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Detailed numerical calculations are performed for investigating the effect of fin number and
position on unsteady natural convection heat transfer in internally finned horizontal annulus.
The SIMPLER algorithm with Quick scheme is applied for solving the Navier Stokes
equations of flow and heat transfer. The results show that the heat transfer rate in annulus
with fins increases with the increasing numbers of fin and Rayleigh numbers. For
Ra � 2 × 105, the effect of numbers of fins and fins position at the bottom part on the
unsteady solutions can be neglected, because the self-oscillation phenomenon is mainly
affected by natural convection at the upper part of annulus. Although the fin positions
cannot increase heat transfer rate significantly in the case of four fins, the self-oscillated
solutions can be suppressed by altering fins position.
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INTRODUCTION

Natural convection heat transfer in annulus has been the topic of many investigations until recently,
since it has many industrial applications including solar heating, electronic components, and reactor
design. A large number of literatures on both experimental and numerical studies were published in
the past few decades (Yong et al., 2006; Ghasemi et al., 2012; EI-Maghlany et al., 2015;
Gholamalipour et al., 2019). The most fundamental studies were reported by Kuehn and
Goldstein (Kuehn and Goldstein, 1976; Kuehn and Goldstein, 1978; Kuehn and Goldstein, 1980)
in which experimental and numerical results were obtained for improving the knowledge of heat
transfer performance, natural convection, and temperature fields in horizontal annulus. The natural
convection heat transfer in annulus is limited by the heat transfer area of the inner cylinder.
Therefore, the internal fins are sometimes employed for the purpose of increasing the heat transfer
area, leading to an increasing heat transfer rate in annulus.

Numerical investigations of the natural convection heat transfer in annulus with internal fins were
studied by many researchers (Chen and Hsu, 2007; Kim et al., 2013; Senapati et al., 2017; Liu et al.,
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Abbreviations: F0, dimensionless time; Keq, average dimensionless equivalent thermal conductivity of whole cylinder; Keql, local
dimensionless equivalent thermal conductivity; kf , thermal conductivity for fluid, W/m·K; L, gap width, m; Lf , height of fins, m;
nfin, number of fins; Pr, Prandtl number; qθ, local heat transfer rate, W; r, radial coordinate; ri, radius of inner circle, m; r0, radius
of envelope circle, m; Ra, Rayleigh number; Ram, modified Rayleigh number; Ti, temperature of inner circle, K; T0, temperature
of envelope circle, K; U, dimensionless tangential velocity; V, dimensionless radial velocity; α, angle of fins, rad; δ, thickness of
fins; θ, angular coordinate.
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2021). Maakoul (El Maakoul et al., 2020) numerically studied the
thermal performance of longitudinal fins in the double-pipe heat
exchanger. Their results showed that the smallest internal fins
with the size of 166 mm can provide the highest thermal
performance and the heat transfer rate with longitudinal fins
is higher than other cases under the same flow velocity. Chai and
Patankar (1993) numerically investigated flow and heat transfer
under gravity in horizontal annulus in the case of six fins. Their
results indicated that the effect of the fins orientations is not
obvious for improving the rate of averaged heat transfer, and the
averaged heat transfer rate can increase with the increasing values
of Rayleigh number and decrease with the increasing value of fin
height. Farinas et al. (Farinas et al., 1997) investigated the effect of
fins with different configurations on the flow pattern,
temperature field, and heat transfer rate in annulus. Rahnama
et al. (Rahnama et al., 1999; Rahnama and Farhadi, 2004) also
studied natural convection heat transfer in annulus with radial
fins. The existence of fins can improve the heat transfer rate while
high fins resist the development of natural convection and
decrease the value of local Nusselt number. Nada and Said
(Nada and Said, 2019) studied the effects of Rayleigh numbers,
internal cylindrical diameters, fins numbers, shapes, and
arrangements on the heat transfer rate, flow pattern and
effective thermal conductivity of the annulus. Alshahrani and
Zeitoun (2005) numerically investigated the thermal resistance of
finned annuli using conduction analysis and the correlation.
Their results indicated that the thermal resistance becomes
larger when the fin length increases in their parameter scope.
Kiwan and Zeitoun (2008) studied the heat transfer rate in the
annulus with fins made of porous material and the effect of fin
conductivities, Darcy numbers, and Rayleigh numbers on
thermal performance. Shadlaghani et al. (2019) studied the
effect of internal fins on flow and heat transfer using control
volume method. Their results showed that although the heat
transfer coefficient between the two fins is reduced, fins increase
the total heat transfer rate of both inner and outer walls of
annulus and fins efficiencies are decreased with the increasing
value of Rayleigh number.

Natural convection may occur in the annulus recurrently, and
most of these flows are unsteady even under the steady boundary
conditions, especially those encountered in the complex domain
(Zhang et al., 2011; Zhang et al., 2014). Many numerical studies
have been carried out to investigate the non-linear characteristics
of natural convection heat transfer in annulus. Labonia and Guj
(2000) experimentally investigated the transition process from
steady laminar flow and heat transfer to chaotic state in annulus
by increasing the values of Rayleigh numbers. Yoo and Han (Yoo,
1998; Yoo and Han, 2000) numerically studied the bifurcation
sequences from steady to chaos of flow in annulus and a
transition from a steady flow with the pattern of unicellular to
an oscillatory multicellular flow pattern. Borjini et al. (2005)
studied a reverse transition of natural convection from the quasi-
periodic solutions to the periodic solutions with the increasing
value of Rayleigh number in a very narrow annulus. Usman et al.
(2021) investigated a transition from steady to oscillated solutions
of natural convection in annulus when the Prandtl number is
equal to 0.1. The numerical results revealed that the heat transfer

rate increases suddenly in a narrow range of Rayleigh numbers,
and this increase in heat transfer rate is related to a transition into
chaos. Yang and Kong (Yang and Kong, 2019) studied the
unsteady natural convection heat transfer in annulus with
different Rayleigh numbers and Prandtl numbers.

Comparatively, a few studies have been reported on the non-
linear characteristics of flow and heat transfer in annulus with fins.
Idrissi et al. (2016) studied the natural convection heat transfer in
annulus in the case of two fins attached to the upper surface of inner
annulus. Their results indicated that the existence of a bifurcation
point can separate two kinds of flow patterns, and the heat transfer
rate increases for Rayleigh numbers higher than the critical value.
Touzani et al. (2019) investigated the effect of the Rayleigh number
from 103 to 104 on the flow pattern and heat transfer rate in the
finned internally annulus. A bi-cellular or unicellular flow patterns
can be observed, and the overall heat transfer rate is increased by
adding fins. Gao et al. (2020) numerically studied the steady state,
static branching and self-sustained oscillated solutions of natural
convection heat transfer in annuli with fins. A series of critical
Rayleigh numbers was obtained when the different initial
conditions are selected. However, most of previous studies focus
on the process of evolution from steady to chaotic flow for different
non-dimensionless parameters such as Rayleigh numbers or
Prantal numbers, and only in a few of the works the effect of
fin numbers and positions on the non-linear phenomenon of
natural convection heat transfer were considered in detail.

The objective of this paper is to study the flow and heat
transfer in annulus with different fin number and positions by
SIMPLER algorithm with Quick scheme. The effect of fin number
and positions on the steady or oscillated phenomenon of flow and
heat transfer under the steady boundary conditions will be

FIGURE 1 | Schematic diagram of annuli with fins.
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studied in detail. The space trajectory of velocity at the sample
point and the time signal of the average dimensionless equivalent
thermal conductivity will be calculated for evaluating the effect of
fin position and number on the non-linear characteristics.

PHYSICAL MODEL AND NUMERICAL
METHOD

A schematic diagram of the horizontal annulus with fins is
illustrated in Figure 1. The temperatures of the inner and
outer cylinders are maintained at uniform but different values
of Ti and To, respectively. The natural convection heat transfer
occurs for Ti >To. The radius of the inner cylinder is denoted by ri
and at the same time that of the outer cylinder is denoted by ro.
The two concentric cylinders, consisting of an annulus, are
assumed to be long enough that a two dimensional model can
be applied. The natural convection resulting from the
temperature difference between the cylinders is assumed to be
unsteady and laminar. The fins of height Lf and the thickness of δ
are evenly attached to the surface of inner cylinder. The thermo-
physical properties of the fluid are assumed to be independent of
temperature, and the flow in annulus follows the Boussinesq
approximation.

The unsteady-state flow and heat transfer equations for
natural convection heat transfer in annulus with fins in this
investigation are described in Ref. (Gao et al., 2020). The Quick
scheme is employed to discretize the convection terms while the
deferred correction method is added into the computational
process to improve the convergence of iterations. The
SIMPLER algorithm with Quick scheme is selected for solving
the Navier-Stokes equations of flow and heat transfer. The whole
annulus with fins is considered as the calculating domain and the
flow velocities of solid regions are set to zero. The dimensionless
governing equations are solved numerically using the control-
volume based finite volume method. An alternating direction
scheme is applied where all the equations can be solved iteratively
until the convergence criteria are met. The iterative calculation
can be terminated when the relative residual of all variables is less
than 10−6 for each time step.

The local dimensionless equivalent thermal conductivity based
on the outer cylindrical envelope is used for evaluating the local
heat transfer effect, and its definition formulation is written as
follows.

Keql � qθ
2ππf (Ti − To) ln

ro
ri

(1)

where qθ is the local heat transfer rate along the surface of the
outer cylinder at the fin positioned angle θ, and kf is the thermal
conductivity of fluid.

To study the overall heat transfer effect, the average
dimensionless equivalent thermal conductivity based on the
whole outer cylindrical envelope is defined as

Keq � ∫
2π

0

Keqldθ (2)

ALGORITHM AND GRID CHECK

The check of grid independence is calculated under the
parameters of nfin � 6, δ/L � 0.05, Ra � 105, Pr � 0.701. The
dimensionless time step Δτ � 0.1 is taken to calculate for
obtaining time-step independent solutions. The number of
grid nodes 160 × 400 is used to achieve grid independence. To
verify the numerical code, the average dimensionless equivalent
thermal conductivity is calculated numerically with modified
Rayleigh numbers. The modified Rayleigh number Ram is
defined by Alshahrani and Zeitoun (2005). The calculated
solutions are compared with the results from Alshahrani and
Zeitoun (2005) and Kiwan and Zeitoun (2008). It can be seen in
Figure 2 that the numerical results in this study agreed very well
with other experimental and numerical results.

RESULTS AND DISCUSSIONS

The flow pattern, temperature distribution, and heat transfer rate
of natural convection heat transfer in annulus with fins will be
numerically investigated in detail. The effect of fin positions and
number on the nonlinear characteristic of heat transfer will be
analyzed in this section.

Flow and Temperature Fields at Low
Rayleigh Numbers
Numerical simulations of the flow and heat transfer in horizontal
annulus with fins are performed in the case of Ra≤5 × 103. The
numerical simulations indicate that the steady solution can be
obtained from the initial conditions of stationary flow and
uniform temperature field.Figures 3, 4 show the flow and
temperature fields at lower Rayleigh numbers with different
fin numbers and positions for Ra � 5 × 103, respectively. In the
case of nfin � 2, the effect of fin angle on the flow fields can be seen
in Figures 3A–D. There are two symmetric and big vortices in the
case of α � 0 in Figure 3A. The fluid flows up along the inner
heated cylinder by the buoyancy forces, as it gets closer to the top
of the outer wall, it then moves down along the sidewall of the
outer cylinder. The temperature fields in Figure 4A are also
symmetrical with respect to the mid axial line accordingly. The
existence of fins can increase the heat transfer areas and influence
the isotherms. The heat transfer rate is very low at the root of fin
and increases along the fin until it arrives at the greatest value on
the top of the fin.

In the case of α � π/6, one new vortex appears at the upper part
of the annulus and at the same time the right vortex becomes
small because of the suppression of the fin at the right side, as
shown in Figure 3B. The new vortex becomes larger and the right
vortex shrinks gradually as the fin angle increases, as can be seen
in Figures 3C, D. At the same time, the left vortex becomes
smaller and rises up, providing space for the development of
another new vortex. In the case of α � π/2, the fluid flows up and
it is forced to alter the orientation when it meets the fins located at
the center of the annulus, as shown in Figure 3E. There are four
big vortices formed in the horizontal annulus. Two of them are in
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FIGURE 2 | Comparison of current and previous results of the average dimensionless equivalent thermal conductivity of whole cylinder (Keq).

FIGURE 3 | Flow fields with different fin numbers and positions for Ra � 5 × 103 . (A) α � 0, nfin � 2 (B) α � π/6, nfin � 2 (C) α � π/3, nfin � 2 (D) α � π/2, nfin � 2 (E)
α � 0, nfin � 3 (F) α � π/6, nfin � 3 (G) α � π/3, nfin � 3 (H) α � 0, nfin � 4 (I) α � π/6, nfin � 4 (J) α � π/4, nfin � 4 (K) α � 0, nfin
� 6 (L) α � π/3, nfin � 6. Ra, Rayleigh number; α, angle of fins; nfin, number of fins.
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the right side of the annulus and the other two are in the left side.
The isotherms changes obviously especially at the upper part of
annulus, as depicted by Figures 4B–E. The isotherm
concentration in the upper part of the annulus is more than
that in the other places. The largest temperature gradient occurs
at the middle top of the outer cylinder. As the number of fins
increases, the heat transfer area also increases and the flow
structure becomes more complex. When there exists two fins
in the lower part of the annulus, the fluid motion in the lower part
is very weak due to the fact that high temperature surface is over
that with low temperature as shown in Figures 3E, J, L. It is due to
the dominated mechanism of conduction heat transfer in the
lower part of the annulus.

Comparisons of Average Dimensionless
Equivalent Thermal Conductivity of Whole
Cylinder With Different Fin Numbers and
Positions
Table 1 shows the average dimensionless equivalent thermal
conductivity Keq for different fin numbers and angles at

Ra � 5 × 103. The total heat transfer rate mainly depends on
the surface area of the heat transfer, the flow pattern, and the
velocity. The values of Keq increases with the increase of the fin
number. In the case of α � π/6, the value of Keq with two fins is
1.64, while the corresponding value of Keq with six fins is 2.1. The
value of Keq increases by 28%when the fin number increases from
two to six. Accordingly, the value of Keq increases by 17% in the
case of α � π/3. This result can be expected since the heat transfer
area increases obviously with the increasing fin number. It also
can be seen in Table 1 that the effect of fin position on the average

FIGURE 4 | Temperature fields with different fin numbers and positions for Ra � 5 × 103. (A) α � 0, nfin � 2 (B) α � π/6, nfin � 2 (C) α � π/3, nfin � 2 (D) α � π/2,
nfin � 2 (E) α � 0, nfin � 3 (F) α � π/6, nfin � 3 (G) α � π/3, nfin � 3 (H) α � 0, nfin � 4 (I) α � π/6, nfin � 4 (J) α � π/4, nfin � 4
(K) α � 0, nfin � 6 (L) α�π/6, nfin�6.

TABLE 1 | The value of Keq for different fin numbers and angles at Ra � 5 × 103.

α = 0 α = π/6 α = π/3 α = π/2

nfin � 2 1.64 1.76 1.72 1.71
nfin � 3 1.70 1.86 1.88 —

nfin � 4 1.88 1.87 — —

nfin � 6 2.10 2.06 — —

Note. Keq, average dimensionless equivalent thermal conductivity of whole cylinder; Ra,
Rayleigh number; α, angle of fins
nfin, number of fins.
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equivalent thermal conductivity. In the case of the fin number
larger than four, the effects of fin position on the heat transfer rate
are negligible. In the case of the fin number less or equal to three,
the effect of the fin position on the heat transfer rate cannot be
neglected. The values of Keq in the case of nfin � 2 increases about
7% from the fin angle 0 to π/6 and it increases about 9.4% in the
case of nfin � 3. The results indicate that the fin position has
significant effect in convection-dominated regime. The fin
attached to the top surface of the inner cylinder resists the
development of natural convection in the upper part of the
annulus, and therefore, it can alter the flow patterns or heat
transfer rate.

Figure 5 shows the variations of local equivalent thermal
conductivity Keql around the outer cylinder. The asymmetric
solution of Keql can be obtained under the condition of
asymmetric geometric structure with α � π/6. The maximum
value of Keql occurs at the right top surface of the outer
cylinder because of the synthesized effect. In the case of α � π/3,
the symmetric solutions of Keql can be obtained on the symmetric
boundary condition, as shown in Figure 5B. The maximum value
ofKeql occurs at the middle top surface of the outer cylinder and its
value can be arrived at 4.1 because of the heat transfer dominated
by natural convection. The local peak value of Keql is related to the
effect of fins attached to the inner cylinder. The results indicated

FIGURE 5 | Variations of local equivalent thermal conductivity Keql around outer cylinder. (A) α � π/6, (B) α � π/3.

FIGURE 6 | Temperature fields with different fin numbers for Ra � 2 × 105. (A) nfin � 2 (B) nfin � 4 (C) nfin � 6.

Frontiers in Energy Research | www.frontiersin.org December 2021 | Volume 9 | Article 8040946

Zhang et al. Self-Oscillated Solutions of Natural Convection

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


that the heat transfer rate on the upper wall of the outer cylinder is
obviously larger than that on the bottom wall because it can be
improved by two ways of natural convection and by adding fins.

Effect of Fin Number on Self-Sustained
Oscillations
Numerical simulations of natural convection from the zero initial
flow field and uniform temperature fields are calculated for
different fin numbers. When time required are sufficiently
long, self-oscillated solutions can be obtained in the case of

Ra � 2 × 105. Figure 6 shows the temperature fields with
different fin numbers when the heat transfer rate arrived at
maximum. The asymmetric and unsteady solutions can be
obtained with the axisymmetric and steady boundary
conditions. In the case of nfin � 2, the existence of fins
increases the thickness of flow and thermal boundary layer
along the bottom part of the inner cylinder and the heat
transfer area, and at the same time the fins decrease the
thickness of boundary layer along the surface of the outer
cylinder, as shown in Figure 6A. The heat transfer rate
increases with the increasing number of fins at the lower

FIGURE 7 | Flow fields with different fin numbers for Ra � 2 × 105. (A) nfin � 2 (B) nfin � 4 (C) nfin � 6.

FIGURE 8 | Comparison of Keqs with different fin numbers for Ra � 2 × 105.
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surface of inner cylinder. However, the temperature distributions
on the upper part of annulus for nfin 4 or nfin � 6 are almost the
same because of the similar geometric structure on this part. The
flow fields for different fins at the maximum value of Keq are
shown in Figure 7. The number of flow vortex increases with the
increasing fin numbers. There are three big vortices in the whole
annulus for nfin � 2. One exists between the two fins at the top of
the annulus and the other two are in the middle part of the
annulus. The number of vortices increases and the big vortex in
the middle part of the annulus is separated by the fins located at
the center of the annulus. However, the flow pattern does not

change at the top part of the annulus for all the cases. The results
indicate that the heat transfer rate at the top of the annulus can be
enhanced more obviously than that at the other part of the
annulus. The changing of fin number at the bottom part of
the annulus does not make obvious effects on the temperature
distribution and the flow pattern at the upper part.

Figure 8 shows the time signal of Keq with different fin
numbers for Ra � 2 × 105. The initial condition is given that the
temperature and flow fields are at the maximum values of Keq.
The value of Keq increases with the increasing area of heat
transfer and the oscillated phenomenon occurs at all the cases

FIGURE 9 | Phase space of velocity at different sample points. (A) Point 1 (20,5) (B) Point 2 (2,46).

FIGURE 10 | Time signal of Keq for two fins with different positions. (A) Ra � 2 × 105 (B) Ra � 106.
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and the oscillated period can keep almost the same with the
increasing number of fins at the bottom surface of the inner
cylinder. The nonlinear phenomenon of natural convection
heat transfer is analyzed by using phase space of velocity at
points (20, 5) and (2, 46). The sample points are selected for
evaluating the nonlinear characteristics of natural convection
heat transfer. Some points at the lower part of the annulus or
near boundary cannot be chosen because of the small
amplitudes. When the dimensionless time is less than 1,000,
the data of Keq is not given in those figures for the purpose of
convenience presentation. The phase trajectories of velocity at
the selected points are shown in Figure 9. The system of natural
convection heat transfer loses its stability and the phase
trajectory of velocity becomes a cycle after the first Hopf
bifurcation in the case of Ra � 2 × 105. The result indicated
that the heat transfer rate and the amplitude of oscillation

increase with the increasing number of fins, while the flow and
heat transfer still oscillated with the same period. It means that
the oscillation phenomenon of flow and heat transfer are
related to the geometric structure at the upper part of the
annulus and the natural convection is the most important
factor for effecting the nonlinear characteristics.

Effect of Fin Positions on Self-Sustained
Oscillations
Numerical simulations of the unsteady natural convection are
performed for different fin positions. Figure 10 shows the time
signal of Keq for two fins with different positions. The heat
transfer rate increases with the increasing value of Rayleigh
numbers and the nonlinear phenomenon is also affected by the
value of Rayleigh numbers. When the fin is located at the top

FIGURE 11 | Time signal of Keq for four fins with different positions. (A) Ra � 2 × 105 (B) Ra � 106.

FIGURE 12 | Phase space of velocity at the sample point (20, 5) for nfin � 4, Ra � 106. (A) α � 0 (B) α � π/6 (C) α � π/4.
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surface of the inner cylinder in the case of α � 0 and α � π/6, the
natural convection is easily limited by the fins and the steady
solution can be obtained in the case of Rayleigh number from
2 × 105 to 106. In the case of α � π/3, the natural convection can
be developed without obstacles at the upper part of the annulus
and the nonlinear phenomenon occurs at Ra � 2 × 105. In the
case of α � π/2, the periodic oscillations of flow and heat
transfer after a critical Rayleigh numbers between 2 × 105

and 106. The results show that the effect of the fin positions
on the nonlinear characteristics is obvious, and the oscillated
solution can be easily obtained when there is no fin at the upper
part of the annulus. The effect of fins attached to the top
surface of the inner cylinder on the natural convection and
nonlinear characteristics can be also obtained in the case of
four fins, as shown in Figure 11. For Ra � 106, the steady
solutions can be calculated for α � 0 and α � π/6 while the
unsteady solutions appear for α � 0 and α � π/6. Therefore, the
effect of fin position on heat transfer rate is negligible in the
case of four fins, but the oscillated phenomenon can be
partially suppressed by altering fin positions. This is
because the natural convection can be developed easily at
the upper part of annulus when the temperature of the
bottom surface is higher than that at the other surfaces.
When the fins are added at the upper part of the annulus,
the temperature distribution can be disturbed and sometimes
steady flow and temperature fields can be obtained, as shown
in Figure 11A.

In order to investigate further the nonlinear characteristics,
the numerical solutions of velocity at the sample point (20, 5) is
obtained for different fin positions in Figure 12. It can be seen
that the system loses its stability and the phase trajectory of
velocity is a circle for α � π/6. A quasi-periodic system can be
achieved for α � 0, and the system progresses toward chaos for
α � π/4. The numerical investigation revealed that the
nonlinear phenomenon of natural convection heat transfer
in annulus with fins can be affected by the fin positions and
Rayleigh numbers.

CONCLUSION

Numerical convection heat transfer in annulus with fins attached
to the inner cylinder has been presented. Governing equations are
solved using the SIMPLER algorithm with QUICK scheme. The

effect of fin numbers and position on non-linear characteristics
was investigated in detail.

In the case of Ra ≤5 × 103, the steady and symmetrical solutions
can be reached from the initial zero velocity and uniform field for
different fin numbers and positions. The heat transfer rate
increases with the increasing numbers of fin and Rayleigh
numbers. For nfin � 2, α � π/6 and Ra � 2 105, the natural
convection heat transfer in the annulus loses its stability and
the periodic oscillation solution can be obtained after a
sufficient long time. The heat transfer rate and the amplitude of
oscillation increase with the increasing fin located at other places
while the flow and heat transfer still oscillated with the same
period. It means that the oscillation phenomenon of flow and heat
transfer is related to the geometric structure at the upper part of the
annulus and the development of natural convection is the most
important factor for nonlinear characteristics. The effect of fin
position on the unsteady natural convection is obvious for the same
number of fins. In the case of nfin � 4 and Ra � 106, three different
kinds of oscillated solutions can be obtained by changing fin
inclination angles. Therefore, the nonlinear characteristics of the
whole system mainly depend on the natural convection at the
upper part of the annulus, and the oscillated phenomenon can be
partially suppressed by altering fin positions.
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