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With the continuous growth in the amount of wind power accessed by the AC grid, the
impact of the grid connection of wind-power generators with the power system has
gradually increased. In this study, the subsynchronous oscillation of a synchronous
generator (SG) shaft caused by the integration of direct-drive permanent-magnet
synchronous generators (PMSGs) was investigated. The mechanism governing the
effect of the connection strength between the PMSG and AC power system on the
stability of the generator shaft system was analyzed based on the complex torque
coefficient method. When the connection strength between the PMSG and AC power
system weakens, the same voltage variation that occurs at the point of common coupling
of the PMSG stimulates more intense power fluctuations in the PMSG, and the electrical
damping injected by the PMSG into the SG increases considerably. This may cause
the oscillation mode dominated by the generator shaft system to move to the right half of
the complex plane, thereby reducing the stability of the generator shaft system. In
addition, the evaluation process of the influence of the PMSG on the SG shaft system
was summarized, and the proposed method can determine the stability of the AC power
system after the integration of the PMSG. Finally, the effectiveness of the proposed
method was validated via study cases, and conclusions were drawn. This method is
expected to serve as a useful tool for the risk assessment of subsynchronous oscillations
in wind farms.

Keywords: permanent-magnet wind-power generator, complex torque coefficient method, shaft system,
synchronous generator, small-signal stability

INTRODUCTION

Wind power is a clean and renewable energy source that has the potential to be harnessed on a large
scale. Hence, wind-power generators have been developed rapidly in recent years (Zhang et al., 2021;
Liu et al., 2021). However, the dynamics of AC power systems are also considerably affected by the
large-scale integration of wind-power generators. The dynamic interaction between wind power and
the AC grid can result in oscillation instability in the power system (Xiong and Zhuo, 2013; Xiong
et al., 2020; Du et al., 2021). On July 1, 2015, subsynchronous oscillations (SSOs) occurred in a wind
farm containing direct-drive permanent-magnet synchronous generators (PMSGs) in Xinjiang
Uygur Autonomous Region, China, and the SSOs spread to a thermal power plant located
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300 km away from the wind farm, causing three synchronous
generators (SGs) to be cut off to ensure torsional vibration
protection and resulting in a power loss of 1280 MW (Xie
et al., 2017). In order to solve the off-grid accident caused by
subsynchronous oscillations, A lot of research has been done
from different ways Zhou et al. (2021).

Nasiri and Hansen et al. conducted research on improving
system stability from the perspective of improving the low voltage
ride through (LVRT) capability of PMSGs. Nasir et al. (2015)
summarized performances of different LVRT capability
enhancement methods and use of some LVRT capability
enhancement methods in PMSG based wind turbine which are
applied in other kind of wind power generators. The
enhancement methods were compared by simulation analysis,
which laid a good foundation for the determination of the future
research direction. Nasiri and Mohammadi (2016) presents
solutions by improve back-to-back converter’s controllers and
limit active power to maintain the peak current of the grid side
inverter in a safe range during different asymmetrical grid faults.
This study improves the stability of the grid side converter when
asymmetric faults occur and provides a new idea for the stable
operation of the power system. Hansen and Michalke (2009)
presented a control strategy which enhances the LVRT capability
of wind turbines during grid faults. These beneficial studies
improve the LVRT capability of wind turbines and play an
important role in the stable operation of wind farms in the
case of faults.

At the same time, the influence of large-scale wind power
access on the stability of synchronous generator shaft in AC
power system has been studied from the perspective of
mechanism analysis. Zhang et al. (2018) studied the impact of
PMSGs on the oscillation stability of a power system based on an
impedance model and found that a PMSG behaves as a negative
resistor at the SSO frequency when the parameters of the
converter control system are set improperly. Based on open-
loop modal resonance, Du et al. (2017b) explained the reasons for
the generation of SSOs, which were induced by the improper
setting of the parameters of the converter control systems of the
PMSG. That is, an inappropriate set of control parameters can
cause an open-loop oscillation mode (OLOM) of the PMSG to
move toward an OLOM of the SG shaft, thus resulting in a
reduction in the damping of the closed-loop oscillation mode of
the SG shaft. In addition to an improper set of control parameters,
a weak grid connection is another key factor affecting the
oscillation stability of a PMSG-integrated power system. Case
studies conducted by Jiang et al. (2000) showed that the
oscillation mode of the phase-locked loop (PLL) or direct-
current capacitor voltage control outer loop (DCVL) can move
toward the right half of the complex plane as the grid connection
weakens. Alawasa et al. (2013) studied the SSO incident that
occurred in Xinjiang and found that a weak grid connection
caused by a PMSG wind farm is one of the decisive factors
governing the SSO of a non-series-compensated power system.
Furthermore, Dong et al. (2017) demonstrated that as the short
circuit ratio (SCR) decreases, some specific SSO modes of the
PMSG wind farm can move to the right of the complex plane, and
when the SSO modes are close to the oscillation modes of the SG

shaft, subsynchronous torsional excitation can occur. However,
current studies have only confirmed that a weak grid connection
can deteriorate the stability of the power system under specific
scenarios, and general conclusions on the amplification effect of a
weak grid connection on the dynamic interaction between the
wind farm and AC power system still need to be drawn (Du et al.,
2019b).

The methods used to analyze the SSO of wind-power-
integrated systems include mode analysis and frequency
domain analysis (Piyasinghe et al., 2014; Fu et al., 2021a; Fu
et al., 2021b). When studying the SSO of a multimachine power
system induced by the integration of wind-power generators
using mode analysis, the wind farm and multimachine power
system should be considered as a combined entity and the
stability of the system should be judged according to the
eigenvalues of the closed-loop state-space matrix of the
combined entity. The results obtained using mode analysis
have high accuracy. However, the computational burden is
high when a large number of wind turbine generators (WTGs)
and SGs are present in the system. In addition, the results can
only provide conclusions pertaining to stability judgment and
cannot reveal the mechanism behind the instability caused by the
integration of wind-power generators. Frequency domain
analysis includes impedance-model-based analysis and the
complex torque coefficient method, which reveal the
mechanism of the SSO in terms of negative resistance and
negative damping, respectively, with a clear physical meaning.
However, both the methods only provide sufficient nonessential
conditions for the stability of the system, and thus, the stability
judgment can be conservative. In the SSO analysis based on the
complex torque coefficient method, the researched system is
divided into two subsystems: a mechanical subsystem and an
electrical subsystem. The stability of the system can be assessed
according to the sum of the real parts of two equivalent
coefficients obtained by calculating the equivalent mechanical
torque coefficient and equivalent electromagnetic torque
coefficient at a certain torsional vibration frequency. If the
sum is greater than zero, the torsional mode can be
determined to be stable (Canay, 1982). In recent years, the
complex torque coefficient method has been used in the SSO
analysis of wind-farm-integrated power systems owing to its
advantages, i.e., simplicity of establishing the theoretical model
and the ability to reflect the damping and frequency
characteristics of the mechanical and electrical subsystems in
the SSO frequency band (Gao et al., 2015; Du et al., 2019a).
Considering the limitations of the traditional complex torque
coefficient method in the stability analysis of a multimachine
power system (Xu, 2000), an improved complex torque
coefficient method is proposed in this paper by combining the
frequency domain analysis and mode analysis. Wang et al. (2021)
proposed an improved complex torque coefficient method, which
combined frequency domain analysis with mode analysis, to
analyze the dynamic interaction between the fan and generator
from the perspective of the damping mechanism. However, this
study did not analyze the influence of line parameter variations of
AC systems on the dynamic interaction between grid-connected
wind farms and multigenerator power systems. In view of the

Frontiers in Energy Research | www.frontiersin.org August 2021 | Volume 9 | Article 7423042

Zhang and Wang Stability Analysis of Wind-Power Generators

https://www.frontiersin.org/journals/energy-research
www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


possible amplification effect of line parameter variations on the
dynamic interaction, it is necessary to carry out research on the
influence of the connection strength on AC system parameters to
clarify the physical meaning of the SSO of the synchronous shaft
system caused by multiple wind-farm grid connections. In the
present study, an index to evaluate the stability of SSO was
established under the condition of a weak connection of a
wind farm to a power grid, and the mechanism of SSO caused
by the weak connection was revealed. The results of this study are
expected to serve as a theoretical basis for subsequent measures
undertaken to suppress SSO.

The remainder of this paper is organized as follows. In the next
section, the linearized state-space model of a multimachine power
system with multiple integrated PMSGs is presented. In Section
Stability Criterion for Multiple-Wind-Farm-Integrated Power
System Based on Improved Complex Torque Coefficient
Method, methods and indicators based on the improved
complex torque coefficient method are proposed to evaluate
the risk of SSO of the shaft of the multimachine power system
considering the impact of the integration of PMSGwind farms. In
addition, the mechanism of the shaft oscillation of the
multimachine power system caused by the PMSG wind farm
under a weak grid connection is revealed. Section Study Cases
presents the demonstration of the effectiveness of the proposed
method via study cases and the analysis of the interaction process
between multiple wind farms and a multimachine power system.
The final section summarizes the conclusions of the study.

LINEARIZED STATE-SPACE MODEL OF
MULTIMACHINE POWER SYSTEM WITH
MULTIPLE INTEGRATED
PERMANENT-MAGNET SYNCHRONOUS
GENERATORS

Figure 1 shows the configuration of a power system with multiple
integrated PMSGs. In the figure, XLk denotes the reactance of the

line connecting the kth PMSG to the power system. There are
three dynamic links of PMSGs: internal and external loop
controller dynamics, PLL dynamics, and connected circuit
dynamics. Wang et al. (2021) and Du et al. (2021) built a
model for these dynamics (see Supplementary Appendix for
details). By integrating the dynamic process of the internal and
external loop control of the network-side voltage source
converter (VSC) and the dynamic process of its PLL, the
block diagram of its transfer function can be obtained, as
shown in Figure 2.

According to Figure 2, the transfer function of the internal
and external loop control dynamics, PLL dynamics, and
connected circuit dynamics of the network-side VSC can be
considered as shown in Eq. 1.

From Figure 2, the transfer function of the grid-side converter
(GSC) considering the dynamics of the PLL and the connecting
line can be obtained as

ΔIxy � K1H(s)(K3 + K4K5p(s)) + K2K5p(s)
I − (K1H(s)(K3 + K4K5p(s)) + K2K5p(s))XLL(s)ΔVxy

(1)

Let us denote
T(s) � K1H(s)(K3 + K4K5p(s)) + K2K5p(s)

� [T11(s) T12(s)
T21(s) T22(s)] (2)

From (1), the relationship between the output power and
terminal voltage of the PMSG is

⎡⎣ΔPk

ΔQk

⎤⎦ � ( T(s)
I − XLT(s)L(s)Vxy·0 + Ixy·0)ΔVxy

� ⎡⎣FX(s)T(s)⎡⎣ 1 − XLN22(s) XLN12(s)
XLN21(s) 1 − XLN11(s)

⎤⎦Vxy·0 + Ixy·0⎤⎦ΔVxy

(3)

where.

FIGURE 1 | Configuration of power system with multiple integrated PMSGs (MSC: machine-side converter; GSC: grid-side converter).
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T(s)L(s) � [N11(s) N12(s)
N21(s) N22(s)]and

FX(s) � 1

(1 − XLN11(s))(1 − XLN22(s)) − X2
LN12(s)N21(s).

From (3), it can be seen that under a certain frequency, as XL

increases from 0, FX (s) increases from 1, causing stronger power
fluctuations under the same voltage fluctuation ΔVxy. In
particular, when the denominator of FX (s) approaches 0, ΔPk
and ΔQk approach infinity, which can result in the loss of the
stability of the system. Thus, an increase in XL can increase the
intensity of the dynamic interaction between the grid-connected
PMSG wind farm and the AC power system and may affect the
stability of the wind-farm-integrated power system. Therefore, FX
(s) can reflect the impact of the change in XL on the dynamic
response strength of the PMSG and the effect of the PMSG on the
stability of the power system after being connected to the grid. To
further study the relationship between XL and the stability of the
PMSG-integrated power system, FX (s) is considered separately,
and the transfer function of the kth PMSG can be written as

ΔPk � FXk(s)Gwpk(s)ΔVk

ΔQk � FXk(s)Gwqk(s)ΔVk
(4)

where ΔVxy � [Vkx0

Vk0

Vky0

Vk0 ]TΔVk. Gwpk(s) and Gwqk(s) can be

obtained based on Eqs. 1–3.

Based on (4), the transfer functions of N PMSGs can be
written as

ΔPw � ⎡⎢⎢⎢⎢⎢⎣ FX1(s) 1
FXN(s)

⎤⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎣Gwp1(s)
1

GwpN(s)
⎤⎥⎥⎥⎥⎥⎦

ΔVw � FX(s)GwP(s)ΔVw

ΔQw � ⎡⎢⎢⎢⎢⎢⎣ FX1(s) 1
FXN(s)

⎤⎥⎥⎥⎥⎥⎦⎡⎢⎢⎢⎢⎢⎣Gwq1(s)
1

GwqN(s)
⎤⎥⎥⎥⎥⎥⎦

ΔVw � FX(s)GwQ(s)ΔVw (5)

where ΔVw � [ΔV1 ΔV2 ··· ΔVn]
T, ΔPw � [ΔP1 ΔP2 ··· ΔPn]T, and

ΔQw � [ΔQ1 ΔQ2 ··· ΔQn]
T.

Referring to the mathematical model of the multiple-PMSG
system and taking ΔPw and ΔQw as inputs and ΔVw as the output,
the state-space model of the multimachine power system can be
written as

⎧⎪⎨⎪⎩
d
dt

ΔXs � AsΔXs + BPΔPw + BQΔQw

ΔVw � CsΔXs + DPΔPw + DQΔQw

(6)

where ΔXs is the vector of the state variables of the multimachine
power system and As is the linearized state-space matrix of the
system. BP, BQ, Cs, DP and DQ are coefficient matrices. By
performing Laplace transform in (6), the open-loop transfer
function of the multimachine power system can be obtained as

ΔVw � [GsP(s) GsQ(s) ][ΔPw

ΔQw
]

{GsP(s) � Cs(sI − As)−1BP + DP

GsQ(s) � Cs(sI − As)−1BQ + DQ

(7)

The characteristic equation of the multimachine power system
with multiple integrated PMSGs can be established from Eqs. 5–7.
To derive the analytical expression for the complex torque
coefficient of the SG shaft, the SGs in the multimachine power
system are further divided into two interconnected open-loop
subsystems: the electrical andmechanical subsystems. The output
and input of the mechanical subsystem are the vector of the rotor
angular displacement increments of the SGs in the system, Δδ �
[Δδ1 Δδ2 ··· Δδn]T and the vector of the torque increments of the
SGs ΔT � [ΔT1 ΔT2 ··· ΔTn]T, respectively. Each of the elements in
ΔT is constituted by the superposition of the corresponding items
of the torque column vectors ΔTe, ΔTwP, and ΔTwQ, where ΔTe �
[ΔTe1 ΔTe2 ··· ΔTen]T is the torque vector of the electromagnetic
torque change of each SG caused by the internal electrical
quantity of the SGs and

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ΔTwP � [ ∑h
j�1

ΔTwPj1 ∑h
j�1
ΔTwPj2 / ∑h

j�1
ΔTwPjN]T

ΔTwQ � [ ∑h
j�1

ΔTwQj1 ∑h
j�1
ΔTwQj2 /∑h

j�1
ΔTwQjN]T

(8)

FIGURE 2 | Diagram showing dynamic process of GSC of kth PMSG
considering PLL.

FIGURE 3 | Closed-loop interconnected mode of mechanical and
electrical subsystems of power system with N integrated PMSGs.
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where ΔTwP and ΔTwQ are the torque vectors corresponding to
the torques supplied by the active and reactive power injected by
the h wind farms, respectively. Then, the state-space model of the
mechanical subsystem of the multimachine power system can be
obtained as

⎧⎪⎪⎨⎪⎪⎩
d
dt

ΔXm � AmΔXm + BmΔT

Δδ � CmΔXm

(9)

where ΔXm is the vector of the state variables of the shafts of the
SGs.Am, Bm, and Cm are the state-space matrix, input matrix, and
output matrix, respectively.

The input and output of the electrical subsystem are Δδ and
ΔT, respectively, and the corresponding state-space model is

⎧⎪⎨⎪⎩
d
dt

ΔXe � AeXe + BeΔδ

ΔT � CeXe

(10)

where ΔXe is the vector of the electrical parts of the SGs and the
external system. Ae, Be, and Ce are the state-space matrix, input
matrix, and output matrix, respectively.

According to (9) and (10), the transfer functions of the
mechanical and electrical subsystems are

{Δδ � km(s)ΔT
ΔT � ke(s)Δδ (11)

Thus, the closed-loop interconnected mode of the mechanical
and electrical subsystems of the multimachine power system with
N integrated PMSGs can be obtained as shown in Figure 3.

Themodel shown in Figure 3 and expressed in (11) is the basis
for the study of the stability criterion based on the improved
complex torque coefficient method for a multiple-PMSG-
integrated power system.

STABILITY CRITERION FOR
MULTIPLE-WIND-FARM-INTEGRATED
POWER SYSTEM BASED ON IMPROVED
COMPLEX TORQUE COEFFICIENT
METHOD

Decomposition of Multimachine Power
System
To obtain the damping torque coefficients of the N PMSGs fed
into each SG according to the definition of the complex torque
coefficient method, the electromagnetic torque increment of each
SG in the AC power system should be expressed according to the
rotor angular displacement increment (or angular velocity
increment) as in the case of a linear relationship (Canay,
1982). Because the power angle characteristic of any SG in a
multimachine power system is a multivariable function of the
relative rotor angle between an SG and the other SGs, the input
torque increment of the mechanical subsystem of each SG cannot
be directly expressed as the linear combination of its rotor angular

displacement increment and angular velocity increment (Xu,
2000). Therefore, the transfer functions in (11) should be
organized further.

First, the shaft of the SG under study can be decoupled and the
torsional vibration mode of the shaft under study can be
separately expressed, as described by Ni et al. (2002). There
are N-1 subsynchronous torsional vibration modes and one
rigid-body resonant low-frequency mode in the N-mass shaft
system, where the common mode usually behaves as a low-
frequency oscillation mode and can be ignored. Assuming that
the kth SG in the system has shaft torsional vibration modes, the
shaft system can be transformed into lk equivalent rotors with
decoupled modes. Each equivalent rotor contains only one
independent mode, and the external torque ΔTk is uniformly
added to each equivalent rotor.

The superscript (m) denotes the decoupling mode, and the
decoupling equivalent rotor angular displacement vector of the
shaft system of the kth SG can be obtained as
Δδ(m)k � [Δδ(m)k1 ,Δδ(m)k2 , / , Δδ(m)k1k

]T. The sum of the
elements in the vector ∑lk

i�1 Δδ
(m)
ki is equal to the actual small-

signal increment of the rotor angular displacement Δδk. When
the ith torsional vibration mode λki appears in the system, the
rotor angular displacement of the equivalent mass of the other
decoupling modes is approximately 0, that is, Δδk ≈ Δδ(m)ki . Then,
the shaft decoupling equation corresponding to the torsional
vibration mode λki is

[M(m)
ki s2 + D(m)

ki s + K(m)
ki ]Δδk � −ΔTk (12)

where M(m)
ki , D(m)ki , and K(m)ki are the decoupling inertia time

constant, decoupling damping coefficient, and decoupling elastic
coefficient corresponding to λki, respectively.

Combining (7) and (12), the decomposed representation of
the state-space model of the AC system can be expressed as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Δδk
Δωk

ΔXe

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ω0I 0

a21
M(m)

ki

a22
M(m)

ki

aT23
M(m)

ki

a31 a32 A33

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Δδk
Δωk

ΔXe

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0

bPk

BP3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ΔPw +
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0

bQk

BQ3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ΔQw

ΔUw � [ ce1 ce2 Ce3 ]⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Δδk
Δωk

ΔXe

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦+
DPΔPw + DQΔQw

(13)

where ΔXe is the vector of the state variables in ΔXs except Δδk
and Δωk, and the matrices before the state variable vectors and
input and output vectors are the corresponding coefficient
matrices.

Then, the closed-loop interconnected system model of the
multiple-PMSG-integrated power system corresponding
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to the shaft oscillation mode λki after the decoupling of the shaft
systems of the SGs can be obtained, as shown in Figure 4.

Calculation of Damping Torque
From Figure 4, it can be seen that the electromagnetic torque fed
into the kth SG in the AC power system consists of three parts:

ΔTk � ΔTek +∑h
j�1

ΔTwPjk +∑h
j�1

ΔTwQjk (14)

As indicated in Figure 5, the effect of the torques of the N
PMSGs on the ith shaft oscillation mode of the kth SG can be
divided into two parts. One part is directly applied to the rotor of
the SG via the output active and reactive power ΔPw and ΔQw of
the multiple PMSGs, i.e., the last two terms in (14). The other part
acts on Tk via the influence of ΔPw and ΔQw on the rest of the
state variables of the SGs in the system; this part is included in the
first term in (14). To reflect the interaction between the SGs and
PMSGs, the sum of the second part is denoted as ΔTwk.

ΔTwk � ΔTwkP + ΔTwkQ (15)

Then, the transfer functions from ΔPw to ΔTwkP and ΔQw to
ΔTwkQ, i.e., GPk(s) and GQk(s), can be obtained as

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
GPk(s) � bPk + aT23

M(m)
ki

(sI − A33)−1BP3

GQk(s) � bQk + aT23
M(m)

ki

(sI − A33)−1BQ3

(16)

GPk(s) is a row vector corresponding to the N elements in the
column vector ΔPw, and GQk(s) is a row vector corresponding to
the N elements in the column vector ΔQw. Substituting (16) into
the linearization state equation of the PMSGs expressed in (7), the
relationship between the input variables of the PMSGs and the
feed electromagnetic torque ΔTwk of the kth SG can be derived as

ΔTwk � FX(s)[GPk(s)GwP(s) + GQk(s)GwQ(s)]ΔVw (17)

As derived by Du et al. (2016), for the ith shaft oscillation
mode λki of the kth SG, the transfer functionGUk from the angular

velocity variable of the SG Δωk to the terminal voltages of the h
wind farms ΔVw can be expressed as

GUk(λki) � [I − DPFX(λki)GwP(λki) − DQFX(λki)GwQ(λki)]−1CT
v υs
υk
(18)

where υs is the vector of all the eigenvectors of ΔXs, υk is the
eigenvector corresponding to Δωk, and GUk is the vector of the
transfer functions corresponding to the elements in the input
vector ΔVw. Combining (17) and (18), the transfer function
corresponding to the oscillation mode λki between the increment
of the electromagnetic torque injected by the PMSGs to the kth
SG ΔTwk and the angular velocity increment Δωk can be
obtained as

Gwk(λki) � FX(λki)[GPk(λki)GwP(λki)
+GQk(λki)GwQ(λki)]GUk(λki) (19)

The real part of Gwk (λki) is the electrical damping torque
coefficient injected by the PMSGs to the kth SG and is denoted as
Dwk. From (19), it can be seen that Gwk(λki) is proportional to
FX(λki). When a wind farm is connected to the grid through a
long-distance transmission line, FX(λki) is proportional to XL;
hence, the increase in line reactance will result in an increase in

FIGURE 4 | Interconnected multimachine power system with multiple
integrated PMSGs.

FIGURE 5 | Participation factors of λ1: (A) participation factors of three
SGs and two wind farms to λ1 and (B) participation factors of PMSGs in wind
farm one to λ1.
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Gwk(λki) and the electrical damping torque coefficient injected by
the PMSGs into the kth SG.

Stability Criterion
We denote the ith shaft oscillation mode of the kth SG before the
N PMSGs are connected to the grid as λki0, which can be obtained
through the eigenvalue analysis of As. After the N PMSGs are
connected to the grid, the damping torque coefficient Dwk

injected into the AC system by the N PMSGs can be used to
characterize the dynamic interactions between the shaft system of
the kth SG and the N PMSGs. The sensitivity of λki to Dwk can be
defined as

Swi � zλki
zDwk

(20)

Then, the subsynchronous dynamic interaction index can be
obtained as

Δλki � SwiDwk (21)

From this, the vibration mode of the shaft system of the
multimachine power system after the N PMSGs are integrated can
be calculated as

λki � λki0 + Δλki (22)

From (3) and (21), it can be seen that when XL increases from
0, FX (λki) increases from 1, resulting in the same change in ΔVw

and stimulating more intense power fluctuations. If the electrical
damping torque coefficient injected into the SGs by the N PMSGs
increases considerably, the grid connection of the PMSGs can
have a considerable impact on the ith shaft oscillationmode of the
kth synchronous machine. If the sensitivity Ski is positive at this
time, the increase in the damping torque coefficient will cause the
eigenvalue to move to the right half of the complex plane,
reducing the stability of the SG shaft system. This explains the
mechanism of the shaft oscillation caused by the weak grid
connection; that is, the wind farm can provide a large
damping torque coefficient to the shaft system of the SG
under a weak grid connection, which can reduce the stability
of the system. When the real part of Δλki is greater than the real
part of the original oscillation mode, oscillation instability
will occur.

The process to evaluate the risk of the SSO of the shaft system
of the SGs in an AC power system with N integrated PMSGs by
the improved complex torque coefficient method can be
summarized as follows:

1) Establish the mechanical–electrical coupling model of the AC
power system with N integrated PMSGs, and calculate the
initial value of the ith shaft oscillation mode of the kth
synchronous machine in the AC system before the N
PMSGs are integrated, i.e., λki0.

2) Decouple the shaft of each SG in the system and establish the
model of the vibration mode (λki) of the shaft system to be
studied after the N PMSGs are integrated, as shown in
Figure 5. Calculate the sum of the damping torque
coefficients of each PMSG up to the kth SG, Dwk,
corresponding to the oscillation mode obtained according
to (19) to provide a prediction for the stability of the system.

3) Calculate the sensitivity of λki to Dwk and Ski. If the real part of
Ski is greater than 0, the integration of the PMSG will
deteriorate the stability of the system, and the stability of
the system under these circumstances can be assessed based
on (22). If the real part of λki is smaller than 0, that is, after the
integration of the PMSG, the oscillation mode will still be in
the left half of the complex plane and the shaft system of the
SG will be stable. If the real part of λki is greater than or equal
to 0, the shaft system will suffer from SSO or the system will be
in a critical stable state.

In this section, the process and indicators for evaluating the
risk of the SSO of the shaft system of the SG considering the
impact of the integration of PMSGs are proposed based on the
improved complex torque coefficient method. Compared to the
traditional method of eigenvalue analysis, the proposed method
calculates eigenvalues and participation factors on subsystems
with lower orders, and hence, the computational burden is
reduced. In addition, the proposed method can analyze the
dynamic interaction between PMSGs and SGs from the

FIGURE 6 | Configuration of example system.

FIGURE 7 | Root loci of λ1 and λ2 with change in Kidc under different grid
connection strengths.
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perspective of damping, which can explain the clear physical
meaning of the SSO of the shaft system of SGs caused by the
integration of multiple PMSGs. Furthermore, on the basis of
Section Linearized State-Space Model of Multimachine Power
System with Multiple Integrated PMSGs, it is concluded in this
section that the reduction in the connection strength can increase
the strength of the dynamic response of the PMSG under more
generalized conditions, thus confirming the universality of the
amplification effect of a weak connection. In addition, this section
explains the mechanism of the shaft oscillation caused by the
weak grid connection of the PMSGs based on the complex
coefficient method; that is, the wind farm can provide a large
torque coefficient to the SG shaft system under a weak
connection. If the sensitivity of the oscillation mode to the
torque coefficient is positive, the stability of the system will
deteriorate and oscillation instability may be induced.

STUDY CASES

The configuration of an example power system is shown in
Figure 6. The system includes two wind farms: wind farm one
consists of 10 PMSGs, whereas wind farm two consists of eight
doubly fed induction generators (DFIGs). The electric power
from wind farm 1, wind farm 2, and an SG is collected at the
power collector busbar and then delivered to the main AC grid
through a transmission line with the reactance of XL. The main
AC grid is composed of two SGs and a load center. Models of the
PMSG and DFIG proposed by Du et al. (2017a) and Liu et al.
(2017) were adopted in this study for the WTGs in wind farms
one and 2. The SGs adopt a 20-order model that considers the
detailed shaft dynamics of the six masses. The models and
parameters of the SG and the transmission line are set by
referring to the IEEE first standard model (Fan et al., 2010).

Subsynchronous Oscillation Risk
Evaluation Under Weak Grid Connection
The connection strength of the wind farm to the main AC grid
can be evaluated using the SCR, which is defined as (IEEE
Subsynchronous Resonance Task Force, 1977)

SCR � V2
0

XLPrated

where Prated is the rated capacity of the wind farm. The strength of
the connection of the wind farm to the AC grid decreases with an
increase in the SCR value. If we take Prated � 1 (p.u.) and V0 � 1
(p.u.), then

SCR ≈
1
XL

When the SCR is less than or equal to 2, the wind farm is
considered to be weakly connected to the AC grid. In this study
case, XL is initially set to 0.5. Thus, the SCR is approximately 2,
and the wind farm is weakly connected to the grid.

First, the risk of the SSO of the system under a weak grid
connection was assessed. The oscillation mode of the system was

calculated according to the improved complex torque coefficient
method, and an unstable shaft oscillation mode was found for the
third SG, λ1 � 0.46 ± 99.20j. Then, eigenvalue analysis was carried
out based on the full-order model of the system, and the real value
of this oscillation mode was obtained to be λ1’ � 0.33 ± 98.73j,
which is very close to the calculation result obtained via the
improved complex torque coefficient method. Thus, the
effectiveness of the improved complex torque coefficient
method was confirmed. Furthermore, the participation factor
of this oscillation mode was calculated, and the result is shown in
Figure 5A, which indicates that the unstable shaft oscillation
mode is related to not only the third SG but also the PMSGs in
wind farm 1. To more clearly analyze the influence of the PMSGs
on the shaft system of the SG under a weak grid connection, the
participation factors of each PMSG in wind farm one were
expanded, as shown in Figure 5B, which indicates that all the
PMSGs participate in the unstable shaft oscillation mode and that
the state variables of a large participation factor of the oscillation
mode are related to the DCVLs of the PMSGs.

In the next study cases, the influence of the GSC control
parameters of the PMSG and the number of PMSGs in the wind
farm on the SSO of the shaft system of the SG was investigated
under different grid connection strengths.

Impact of GSC Control Parameters of
Permanent-Magnet Synchronous
Generators Under Different Grid
Connection Strengths
According to the previously calculated participation factors
(Section SSO Risk Evaluation under Weak Grid Connection),
the dynamic interaction between the DCVL of the GSC of the
PMSG in wind farm one and the shaft system of the third SG can
cause the SSO in the example power system. We denote the
proportional and integral coefficients of the PI controller of the
DCVL of the PMSG as Kpdc and Kidc, respectively, and the
corresponding oscillation mode of the wind farm as λ2. Then,
the impact of the GSC control parameters of the PMSG under
different grid connection strengths was studied by setting
different values for XL, thereby giving different grid
connection strengths to the system and helping us observe the
influence of Kidc on the shaft oscillation mode. The Kidc value of
each PMSG in wind farm one was gradually increased from 150 to
250. The variation in the root loci of the oscillation modes λ1 and
λ2 with a change in Kidc is shown in Figure 7. In this figure, the
black solid line corresponds to the case of XL � 0.5 and the SCR is
approximately 2, which indicates a weak grid connection. The red
solid line corresponds to the case of XL � 0.4 and the SCR is
approximately 2.5, which indicates a relatively weak grid
connection. The blue solid line corresponds to the case of XL

� 0.3, and the SCR is approximately 3.33, which indicates a strong
grid connection. The green hollow circle is the initial decoupling
value of the SG shaft system. The curves of the corresponding
shaft damping torque De according to the change in Kidc under
different grid connection strengths are shown as black, red, and
blue solid lines in Figure 8.
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From Figures 7, 8, it can be seen that as Kidc gradually
increases from 150 to 250, the interaction between the shaft of
the third SG and the GSC DCVL of the PMSG gradually
increases. The oscillation mode λ1 first moves toward the
right half of the complex plane, and the system tends to be
unstable. With a further increase in Kidc, the interaction
between the shaft of the third SG and the GSC DCVL of
the PMSG gradually weakens and λ1 returns to the left half of
the plane again; i.e., the system returns to stability. Figures
9A–D show the participation factors under different Kidc

values when XL � 0.5, which clearly reflects the process
shown in Figure 8.

In addition, from the root locus of λ1 and the curve of the
corresponding damping torque De under different Kidc values
shown in Figures 7, 8, it can be seen that with a decrease in XL,
i.e., with an increase in the connection strength, the damping of
the shaft oscillation mode improves. When XL � 0.3, the system
remains stable while Kidc increases from 150 to 250.

The simulation results presented in this section show that
for the SSO caused by the dynamic interaction between the
PMSG and the shaft of the SGs, the control parameters of the
PMSG and the grid connection strength have a considerable
impact on the system stability, and unreasonable parameter
settings and a weak grid connection can lead to oscillation
instability in the system.

To verify the correctness of the above analysis results, nonlinear
simulation was performed whenKidcwas set to 150 (corresponding to
a weak dynamic interaction between wind farm one and the third SG)
and 200 (corresponding to a strong dynamic interaction betweenwind
farm one and the third SG) under three different grid connection
strengths (Figure 10A–C). During the simulation, the input power of
each PMSG in wind farm one was set to increase by 5% at 0.1 s to
reflect a sudden increase in the wind speed and the sudden increase
lasted for 0.01 s. The nonlinear simulation results were consistent with
the results of the previous analysis.

In addition, it is found through calculation that when XL �
0.354, In the process of Kidc increasing gradually, the root
trajectory of the shaft oscillation mode is just tangent to the
dividing line where the real part of the complex plane is zero.

FIGURE 8 |Curves of shaft damping torqueDewith change in Kidc under
different grid connection strengths.

FIGURE 9 | Participation factor of λ1 for different Kidc values (XL � 0.5): (A) Kidc � 160, (B) Kidc � 200, (C) Kidc � 215, and (D) Kidc � 250.
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When Kidc � 208, the system is in a critical stable state, where
Δλki is about 0.7. The nonlinear simulation results under this
parameter environment are shown in Figure 11.

Impact of Number of PMSGs Under
Different Grid Connection Strengths
Next, the influence of the number of PMSGs in the wind farm
on the stability of the SG shaft system under different
connection strengths was analyzed. The black, red, and blue
solid lines in Figure 12 represent the root loci of the shaft
oscillation mode of the third SG, λ1, with a change in the
transmission line reactance XL when wind farm one contained
10, 15, and 20 PMSGs, respectively. The black, red, and blue
solid lines in Figure 13 represent the curves of the
corresponding shaft damping torque De as XL varied when
wind farm one contained 10, 15, and 20 PMSGs, respectively.
XL was set to increase from 0.2 to 0.5; i.e., the SCR decreased
from 5 to 2, and the grid connection varied from strong
to weak.

From Figures 12, 13, it can be seen that as the number of
PMSGs in the wind farm increases, λ1 gradually moves to the

FIGURE 10 | Nonlinear simulation results: (A) XL � 0.5, (B) XL � 0.4, and
(C) XL � 0.3.

FIGURE 11 | Nonlinear simulation results of critical stable state.

FIGURE 12 | Root loci of λ1 with change in XL under different number of
PMSGs.
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right half of the complex plane and the risk of instability in the SG
shaft system increases. In addition, as XL increases, the number of
PMSGs affects the stability more clearly.

The nonlinear simulation results in Figure 14 confirm the
correctness of the conclusions drawn from the previous analysis,
and the disturbance provided to the example system during the
simulation was the same as that in the previous analysis. From
the nonlinear simulation results, it can be seen that when the
wind farm contains different number of PMSGs, the system
loses stability under a small disturbance when the grid
connection is weak, whereas the system remains stable
when the connection strength is strong. In addition, as the
number of PMSGs increases, the risk of oscillation instability
also increases.

CONCLUSION

This study investigated the influence of multiple PMSGs on
the stability of the shaft system of an SG in an AC power
system and revealed the mechanism governing the effect of
the connection strength between the PMSG and AC power
system on the stability of the SG shaft system based on an
improved complex coefficient method. In addition, a
method to determine the stability of the AC power system
while considering the integration of PMSGs was developed.
The main conclusions of this study can be summarized as
follows:

1) When the length of the line connecting the PMSG to the AC
power system increases, the same voltage change that
occurs at the point of common coupling can cause a
greater power response of the PMSG, which can increase
the impact of the integration of the PMSG on the AC power
system.

2) Based on the improved complex torque coefficient method,
it is concluded that the electrical damping torque
coefficient injected by the PMSG into the SG is
proportional to the reactance of the connecting line
between the PMSG and AC power system. When the
PMSG is connected to the grid through a long-distance
line, the electric damping torque coefficient injected by the
PMSG also increases.

FIGURE 13 | Curve of De with variation in XL under different number of
PMSGs.

FIGURE 14 | Nonlinear simulation results: (A) 10 PMSGs, (B) 15
PMSGs, and (C) 20 PMSGs.
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3) The PMSG provides a large damping torque coefficient to the SG
shaft systemunder aweak grid connection. If the sensitivity of the
oscillation mode to the torque coefficient is positive, the stability
of the SG shaft system will reduce because of the weak grid
connection. If the reduced damping is greater than the damping
of the original oscillation mode, oscillation instability will occur.
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