the L-stable numerical algorithm is
proposed to avoid this situation. A determination method of
chained number of the equivalent lumped-circuits model is
studied, and a specific application example is given. In
conclusion, the method proposed in this study can provide the
basis for the selection of model and numerical algorithm for the
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equivalent lumped-circuits model of lossless transmission lines in
digital simulation.
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