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To alleviate environmental pollution and improve the energy efficiency of end-user
utilization, the integrated energy systems (IESs) have become an important direction of
energy structure adjustment over the world. The widespread application of the coupling
units, such as gas-fired generators, gas-fired boilers, and combined heat and power
(CHP), increases the connection among electrical, natural gas, and heating systems in
IESs. This study proposes a mixed-integer nonlinear programming (MINLP) model
combining electrical, natural gas, and heating systems, as well as the coupling
components, such as CHP and gas-fired generators. The proposed model is
applicable for either the radial multi-energy network or the meshed multi-energy
network. Since the proposed MINLP model is difficult to be solved, the second-order
cone and linearized techniques are used to transform the non-convex fundamental matrix
formulation of multi-energy network equations to amixed-integer convexmulti-energy flow
model, which can improve the computational efficiency significantly. Moreover, the
potential convergence problem of the original model can also be avoided. A simulation
of IEEE 14-node electrical system, 6-node natural gas system, and 23-node heating
system are studied to verify the accuracy and computational rapidity of the proposed
method.
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INTRODUCTION

With the rapid development of the economy, energy and environmental problems have become
increasingly prominent. How to achieve clean and efficient use of energy has become the focus of
research in recent years. The integrated energy system (IES) (Jia et al., 2015; OMalley and Kroposki,
2013) incorporates the production, transmission, distribution, conversion, storage, and consumption
of many kinds of energy; can realize the comprehensive management and economic dispatching of
electricity, heat, gas, etc.; and provides an essential solution for learning the total utilization of energy.
The energy efficiency of natural gas–based combined heat and power (CHP) units (Yang et al., 2010)
is more than 80%. It is an efficient and environmentally friendly energy supply mode and has become
an integral coupling unit among electric, gas, and heating networks. Under the IES, all kinds of
energy conversion equipment, such as CHP, gas turbine, and gas boiler, make electricity, heat, and
nature closely coupled and realize the interaction and conversion of multi-energy. The integrated
energy system recognizes the exchange and transformation of thermal/electric/gas energy, but the
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coupling of the three energy sources has dramatically changed the
system’s trend. How to effectively calculate the distribution of
multi-energy flow (multi-energy flow, MEF) (Pan et al., 2016) is
of great significance to guide the investment planning and
operation decision of IESs.

At present, aiming at the problems related to MEF, the
research at home and abroad is mainly focused on the joint
analysis of electricity/gas or electricity/heat energy networks. In
the study by Zhang (2005), a sequential solution of hybrid power
flow is proposed by combining the existing natural gas hydraulic
calculation method with the power system power flow calculation
method, and the energy concentrator model is established in the
study by Geidl and Andersson (2007), Arnold et al. (2008), Geidl
(2007). The centralized optimization algorithm and distributed
optimization algorithm are used to solve the electric/gas hybrid
optimal power flow, respectively.

From the point of view of the reliability of energy supply,
the transmission delay and compressibility of natural gas are
considered, and the optimal short-term operation of the
electricity/gas coupling system is studied in reference
Correa-Posada and Sanchez-Martin (2015). In reference Gu
et al. (2015), an optimization model of the electro-thermal
energy integrated system considering the constraints of power
network and thermal network is established, and the benefit of
wind power heating is studied. The research significance,
application prospect, and critical technologies of the
electric heating combined system with large capacity heat
storage are reviewed in reference Xu et al. (2014). Considering
the internal coupling of MEF, the decomposition algorithm of
electric/thermal/gas hybrid optimal power flow based on
energy hub is proposed in reference Moeini-Aghtaie et al.
(2014), Shabanpour-Haghighi and Seifi (2015), but the
method cannot guarantee the optimal global solution. In
reference Xu et al. (2015), a hierarchical energy
management model of the regionally integrated energy
system is established by considering timescale and network
constraints, but the consideration of thermal part is limited to
adjustable heat load.

The above research shows that MEF computing under IESs
has been widely concerned, but there are still the following
problems:

1) Most of the research objects are electricity/gas systems or
electricity/thermal systems, and there is a lack of research on
electricity/gas/thermal interconnection systems.
2 In the steady natural flow model, the velocity at the inlet and
outlet of the gas pipeline is the same, and there is a quadratic
Weymouth function relationship between the velocity of the
natural gas pipeline and the pressure difference of the gas
pipeline. However, the Weymouth equation is non-convex
and nonlinear, which brings difficulties to the MEF
calculation.

3) The original heating network power flow equation is a
nonlinear equation. The coupling relationship between
temperature and flow is strong and contains an exponential
equation, making the computational complexity high so that
the numerical stability is difficult to be guaranteed.

4) At present, the research on IESs is mainly focused on the
distribution of energy in the system, and there is a lack of
research on the coupling interaction of electricity/heat/gas
systems.

In order to solve the above problems, the MEF calculation
method of IESs with electricity, heat, and gas is studied in this
article. First, the modeling of many kinds of electro-thermal
coupling units such as CHP and the gas turbine is studied,
and the mathematical models of subsystems and coupling
links in IESs are established, and the Weymouth equation is
linearized reasonably by making use of the characteristic of short
pipeline in the natural gas network. The traditional method of
solving power flow in a power system is improved to establish a
model which is easier to solve. As for the heating system, a
method based on Taylor’s second-order expansion is
implemented to avoid the nonlinear equation in this article.
Considering different operation modes of CHP units, two
models of cogeneration are established, including the
backpressure model and the pumping model. On this basis,
the multi-energy flow solution model of the joint electric/
heating/gas network is established, and the practicability and
rapidity of the method proposed in this article are proven by
practical examples.

SYSTEM MODELING

The integrated energy system with electricity, gas, and heat is
composed of a power system, thermal system, natural gas
systems, and the coupling units such as CHP, gas turbine, and
gas boilers.

The power system mainly includes generator, electric load,
and transmission line; the thermal system mainly comprises a
heat source, heat load, supply, and reflux pipeline; and the natural
gas system includes explicitly gas source, gas load, and gas
transmission pipeline.

The classification and variables of each system node are shown
in Table 1.

For electrical networks, P, Q, V , and θ are the active power,
reactive power, voltage amplitude, and phase angle of the power
system nodes, respectively. In the natural gas network, f and π are
the natural gas injection flow and pressure of the nodes,
respectively. Ts, Tr , ϕ, andm are the supply temperature,

TABLE 1 | Different node types with their known and unknown variables.

System type Node type Known Unknown

Electric system Slack V , θ P,Q
PQ P,Q V , θ
PV P,V Q, θ

Heat system1 Slack Ts Tr , ϕ,m
ϕTs Ts , ϕ Tr ,m
ϕTr Tr ,ϕ Ts ,m

Natural gas system Slack π f
Load (source) f π
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reflux temperature, heat power, and water flow of the heat source
or heat load of the thermal system, respectively.

Heating Network
The steady-state power flow calculation model of the heating
network is divided into two parts: hydraulic model and
thermodynamic model (Liu, 2013).

Hydraulic Model
The flow of hot water in the network should meet the
fundamental law of the network: the flow of each pipeline
should satisfy the flow continuity equation at each node, that
is, the injection flow at the node is equal to the outflow; in a
closed-loop composed of pipes, the sum of the head loss of water
flowing in each pipeline is 0, that is,

{Asm � mq

Bhhf � 0
, (1)

where As is the node-branch correlation matrix of the heating
network,m is the flow of each pipeline, mq is the flow out of each
node, Bh is the loop-branch correlation matrix of the heating
network, hf is the head loss vector, and its calculation method is
as follows:

hf � Km|m|, (2)

where K is the resistance coefficient matrix of the pipeline.

Thermodynamic Model
For each heat load node, the heating temperature Ts represents
the temperature before the hot water is injected into the load
node, the output temperature To represents the temperature
when the hot water flows out of the load node, and the heat
recovery temperature Tr represents the temperature after the hot
water from the load node is mixed with the water of other pipes at
the pipe node.

The thermodynamic model is as follows:

Φ � Cpmq(Ts − To), (3)

Tend � (Tstart − Ta)e−
λL
Cpm + Ta, (4)

(∑mout)Tout � ∑minTin. (5)

Equation 3 is the expression of the node thermal power Φ of
the thermal network, andCp is the specific heat capacity of water;Eq.
4 represents the relationship between the temperature at the end of
the pipe Tend and the temperature Tstart at the beginning, Ta is the
ambient temperature, λ is the heat conduction coefficient of the pipe,
and L is the length of the pipe; Eq. 5 represents the temperature
relationship before and after the hot water is mixed at the node, and
mout ,Tout , min,Tin represent the flow rate and temperature of the
water flowing out and into the pipe, respectively.

Natural Gas Network
A natural gas system can be specified by several equations related
to various elements of this system, including pipelines,
compressors, sources, and loads. The input–output flow

balance of each node should be considered for a feasible
operational condition. The amount of gas flow through a
pipeline connected between nodes i and j in standard cubic
meter per hour (SCM/h) can be expressed by (De Wolf and
Smeers, 2000) the following:

fij � Cijsign(πi, πj)[sign(πi, πj)p(π2
i − π2

j )]0.5, (6)

Cij � 96.074830 × 10−15
Dij

λijzTLijδ
, (7)

λij � [2 log(3.7Dij

εg
)]−2

, (8)

where πi and πj are pressures at the nodes i and j, respectively.
sign(πi, πj) is a sign function of pressures where its value is +1 if
πi > πj and −1 otherwise. The pipeline constant can be computed
by Eq. 7, where z is the gas compressibility factor, T is the gas
temperature, and δ is the density of gas relative to air. Dij and Lij
are the interior diameter and length of the pipeline, respectively.
λij is the friction factor of the gas pipeline. It is computed by Eq. 8,
where εg is absolute rigidity of the pipe.

The node flow balance equation of the natural gas network is
as follows:

Δf � fl − fs +∑ fij, (9)

where fl is the natural gas flow consumed by the natural gas load,
including gas turbine, gas boiler, CHP, and conventional natural
gas load. For the compressor inlet node, it should also include the
compressor outlet flow, that is, the compressor outlet flow as the
load of the inlet node, fs is the injection flow of the gas source, and∑ fij is the flow of all non-compressor branches connected with
the node.

Electric Network
The power system model adopts the AC system model, and the
electric load of the heating system and the natural gas system is
taken into account. The balance equation of active power and
reactive power is as follows:

ΔP � PG − Pl − Re{U(YU)p}, (10)

ΔQ � QG − Ql − Im{U(YU)p}, (11)

where PG andQG are the active power and reactive power
generated by the generator, respectively; Pl andQl are the
active power and reactive power consumed by the load in the
electric network, respectively.

Coupling Units
The coupling units of electricity, gas, and heat integrated energy
systems mainly include CHP, gas boiler, gas turbine, electric
compressor, and water pump.

CHP is the main coupling unit in electric, gas, and thermal
systems. CHP is a kind of unit which not only generates electricity
by a steam turbine but also supplies heat to thermal users by
steam after power generation. The ratio of heat generation power
to electricity generation power of CHP with gas turbine and
reciprocating internal combustion engine in prime mover can be
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regarded as a constant, and the ratio of heat to electricity can be
expressed as follows:

cm � ϕCHP/PCHP, (12)

where PCHP and ϕCHP are the power generated and thermal power
of CHP, respectively, and cm is the thermoelectric ratio of CHP.

According to the working mode, CHP can be divided into back
pressure type and pumping type. The heat-power ratio of the back
pressure CHP unit is constant, while the extraction–condensation
CHP unit changes the heat-power ratio of the CHP unit by
adjusting the amount of steam extracted, and its output is mainly
related to the natural gas flow consumed, that is,

fCHP � PCHP

qgasηe
+ ϕCHP

qgasηh
, (13)

where fCHP is the natural gas flow consumed by CHP and qgas is
the calorific value of natural gas. ηe and ηh represent the power
generation efficiency and heat generation efficiency of CHP,
respectively.

The gas turbine is the equipment that consumes natural gas to
generate electric energy. The relationship models between the
consumed natural gas flow and the generated power are as follows:

fG � aG + bGϕG + cGϕ
2
G, (14)

where fG is the natural gas flow consumed by the gas turbine, PG is
the electric power generated by the gas turbine, and
aG, bG, and cG are consumption coefficients of the gas turbine.

MEF Model
Based on the above, an IES-oriented MEF model is constructed as
follows:

F(x) �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

△P
△Q
△Φ
△p
△Ts

△Tr

△f

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ΔP � PG − PL − Re{U(YU)p}
ΔQ � QG − QL − Im{U(YU)p}
CpAsm(Ts − To) −Φ � 0
BhKm|m| � 0
CsTs,load − bs � 0
CrTr,load − br � 0
fl − fs +∑ fij � 0

. (15)

In Eq. 15, the first row and the second row represent the active
power deviation and reactive power deviation of the power
system, respectively. The third to the sixth lines represent the
node thermal power deviation of the thermal system, the pressure
drop deviation of the heating network loop, the heating
temperature deviation, and the regenerative temperature
deviation, respectively. The seventh line represents the node
flow deviation of the natural gas system. PG, QG, Φ, and fl are
the active power, reactive power, thermal power, and natural gas
load given by the system, respectively. PL and QL are the total
active load and reactive load, respectively. As is the incidence
matrixes of the heating network. Cs and Cr are matrices related to
the structure and flow of heating network and regenerative
network, respectively, while bs and br are column vectors
related to heating temperature and output temperature,
respectively.

It is worth noting that the power balance equation of power
network includes trigonometric function, the flow balance
equation of gas network involves non-convex nonlinear
pipeline flow equation, and the heat network temperature
balance equation includes exponential equation so that the
IES-oriented MEF model is a non-convex nonlinear problem,
which makes it difficult for us to solve MEF directly with
traditional methods, and the calculation accuracy is difficult to
be guaranteed.

Therefore, in this article, the convex optimization of the non-
convex nonlinear equations will be carried out below, which can
not only ensure accuracy but also greatly simplify the calculation
process and shorten the calculation time.

CALCULATION METHOD OF
MULTI-ENERGY FLOW IN INTEGRATED
ENERGY SYSTEMS

Electric Network
Rectangular Formulation
Let Y denote the nodal admittance matrix, which has components
Yij � Gij + iBij for each line. The complex voltage (also called
voltage phasor) Vi at bus i can be expressed in the rectangular
form as Vi � ei + ifi.

With the above notation, the power flow conservation at each
bus is given in the so-called rectangular formulation as follows:

PG
i − Pl

i � Gii(e2i + f 2i ) + ∑
j∈δ(i)

Gij(eiej + fifj) − ∑
j∈δ(i)

Bij(eifj − fiej),
(16)

QG
i − Ql

i � −Bii(e2i + f 2i ) + ∑
j∈δ(i)

Bij(eiej + fifj) − ∑
j∈δ(i)

Gij(eifj − fiej).
(17)

Generation and voltage bounds at each bus are as follows:

(Vmin
i )2 ≤ e2i + f 2i ≤ (Vmax

i )2. (18)

Pmax
i ≤ PG

i ≤ P
max
i , (19)

Qmax
i ≤QG

i ≤Q
max
i . (20)

Here, Pl
i,Q

l
i is the summary of all kinds of active and reactive

load in the electric system.

Second-Order Cone ProgramRelaxation of Alternative
Formulation
Note that the rectangular formulation of AC power flow is a non-
convex quadratic optimization problem. However, quite
importantly, we can observe that all the nonlinearity and non-
convexity come from one of the following three forms: (1)
e2i + f 2i � |Vi|2, (2) eiej + fifj � |Vi|

∣∣∣∣Vj

∣∣∣∣cos(θi − θj), and (3)
eifj − fiej � −|Vi|

∣∣∣∣Vj

∣∣∣∣sin(θi − θj). To capture this nonlinearity,
we define new variables C, S to get rid of the variable e and
variable f (Kocuk et al., 2016). The new variables are defined as
follows:

Cii � e2i + f 2i , (21)
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Cij � eiej + fifj, (22)

Sij � eifj − ejfi. (23)

With a change of variables, we can introduce an alternative formulation
of the power flow problem in the electric system as follows:

PG
i − Pl

i � Gii(Cii) + ∑
j∈δ(i)

Gij(Cij) − ∑
j∈δ(i)

Bij(Sij), (24)

QG
i − Ql

i � −Bii(Cii) − ∑
j∈δ(i)

Bij(Cij) − ∑
j∈δ(i)

Gij(Sij), (25)

(Vmin
i )2 ≤Cii ≤ (Vmax

i )2, (26)

C2
ij + S2ij � CiiCjj, (27)

Cij � Cji, (28)

Sij � −Sji. (29)

Through the above transformation, we convex the original
Cartesian coordinate Eqs 16–20 into Eqs 24–29, which is more
convenient to solve.

Natural Gas Network
The original Weymouth equation, which represents the relationship
between the natural gas flow with the pressure at the inlet and the
outlet of a natural gas pipeline, is a non-convex and nonlinear
problem and hard to solve directly. Two approximationmethods are
used to linearize the Weymouth equation.

Method ①: One-dimensional approximation.
From Eq. 6, it can be found that the right side of Eq. 6 is a

function of π2
i and π2j . By introducing variables φi � π2

i and
φj � π2

j , Eq. 6 can be replaced with (Zhou, 2020) the following:

fij � sgn(φij)Cij

���∣∣∣∣∣φij

∣∣∣∣∣√
, (30)

φij � φi − φj. (31)

In addition, the node pressure constraint can also be replaced
with the following:

(πmin
i )2 ≤φi ≤ (πmax

i )2, (32)(πmin
j )2 ≤φj ≤ (πmax

j )2. (33)

It can be seen that constraint Eq. 30 is a one-dimensional
nonlinear equation, which greatly simplifies the linearization
process. The upper and lower limits of φij can be determined
by the following formula:

φmax
ij � (πmax

i )2 − (πmin
j )2, (34)

φmin
ij � (πmin

i )2 − (πmax
j )2. (35)

The range [φmin
ij ,φmax

ij ] φij can be divided into Nij segments,
and the nonlinear Eq. 30 can be transformed into Eqs. 36–39:

φij � φij0 + ∑Nij

p� 1

σ ij,p. (36)

fij � fij0 +∑Nij

p�1
Kij
p σ ij,p, (37)

zij,p+1 · (φij,p − φij,p )≤ σ ij,p, (38)

σ ij,p ≤ zij,p · (φij,p − φij,p ), (39)

where p is the one-dimensional piecewise linear segment number
index, zij,p is the binary variable used in the one-dimensional
linear approximation method, and Kij

p is the constant of the one-
dimensional linear equation.

Method ②: Taylor expansion approximation.
We linearize Eq. 6 by Taylor expansion (Manshadi and

Khodayar, 2015) as follows:

fij � Cij(πiπ
0
i − πjπ

0
j )/ ������������∣∣∣∣∣(π0

i )2 − (π0
j )2∣∣∣∣∣√

, (40)

where π0
i is the initial pressure value of the node i at the beginning

of the optimization period and is a known quantity.
The linearization using the Taylor series is valid only if the

difference in natural gas pressure between the inlet and outlet of
the pipeline is assumed to be limited, that is, there is no significant
pressure drop in the pipeline.

This is a reasonable assumption for the short pipelines used in
microgrids. The limitation on the node pressure on the gas
pipeline network guarantees the accuracy of the
approximation. The Weymouth equation is linearized around
the initial point procured by solving optimal energy flow within
the microgrid considering no disruptions.

By Method ①, we replace the non-convex and nonlinear
pipeline Eqs 6–9 with the linear model consisting of Eqs
36–39. By Method ②, we transform the original Weymouth
Eq. 6 into the linear model of Eq. 40. Both of them are mature
methods and help to solve the problem quickly.

Heating Network
The heating network model studied in this article is the radiant
heat network model. The original heating network power flow in
Eqs 1–5 is a nonlinear equation. The coupling relationship
between temperature and flow is strong and contains an
exponential equation, making the computational complexity
high so that the numerical stability is difficult to be guaranteed.

Therefore, this study adopts themethod (Sun et al., 2020) based on
Taylor’s second-order expansion; the specific contents are as follows:

To get the flow mi of the pipe i in Figure 1, we define
n1 � m1/mi, n2 � m2/mi···ni−1 � mi−1/mi, ni � 1; thus,

Ts − To

Ts − Ta
m2

i − ⎡⎣λ1L1n1
+ λ2L2

n2
+/ + λiLi

ni
Cp

+ ϕi

Cp(Ts − Ta)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ×mi+
(λ1L1n1

+ λ2L2
n2

+/ + λi Li
ni
)2

2C2
P

� 0.

(41)

When calculating n1n2,···,ni−1, the heat loss of the pipe
network is ignored, and the heat energy flowing through the
pipe i is set to φi. While to figure the pipe flowmi into the load node,

we set n1 ≈
Cpm1T1

CpmiTi
� φ1

φi
, n2 ≈

Cpm2T2

CpmiTi
� φ2

φi
··· nk ≈ CpmkTk

CpmiTi
� φk

φi
as the

temperature change of the water supply network node is small. k is
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the number of the pipe throughwhich the flowmi flows andφk is the
heat energy flowing through the pipe k. Thus, we can define

A � Ts − To

Ts − Ta
;C � (λ1L1n1

+ λ2L2
n2

+/ + λiLi
ni
)2

2C2
P

,

B � −⎛⎝λ1L1
n1

+ λ2L2
n2

+/ + λiLi
ni

Cp
+ ϕi

Cp(Ts − Ta)
⎞⎠

Then the Eq. 42 can be simplified as follows:

Am2
i + Bmi + C � 0. (42)

The value of C is generally less than 10−4 orders of magnitude,
then formula (42) can be approximated to

Ami + B � 0. (43)

In this article, we define Eqs 42, Eqs 43 as model 2 and model
1, respectively.

The flow rate of each pipeline flowing into the load node can
be calculated directly by Eq. 42 or Eq. 43, and the supply
temperature, return temperature, and pipe flow rate of each
node of the heating network can be obtained according to Eqs
1, 3–5.

Model 1 and model 2 decouple the water supply network and
the backwater network, decouple the temperature and flow, the
model is simple, the amount of calculation is small, and the
derivation is based on Taylor’s second-order expansion, and the
solution accuracy is higher.

Through the above transformations and simplifications, the
original MINLP (mixed-integer nonlinear programming) is
reduced to a MICP (mixed-integer convex programming)
problem, which can be effectively solved by commercial solvers.

CASE STUDIES AND ANALYSIS

Case Introduction
In the example of the integrated energy system used in this
article, the power system is an IEEE standard 14-bus system
(Kersting, 1991), as shown in Figure 2, in which the
generator node is replaced by CHP. In order to match the
capacity and power of CHP, the load is increased to 3.6 times,
and the active load with a certain capacity is arranged at the
balance node. The natural gas system is a 6-node system, and
its line parameters refer to the study by Cong Liu et al. (2009).

The thermal system adopts the 23-node system in the
reference Sun et al. (2020). The topological structure of
each system is shown in Figures 2–4. In this article, the
FMINCON solver is used to calculate the multi-energy flow
in the MATLAB platform.

The coupling units between the power grid and the heating
network mainly include the CHP units of each coupling node and
the coupling unit of the power grid, the gas network includes the
CHP of each coupling node and the gas turbine, and the coupling
unit between the heat network and the gas network mainly
includes the CHP of each coupling node. The connecting

FIGURE 1 | A radial district heating network of multiple nodes.

FIGURE 2 | IEEE standard 14 bus system.

FIGURE 3 | Topological structure of the gas network.
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nodes and types of coupling units in each network are shown in
Table 2.

In the model of gas turbine, the model parameters of
aG � cG � 0, bG � 167.1m3/MWh. In the model of CHP, this
article considers two models: Model I is the pumping type,
and Model II is the backpressure type. The parameters of
CHP units are shown in Table 3.

Results and Analysis
In this study, we use twomodels to calculate the mass flow of each
pipeline, water supply temperature, and return temperature of
each node in the heating network. As is mentioned above, we
define Eq. 43 as Model 1 and Eq. 42 as Model 2. Besides, we
define Model 3, the control group, as the original model without
linearization. The results of the heating network are shown in
Tables 4–6.

In the process of solving, we find that the solving time of mode
1 and mode 2 is millisecond, while that of mode 3 is 21 s. In terms
of solving time, the two models have the advantages of small
amount of calculations and fast calculation speed.

From the above data, we can see that the maximum error of
mass flow in Models 1 and 2 is 0.0058%, the maximum error of
water supply temperature is 0.0075%, and return water is the

same as that of Model 3. Both Models 1 and 2 have a high
precision of solution. While it comes to each pipe’s mass flow,
Model 2 is more precise because the constant C has influence.
Therefore, we use the results of Model 2 for the following
calculation.

FIGURE 4 | Topological structure of the heating network.

TABLE 2 | Connecting nodes and types of coupling units.

Gas node Electric node Heating node Coupling units

2 1 23 CHP
3 2 − Gas turbine
5 6 − Gas turbine

TABLE 3 | Parameters of CHP.

Model Relationship Parameters

I cm � ϕCHP/PCHP cm � 0.6
FCHP � PCHP/ηe ηe � 0.5

II fCHP � PCHP
qgasηe

+ ϕCHP
qgasηh

ηe � 0.5
ηh � 0.6

TABLE 4 | Mass flow rates of the models.

Flow (kg/s) Error (%)

Pipe number Model 1 Model 2 Model 3 Model 1 Model 2

1 20.6611 20.6607 20.6607 0.0019 0
2 18.9458 18.9454 18.9454 0.0021 0
3 15.5065 15.5062 15.5062 0.0019 0
4 13.7888 13.7884 13.7884 0.0029 0
5 10.3437 10.3434 10.3434 0.0029 0
6 3.4499 3.4498 3.4498 0.0029 0
7 1.7268 1.7268 1.7268 0 0
8 1.7153 0.7153 0.7153 0 0
9 3.4393 3.4393 3.4393 0 0
10 1.7199 1.7199 1.7199 0 0
11 1.7194 1.7194 1.7194 0 0
12 1.7177 1.7177 1.7177 0 0
13 3.4451 3.4451 3.4451 0 0
14 1.723 1.723 1.723 0 0
15 1.7221 1.7221 1.7221 0 0
16 1.7195 1.7195 1.7194 0.0058 0.0058
17 5.1743 5.1741 5.1741 0.0039 0
18 3.4528 3.4527 3.4527 0.0029 0
19 1.7257 1.7256 1.7256 0.0058 0
20 1.7214 1.7214 1.7214 0 0
21 1.7271 1.7271 1.7271 0 0
22 1.7231 1.7231 1.7231 0 0

TABLE 5 | Water supply temperature and error of the models.

Node Ts(°C) Error (%)

Model 1 Model 2 Model 3 Model 1 Model 2

1 99.9665 99.9665 99.9666 0.0001 0.0001
2 99.929 99.929 99.9301 0.0011 0.0011
3 99.8864 99.8864 99.8871 0.0007 0.0007
4 99.8348 99.8348 99.8362 0.0014 0.0014
5 99.7681 99.7682 99.7695 0.0014 0.0013
6 99.6203 99.6203 99.6228 0.0025 0.0025
7 99.2364 99.2364 99.2389 0.0025 0.0025
8 99.7032 99.7032 99.7036 0.0004 0.0004
9 99.7978 99.7978 99.7989 0.0011 0.0011
10 99.5148 99.5148 99.5160 0.0012 0.0012
11 99.5362 99.5362 99.5370 0.0008 0.0008
12 99.6028 99.6028 99.6036 0.0008 0.0008
13 99.6635 99.6635 99.6030 0.0005 0.0005
14 99.3914 99.3914 99.3909 0.0005 0.0005
15 99.4266 99.4266 99.4280 0.0014 0.0014
16 99.5325 99.5325 99.5339 0.0014 0.0014
17 99.6893 99.6893 99.6912 0.0019 0.0019
18 99.5164 99.5164 99.5187 0.0023 0.0023
19 99.2823 99.2823 99.2845 0.0022 0.0022
20 99.4541 99.4541 99.4560 0.0019 0.0019
21 99.234 99.234 99.2266 0.0075 0.0075
22 99.3862 99.3862 99.3881 0.0019 0.0019
23 100 100 100 0 0
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This study considers two models of CHP units and two
linearized methods of the gas network. We define the one-
dimensional approximation method in the gas system as
Method ① and the Taylor expansion approximation method
as Method ②. So there are four running combinations in the
following calculation, just as Table 7 shows. The gas network and
electric system results are shown in Tables 8–12, including
pressure, mass flow, voltage amplitude, and voltage phase angle.

By comparing the results of combinations 1 and 3, and
combinations 2 and 4, we can see that no matter which mode

the CHP unit runs in, there is a great difference between the
results of Methods① and②, although the solving speed of both
methods is in millisecond. The decisive factors of the accuracy of
the twomethods are different. Method① depends on the number
of segments and the value of constant K , while Method② is only
related to the initial value.

For Method ①, if we want to pursue accuracy, we need to
divide more segments to achieve a higher degree of
approximation. Still, at the same time, it also increases more
unknowns and the amount of calculation, and the operation time
becomes longer. Although Method ② is only suitable for
networks with short pipeline length, it has a small amount of
calculation. It involves fewer unknowns, while the natural gas
network pipeline used in this study is shorter, so Method ② is
more suitable for this study.

By comparing the results of combinations 1 and 2 and
combinations 3 and 4, it can be seen that whichever method
solving the gas system is adopted, power generated by the CHP
unit is different between the twomodels. Model II generates more
power than Model I, and at the same time, gas turbines generate
less power in Model I than in Model II. Besides, when the
operation mode of the CHP unit changes, the electric power
generated by the CHP unit and the natural gas consumed change,
which leads to the change of the power flow distribution of the
power grid and the gas network, while in Model I, the electric
power generated by the CHP unit depends on the thermal power
generated by the CHP unit in the heating network. If the thermal
power changes, the power flow distribution of the gas network,
and the power grid will also be affected by it.

It can be seen that in the electric/thermal/gas integrated energy
system, each network is connected into an inseparable whole
through coupling units such as CHP and gas turbine, and the

change of network state will affect the trend of other networks
through the coupling unit.

CONCLUSION

To calculate the integrated energy system combined with
electricity, gas, and heat more quickly and accurately, a
comprehensive multi-energy flow calculation model based on
convexification is proposed in this study. Themodel is established

TABLE 6 | Water return temperature and error of the models.

Node Tr(°C) Error (%)

Model 1 Model 2 Model 3 Model 1 Model 2

1 29.8834 29.8834 29.8834 0 0
2 29.8862 29.8862 29.8862 0 0
3 29.8903 29.8903 29.8903 0 0
4 29.8958 29.8958 29.8958 0 0
5 29.9075 29.9075 29.9075 0 0
6 29.931 29.931 29.931 0 0
7 30 30 30 0 0
8 30 30 30 0 0
9 29.9393 29.9393 29.9393 0 0
10 30 30 30 0 0
11 30 30 30 0 0
12 30 30 30 0 0
13 29.9434 29.9434 29.9434 0 0
14 30 30 30 0 0
15 30 30 30 0 0
16 30 30 30 0 0
17 29.9177 29.9177 29.9177 0 0
18 29.9412 29.9412 29.9412 0 0
19 30 30 30 0 0
20 30 30 30 0 0
21 30 30 30 0 0
22 30 30 30 0 0
23 29.876 29.876 29.876 0 0

TABLE 7 | Four combinations.

Combination 1 Model I + method
①

Combination 2 Model II + method ①

Combination 3 Model I + method ②

Combination 4 Model II + method ②

TABLE 8 | Pressure of each node in the gas system.

Gas node Pressure (Psig)

Combination 1 Combination 3 Combination 2 Combination 4

1 107.0915 109.6277 107.0289 109.0757
2 133.8886 129.5726 133.6266 131.1822
3 135.2396 129.6926 135.3875 131.966
4 137.1188 136.2581 140.8183 141.6308
5 149.556 149.2142 142.3953 143.202
6 158.1924 161.0799 161.0983 155.5046
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TABLE 9 | Mass flow of each pipe in the gas system.

Pipeline Flow (kcf/h)

Combination 1 Combination 2 Combination 3 Combination 4

2–1 4106.1 3529.9 4086.3 4066.7
4–2 1601.2 2311.5 2225.8 2288.8
5–2 2517.4 2489.9 1859.6 1946.7
5–3 2778.4 1849.2 2050.5 1783.7
6–5 2439.3 2321 3428.7 1544.3

TABLE 10 | Voltage amplitude of each node in the electric system.

Node U

Combination 1 Combination 2 Combination 3 Combination 4

1 1.050461 0.942615 1.011018 0.996373
2 1.01848 1.059009 0.955131 1.0134
3 1.000828 0.995836 0.936912 0.997238
4 1.006891 0.956647 0.92582 1.002857
5 1.013993 1.016496 0.942598 0.992307
6 1.034163 0.995408 1.033986 1.004626
7 1.001988 0.978388 1.004413 1.002017
8 1.003753 1.006189 0.993287 0.999689
9 1.017289 1.040408 0.976217 0.992902
10 0.998618 0.972677 0.974783 1.008444
11 1.008466 1.009186 0.981983 0.993226
12 0.985091 1.003573 1.042348 1.003948
13 0.991417 0.992899 0.99246 0.992682
14 0.960597 1.001363 1.001352 1.003829

TABLE 11 | Voltage phase angle of each node in the electric system.

Node Phase angle

Combination 1 Combination 2 Combination 3 Combination 4

1 0.839233 0.959958 0.923346 0.964182
2 0.432282 0.425692 0.479204 0.474099
3 −0.12441 −0.11958 −0.17326 −0.10111
4 0.071661 0.088176 0.06861 0.087963
5 0.180929 0.184882 0.192548 0.203757
6 −0.06562 −0.07068 −0.05942 −0.09531
7 −0.10884 −0.11696 −0.11851 −0.1062
8 −0.10884 −0.11696 −0.11851 −0.1062
9 −0.20458 −0.21788 −0.21355 −0.21123
10 −0.20352 −0.20288 −0.21466 −0.22847
11 −0.14784 −0.16606 −0.14369 −0.17439
12 −0.12905 −0.16711 −0.16322 −0.18651
13 −0.16112 −0.18464 −0.15612 −0.20356
14 −0.27028 −0.29596 −0.30276 −0.31702

TABLE 12 | Power generated by gas turbines and the CHP.

Coupling units P (MW)

Combination 1 Combination 2 Combination 3 Combination 4

Gas turbine 1 0.742989 0.657478 0.858009 0.635194
Gas turbine 2 0.755985 0.701598 0.933628 0.51578
CHP 10.0983 10.9330 10.0983 10.9545
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according to the different characteristics of electricity, heat, and
gas networks. The natural gas network pipeline model is
linearized reasonably, which greatly reduces the complexity
of the model. In the heat network, two kinds of radiant heat
network models that can be solved quickly are established, and
the original model is transformed into the problem of solving
univariate first-order equation and univariate quadratic
equation, respectively; the amount of calculation of which is
small, and the calculation speed is fast without any convergence
problem. Considering the backpressure type and the pumping
type of CHP, four running combinations combined with two
models of CHP and two methods of the gas system have been
established. Finally, the simulation results show that the
algorithm can complete the convergence quickly, proving the
algorithm’s rapidity and practicability. In addition, the
algorithm used in this study takes into account the

interaction between different networks, which can quickly
get the distribution of the comprehensive power flow of the
system.
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