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From the experiment of Li et al. (2015) it was observed that the generation of freak waves

in random wave trains may be attributed to the focusing of double wave groups with

different peak frequencies. In order to investigate this generation process, a modified

wave focusing experiment is carried out, in which the focused waves are generated by

twowave groups with different peak frequency differences, assumed to focus at the same

point and time. By analyzing the evolutions of the free surface elevation and wavelet

spectra of the experimental data, it can be verified that the focusing of double wave

groups can reproduce the generation process of the freak waves in random wave trains

well. Phase lags of the double wave groups focusing relative to the linear superposition

of the corresponding single wave group and changes in the amplitude spectra during

the focusing process are obviously observed. The method for the symmetry-based

separation of harmonics illustrates that the phase shifts are mainly caused by the

third-order non-linearity due to interactions between the twowave groups, rather than the

even-order non-linearity. Third-order non-linearity makes the amplitude of waves small

in the high-frequency region, resulting in a shift of the actual focusing location from

the target location. Further investigations are conducted with the numerical simulation

based on the High Order Spectral (HOS) method. The wavenumber-frequency spectra

explain the evolution of the amplitude spectra and changes in the dispersive properties

both in time and space, demonstrating that the third-order non-linearity changes the

dispersion relationship of the wave components more intuitively. The above phenomena

become obvious for the cases with smaller peak frequency differences wave spectra. All

these observations will lead to a better understanding of the mechanism of freak wave

generation and lay an important foundation for the low-cost and large-scale development

and utilization of ocean wave energy resources.

Keywords: freak wave, wave focusing, double wave groups, third-order non-linearity, wave number-frequency

spectrum

INTRODUCTION

Given the future of conventional energy sources, there is a great need to establish sustainable energy
systems for substitution (Cruz, 2008). Currently, ocean wave energy, as a large, widespread, and
environmental renewable resource, is in the spotlight with large potential and consequently more
and more wave energy devices come into being (Tunde and Hua, 2018). Generally, the higher the
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wave height is, the greater the ocean wave energy that can be
converted. However, extremewaves (freak waves or rogue waves),
which possess the characteristic of large wave heights and strong
non-linearity, often exceed the endurance limit of wave energy
devices and cause huge damage to these devices as well as serious
loss of life and property (Kharif and Pelinovsky, 2003; Toffoli
et al., 2005; Bitner-Gregersen and Toffoli, 2014). In recent years,
as human activities (such as the exploration and development
of marine resources) move toward the deep ocean and become
frequent, the chance to encounter freak waves increases. How
to avoid the damage caused by extreme waves is one issue that
must be faced in the process of promoting the development of
ocean wave energy. Thus, study on the freak wave generation
is of great practical significance, and it should attract more and
more attention.

Freak waves are universal in real sea states and have been
observed under various circumstances. To understand the
complex phenomenon, associated research has been conducted
on the physical mechanisms of freak wave generation, which can
be categorized into two types: linear and non-linear mechanisms
(Kharif and Pelinovsky, 2003; Dysthe et al., 2008; Adcock and
Taylor, 2014). Early studies on the generation of freak waves
focused on the linear mechanism, in which the wavefield can
be considered as the sum of a large number of independent
monochromatic waves with different frequencies and directions
of propagation. The dispersion of the waves, the refraction
effect of the terrain, the modulation of the current field, and
the interaction of waves propagating in different directions
can also lead to the generation of freak waves (Kharif and
Pelinovsky, 2003). Many researchers have adjusted the initial
phase of each wave component and used linear superposition
to focus at a specified location and time to form freak waves
(Zhao et al., 2009, 2020; Li and Liu, 2015). Although the linear
mechanism can directly explain the generation of freak waves,
the assumption of linearity does not involve any non-linear
dynamic processes.

The non-linear mechanism on the generation of freak waves
has been studied by modulation instability; or Benjamin-Feir (B-
F) instability by Benjamin and Feir (1967). They showed the
existence of B-F instability in laboratory experiments, where
the Stokes wave trains were unstable with small disturbances
of the sideband wave. Tulin and Waseda (1999) conducted
a systematic study in a large wave flume using wave trains
with initially imposed sidebands. Osborne (2001), Dyachenko
and Zakharov (2005), Zakharov et al. (2006), and Tao et al.
(2011) investigated freak wave generation in the context
of Stokes wave trains. Onorato et al. (2006, 2009), Zhang
et al. (2013), and Li et al. (2015) studied the irregular
wave trains characterized by the JONSWAP wave spectrum
in the experimental wave flume and analyzed the occurrence
probability along the wave flume. The results demonstrated
that the non-linear modulation has a great influence on the
statistical properties of the random wave trains, resulting in
a high occurrence probability of freak waves in the long-
crested sea state. These studies indicate that non-linear instability
has an important role in the generation mechanism of
freak waves.

However, from the experiment of Li et al. (2015), two wave
groups with different frequency components in the random wave
trains can be observed: one wave group with comparatively
lower frequency (with a higher group velocity) components
lagged behind another group with higher frequency (with a
lower group velocity) components. As the wave propagated,
the low frequency group caught up with the high frequency
one. Superimposed wave energy and the interaction between
different frequency components can lead to a large wave height.
This implies that two wave groups with different frequency
componentsmight generate freak waves, and the superposition of
two wave groups may be an extension to the previous mechanism
of freak wave generation.

To investigate this focusing process deeply, focused waves
are generated by two wave groups in an experimental wave
flume. These two wave groups, with different peak frequencies,
are assumed focusing at the same location and time. The
experimental setup is detailed in section Experimental Method.
The focusing process generated by the double wave groups is
further analyzed in section Results and Analysis. In section
Numerical Simulation, a numerical model based on the
High Order Spectral (HOS) method is used to explore the
wavenumber-frequency spectra of the focused wave trains.
Conclusions and discussions are presented in the last section.

EXPERIMENTAL METHOD

Experimental Arrangement
The physical experiment was carried out in the State Key
Laboratory of Coastal and Offshore Engineering, Dalian
University of Technology, China. The wave flume is 69.0m long,
2.0m wide, and 1.8m deep, with 1.2m experimental water depth.
The experimental setup is shown in Figure 1. A piston-type
wavemaker is equipped on the left side of the wave basin and
a wave absorber is set at the end side to absorb the incoming
waves and to minimize wave reflection. Twenty-five wave gauges
are arranged to measure the free surface elevations at different
pre-setting locations along the wave flume. The first wave gauge
is located 3.0m away from the wavemaker to measure the
input wave parameters in the wave flume. Gauges 1–4 and 22–
24 are placed at 5.0m intervals from each other. Gauge 25 is
located 3.0m behind Gauge 24. Near the region of the designed
wave focusing, Gauges 4–22 are installed at small intervals.
The data measurement is synchronized with the wavemaker,
and the sampling frequency is 50Hz. The time series of the
free surface elevation are recorded by using capacitance-type
wave gauges. The absolute accuracy of each wave gauge is of
order ±1mm. Prior to measurement, each wave gauge has been
carefully examined for soundness and then calibrated to ensure
their accuracy. Each case has been repeated three times and shows
good repeatability.

Generation of Double Wave Groups
Focusing
The free surface elevation of double wave groups focusing can be
achieved by the superposition of the corresponding single wave
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FIGURE 1 | Sketch of the experimental setup.

group. The single wave group can be expressed as Rapp and
Melville (1990):

η(x, t) =

Nf
∑

i=1

ai cos
[

ki(x− xb)− 2π fi(t − tb)
]

(1)

where the subscript i stands for the i-th wave component. Nf is
the total number of wave components in a single wave group.
xb and tb are the assumed wave focusing location and time,
respectively. ai, ki, and fi are the wave amplitude, wave number
and wave frequency of each component. The value of ki can be
obtained through the dispersion equation:

(

2π fi
)2

= gki th kih (2)

where h is the water depth.
In this paper, wave groups are considered to be uni-

directional, the wave amplitude of each component ai
is determined by the wave spectrum S(f ) using the
following equation:

ai = Ab
S(fi)1f

Nf
∑

n=1
S(fn)1f

(3)

where Ab is the assumed focusing wave amplitude. S(f ) is a
JONSWAP spectrum (Goda, 1999), which is expressed as:

S
(

f
)

= αH2
1/3T

−4
P f−5 exp[−

5

4
(Tpf )

−4]γ exp[−(f /fp−1)2/(2σ 2)] (4)

where α = 0.06238/[0.230+0.0336γ−0.185(1.9+γ )] (1.094–
0.01915lnγ ), σ = 0.07 (f < fp), and σ = 0.09 (f ≥ fp). H1/3 is the
significant wave height, here normalized as H1/3 = 1 to achieve
the wave amplitude of each component ai in Equation (3). Tp

is the peak wave period corresponding to the peak frequency fp.
The shape parameter γ = 3.3 is used in this paper. Equation (3)
indicates that the distribution of the amplitude over frequency or
amplitude spectrum takes the same shape with that of the used
wave spectrum.

Two single wave groups defined by Equation (1) are focused
at the same location and time to generate focused waves. In the
experiment, displacement of wavemaker, X(t), of these two single
wave groups are superimposed together directly. Double wave
groups of different frequencies are generated and propagated
up to the region of wave focusing. In the region of wave
focusing, the wave energy of two wave trains is concentrated,
and consequently, focusing waves can be produced in both
experimental and numerical simulation.

Wave Conditions
The experiment in this paper contains two parts: individual
single wave group focusing and double wave groups focusing.
All experimental parameters are given in Table 1. Table 1(A) lists
wave parameters of individual single wave group focusing, with
target wave focusing time, location, and discretization of the wave
spectrum. Four cases with different wave amplitudes and peak
frequencies fp are considered. Appropriate focusing amplitudes
Ab are chosen so that there is no wave breaking during the
process of the double wave groups focusing. Positive value of Ab

means crest focusing. In the experiment, corresponding trough
focusing is generated by multiplying the wavemaker signal of
crest focusing with −1. kp and Lp are the wave number and the
wavelength corresponding to the peak frequency, respectively.
Due to the non-linearity in the propagation of the wave trains,
the actual focusing location will have a small shift from the
input focusing location. The experiments of individual single
wave group focusing are adjusted by the correction of the input
focusing location and time, to ensure the wave groups of these
four different cases to be focused at the same position (xb =
22m) and time (tb = 60 s). Wave spectra are discretized in the
same frequency range (0.4–2.0Hz) with the same number of
wave components Nf= 200. Wave frequencies are uniformly
discretized in the frequency region.

And then input the new wavemaker signals, composed by the
superimposition of the first three cases (CaseI, Case II, and Case
III) with that of the last case (Case IV) respectively, into the
wavemaker system to produce the double wave groups focusing
in the experimental flume. The experimental cases for double
wave groups focusing are listed in Table 1(B). “Case_A” and
“Case_B” stand for the cases of single wave group propagation,
respectively. “Case_AB” stands for the case of double wave
groups focusing. The term fp1 and fp2 are peak frequencies
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TABLE 1 | Experimental parameters.

(A) Single wave group focusing

Case fp

(Hz)

Ab

(cm)

kp

(m−1)

Lp

(m)

kpAb xb

(m)

tb

(s)

Frequency range (Hz) Nf

Case I 1.1 1.94 4.87 1.30 0.1 22 60 [0.4, 2.0] 200

Case II 1.0 3.17 4.02 1.56 0.1

Case III 0.8 4.32 2.58 2.43 0.1

Case IV 0.7 4.39 1.97 3.13 0.1

(B) Double wave groups focusing

Case fp1 (Hz)

fp2 (Hz)

1fp(Hz) Ab(cm) Focusing amplitude xb
′ (m)

Linear A′

L

(cm)

Experimental

Ab
′ (cm)

Case Case 1_A (Case I) 1.1 0.4 1.94 6.33 6.66 22.2

1_AB Case 1_B (Case IV) 0.7 4.39

Case Case 2_A (Case II) 1.0 0.3 3.17 7.56 7.95 22.4

2_AB Case 2_B (Case IV) 0.7 4.39

Case Case 3_A (Case III) 0.8 0.1 4.32 8.71 9.83 22.5

3_AB Case 3_B (Case IV) 0.7 4.39

FIGURE 2 | Wavemaker (x = 0 m) displacement of the (A) independent single wave group focusing and (B) double wave groups focusing for Case 1.

of the high-frequency group and the low-frequency group,
respectively.1fp (=fp1-fp2) is the difference between the two peak
frequencies. Figure 2 presents the displacement time series of the
wavemaker for Case 1_AB. The upper figure shows wavemaker
displacement for two individual single wave group focusing, and
the lower figure shows the superposed wavemaker displacement
to generate focused double wave groups.

The actual amplitude spectra measured at 5.0m away from
the wavemaker for these three cases [listed in Table 1(B)] are
illustrated in Figure 3. As the difference between the two peak
frequencies1fp is larger, the two peak amplitude spectra become
evident. Table 1(B) also lists the measured focusing amplitude
and location of these three double wave groups. The actual
focusing amplitudes from the experiment Ab

′ are larger than
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FIGURE 3 | Actual amplitude spectra at the location x = 5.0m for different

peak frequently differences.

those obtained from the linear sum of the corresponding single
wave group AL

′, and the actual focusing locations xb
′ are shifted

in the downwind direction from the focusing location of the
corresponding single wave group. With the fixed steepness (i.e.,
the same non-linear strength), the changes in the focusing
amplitude and location are related to the differences between
the two peak frequencies 1fp. They increase as 1fp values
decrease. This phenomenon is mainly caused by the interactions
between two single wave groups, which will be explained in the
following section.

RESULTS AND ANALYSIS

Evolution of the Wavelet Spectra
To investigate the evolution process during wave propagation,
wavelet transform (WT) analysis is used. WT analysis is
suitable for wave data of non-Gaussian, non-stationary, transient
phenomena like freak waves. As the mother wavelet function,
Morlet wavelet is used to analyze wave data given as the below
(Torrence and Compo, 1998; Li et al., 2015):

ψ (t) = π - 14 exp

(

−
t2

2

)

exp(iω0t) (5)

where ω0 is the frequency of the mother wavelet, and its value
depends on the input spectrum in the analysis.

Wavelet spectra at different locations for Case 1_AB are
presented in Figure 4. From Figure 4A, it can be observed that,
at the location near the wavemaker (x = 3.0m), one wave group
with high frequency components is followed by the other one
with low frequency components, and these two wave groups are
almost completely separated. As the wave propagates, the low
frequency group catches up with the high frequency group. The
energy of two successive groups are approaching gradually, and
the amplitude of waves increases in Figure 4B. At the focusing
location x = 22.2m, the wavelet power becomes sharp, and the
largest wave ismeasured which has the typical “three sisters” form
in Figure 4C (Haver, 2004). High frequency components can be

found obviously in the wavelet spectra. After wave focusing, the
two wave groups begin to separate. Eventually, the low frequency
group is followed by the high frequency group. Evolutions of
the wavelet spectra are consistent with those of the freak wave
formation in random wave trains shown in Li et al. (2015).
This implies that the focusing of the double wave groups can
reproduce the generation process of the freak waves in random
wave trains well.

Comparison of the Free Surface Elevation
Figure 5 compares the time history of the free surface elevation
between the linear superposition of the corresponding single
wave group focusing listed in Table 1(A) (black solid lines)
and the actual experimental data of the double wave groups
focusing (red solid lines) for three cases listed in Table 1(B).
At the location near the wavemaker (x = 3.0m), the red and
black lines are almost identical, indicating that the interactions
between the two wave groups are very small. After wave
focusing, there are obvious phase lags between these two focusing
processes, especially for the high frequency group. The phase
lag remains after two wave groups are separated. This may be
caused by the high order non-linearity due to the interaction
between two wave groups (i.e., the high order waves that
no longer obey the linear dispersion relationship) during the
wave focusing process. It will be analyzed quantitatively in a
later section. Furthermore, the non-linear interactions mainly
affect the high frequency components, therefore obvious phase
lag is observed for the high frequency part of the double
wave groups.

Analysis of the Amplitude Spectra
The amplitude spectra of the double focused groups and those
of the corresponding single group at different locations for
Case 1_AB are illustrated in Figure 6. In order to facilitate
a more detailed observation, amplitude spectra are given in
both a linear scale (on the left side of the figure) and a semi-
log scale (on the right side of the figure). The vertical dotted
lines represent the peak frequencies of the corresponding single
wave group. The amplitude spectra of two single wave groups
experience almost no changes during the wave focusing process.
In contrast, the amplitude spectra change during the process of
the double wave groups focusing (see Figure 6C). As the double
wave groups approach the focusing location and the two wave
groups begin to interact, the peak amplitude on its left side of
the high frequency group (0.8–1.1Hz) gradually decreases, while
the amplitude of higher frequency (1.2–3.0Hz) components
increase. Consequently, the energy of the high frequency (0.8–
1.1Hz) components transfer to the higher frequency (1.2–
3.0Hz) components. At the focusing location, the interaction
between the two wave groups becomes strong, and the change
of the amplitude spectrum is obvious. After wave focusing,
the amplitude spectra are similar to the one before the wave
focusing. It can be noted that the amplitude spectra of the
low frequency (0.5–0.8Hz) components experience almost no
changes during the whole process. Similar phenomena are
observed for Case 2_AB and Case 3_AB, and the amplitude
spectra during the wave focusing are given in Figure 7. Similar
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FIGURE 4 | Wavelet spectra at different locations for Case 1_AB. (A) x = 3.0 m, (B) x = 13. 0 m, (C) x = 22.2 m, (D) x = 27.0 m (E) x = 32.0 m and (F) x = 40.0 m.

to Case 1_AB, significant changes also occur in the higher
frequency region, especially at the focusing location, while
there is a small change in the low frequency part during the
focusing process.

Separation of the Harmonic Components
The above observation implies that there are strong non-
linear interactions between two wave groups during the wave
focusing process. To further analyze the non-linear interactions,
a method for the symmetry-based separation of harmonics is
used to separate the different harmonic components of the
free surface for the focused waves (Johannessen and Swan,
2003; Fitzgerald et al., 2014; Zhao et al., 2017). According

to their method, the free surface elevation of the crest
focused group η(c) and trough focused group η(t) can be
expressed as:

η(c) =
∑

i

G1

(

ai, ki, h
)

+
∑

i

∑

j

G2

(

aiaj, ki, kj, h
)

+
∑

i

∑

j

∑

l

G3

(

aiajal, ki, kj, kl, h
)

+ ... (6)

η(t) = −
∑

i

G1

(

ai, ki, h
)

+
∑

i

∑

j

G2

(

aiaj, ki, kj, h
)

−
∑

i

∑

j

∑

l

G3

(

aiajal, ki, kj, kl, h
)

− ... (7)
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FIGURE 5 | The comparisons of the surface elevations between the linear superposition of the corresponding single wave group focusing and the double wave

groups focusing (black solid lines represent the linear superposition of single wave group focusing, and red solid lines represent the double wave groups focusing).

(A) Case 1_AB, (B) Case 2_AB, (C) Case 3_AB.

where G represents functions of the amplitudes ai, wave
number vectors ki, and water depth h, respectively.
Therefore, the function G can represent the various
interactions of different wave components during
the wave focusing event. It is worth noting that the
non-linearities up to third order are extracted in the
present study.

Hence, odd terms, including the first-order components and
the third-order components, can be extracted by:

η(odd) =
η(c) − η(t)

2
=

∑

i

G1

(

ai, ki, h
)

+
∑

i

∑

j

∑

l

G3

(

aiajal, ki, kj, kl, h
)

+ odd terms (8)

Frontiers in Energy Research | www.frontiersin.org 7 July 2020 | Volume 8 | Article 133

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://www.frontiersin.org/journals/energy-research#articles


Wang et al. Double Wave Groups Focusing

FIGURE 6 | The amplitude spectra at different locations along the wave flume for (A) Case 1_A, (B) Case 1_B, and (C) Case 1_AB.

where G3 includes the third-order bound components and
the third-order resonant components. Similarly, even terms,
including the second-order components, are obtained from:

η(even) =
η(c) + η(t)

2
=

∑

i

∑

j

G2

(

aiaj, ki, kj, h
)

+eventerms (9)

Based on Equations (8) and (9), the wave surface representing
the odd-order and even-order waves can be analyzed according
to the measured crest and trough focusing waves.

According to the research by Zhao et al. (2017), there are
cross-terms in each harmonic component, which have the same
frequency, but a different (higher-order) dependence on the wave
amplitude. For example, a third-order interaction of three linear
components results in a term that scales as the cube of the
linear wave amplitude, but its frequency component is in the

linear range. In general, all such cross-terms are likely to be
negligible for weakly non-linear waves, except for the second-
order difference term (zeroth harmonic) bound to the fourth
harmonic (Zhao et al., 2020). Hence, the difference between
the odd-order components and the linear superposition result
is mainly in the third-order non-linearity due to interactions
between two wave groups.

The amplitude spectra of the odd-order terms and even-
order terms of the double wave groups focusing for Case
1_AB are analyzed in Figure 8A. Compared to Figure 6C,
there are similar changes in the amplitude spectra of the odd-
order term, especially in the region of 0.8–2.0Hz. This means
that the main changes in the amplitude spectra of the wave
components during wave focusing are caused by the third-
order non-linearity. The slight changes in 2.0–3.0Hz that occur
in Figure 6C are observed in the amplitude spectra of the
even-order terms, implying that these changes are caused by
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FIGURE 7 | The amplitude spectra at different locations along wave flume for (A) Case 2_AB and (B) Case 3_AB.

the second-order non-linearity due to interactions between
wave groups. While, compared with the third-order non-
linearity, the second-order non-linearity is not obvious. There
are similar phenomena for Case 2_AB and Case 3_AB in
Figures 8B,C.

The above observations show that third-order non-linearity
plays a significant role in double wave groups focusing. In
Figure 9, the analyzed wave surface elevations of the odd-
order components of the focused double wave groups for
the three cases are compared with those of the focused
double wave groups. The odd-order components clearly always
have the same phase with that of the focused double wave
groups, irrespective of occurring before or behind the focusing
location. This phenomenon further confirms the fact that the
third-order non-linearity causes the phase lags for the wave
surface elevation.

Analysis of the Phase Shift
The cross-spectral density function Sxy(f ) can be used to analyze
the phase shift between the two wave groups. Sxy(f ) is the
Fourier transform of the cross-correlation function of two
time series x(t) and y(t). Sxy(f ) represents the phase difference
between x(t) and y(t), obtained by conjugate multiplication
of the spectrum of the x(t) signal and that of the y(t)
signal. If x(t) and y(t) are real functions, Sxy(f ) is always a
complex function:

sxy(f ) = Cxy(f )− iQxy(f ) (10)

in which Cxy(f ) is the co-spectral density function, and Qxy(f ) is
the quad-spectral density function.

The time delay in the time domain contributes to the phase
shift in the frequency domain. Thus, the phase spectrum θxy(f )
indicates the phase shift of y(t) relative to x(t):

θxy(f ) = arctan{Qxy(f )/Cxy(f )} (11)

According to Equation (11), the phase shift of the double
wave groups focusing [AB, i.e., y(t)] relative to the linear
superposition of the corresponding single wave group [A+B,
i.e., x(t)] can be calculated. Figure 10 shows the phase shift
of different frequency components at different locations for
these three cases. At the locations near the wavemaker (x =
3.0m), there are no phase shifts in the range of the fundamental
frequency. The phase shifts increase slightly for the high
frequency components as the wave propagation and significant
phase shift is observed during the wave focusing process. It
conforms to the phenomenon observed from Figure 5, that the
phase shift obviously appears in the high frequency part of the
initial spectral band.

Figure 11 compares the phase shift of selected frequency
components (the first one, f = 0.7Hz, is the peak frequency
of the low-frequency group, the second one is the peak
frequency of the high-frequency group, and the third one, f
= 1.4Hz, is twice the peak frequency of the low-frequency
group) at different locations along the wave flume. For the
low frequency component f = 0.7Hz, the phase shifts remain
almost 0 along the wave flume. This proves that there is no
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FIGURE 8 | The amplitude spectra of the odd- and even-order components. (A) Case 1_AB, (B) Case 2_AB, (C) Case 3_AB.

third-order non-linearity for this wave component, and this
wave component always obeys the linear dispersion relationship
during the interactions of the two wave groups. Additionally,
for higher frequency components, the phase shifts are also 0
at locations in front of the focusing location. As the wave
groups approach the focusing location, phase shifts increase
rapidly, which reflects that there is strong third-order non-
linearity for these high wave components when two wave groups
are focused together. After passing by the focusing location,
the third-order non-linear interaction between waves becomes
weak as two wave groups are separated. The phase shifts stay

almost constant, and the wave components propagate with the
new phase.

Comparing the results of different cases, it also can be
observed that with the fixed steepness of each independent
focusing group, the case with a small peak frequency
difference has a larger phase shift than cases of large peak
frequency differences. This states that there is stronger
third-order non-linearity due to interactions between two
wave groups for the double wave groups with a small peak
frequency difference, leading to a large shift from the input
focusing location.
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FIGURE 9 | The comparions of the free surface elevations between the focused double wave groups and the odd-order components of the focused double wave

groups (black solid lines represent the focused double wave groups, and red solid lines represent the odd-order components of the focused double wave groups). (A)

Case 1_AB, (B) Case 2_AB, (C) Case 3_AB.

NUMERICAL SIMULATION

From the above analysis for the experimental data, phase shifts
occur in the non-linear process of the double wave groups

focusing. In order to further investigate the changes of the
dispersion relationship, focused waves generated by double wave
groups are simulated in a numerical wave tank based on the
HOS method.
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FIGURE 10 | The phase lag of the double wave groups focusing [AB, i.e., y(t)]

relative to the linear superposition of the corresponding single wave group

[A+B, i.e., x(t)]. (A) Case 1_AB, (B) Case 2_AB, (C) Case 3_AB.

Numerical Model
Ducrozet et al. (2012) and Li and Liu (2015) have enhanced the
initial HOS method proposed by Dommermuth and Yue (1987)
and West et al. (1987) to represent a water wave tank, including
a wave maker and an absorbing beach. In their models, the
velocity potential is split into the sum of a previously described
spectral potential component Φ f and a prescribed non-periodic
component Φw. Then the free surface boundary conditions can
be expressed as:

∂η
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= (1+ |∇xη|

2)
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f

∂z
+
∂8w
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s
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The bottom boundary condition satisfies:

∇8 · −→n = 0 (14)

where En is a vector normal to the corresponding boundary.
The wavemaker boundary condition can be written as:

∂8

∂x
=
∂X(t)

∂t
on x = 0 (15)

According to the linear wave-maker theory (Dean and
Dalrymple, 1984), the velocity of the wavemaker can be
calculated by:

∂X (t)

∂t
=

ω

T
(

k
)η

′
(16)

where η′ is the expected wave surface elevation, and T(k) is
the transfer function for a piston-type wavemaker and can be
calculated by:

T
(

k
)

=
2[cosh

(

2kh
)

− 1]

2kh+ sinh
(

2kh
) (17)

The unknown component Φ f can be solved using the traditional
HOS method proposed by Dommermuth and Yue (1987). And
the non-periodic component Φw can be calculated regarding
Bonnefoy’s (Bonnefoy et al., 2010) method.

The details of this numerical model can be found in Li and Liu
(2015).

Numerical Validation
The experimental results of Case 1_AB are used to validate
the accuracy of the numerical model. In the numerical
simulation, the wave tank is 80m long with a water depth
of 1.2m. Spatial discretization in the horizontal direction 1x
is adopted as 0.05m, and the time step 1t is 0.01 s. The
non-linear order of the HOS method is taken as 8. The
total simulation duration is 140 s. Comparison of the free
surface elevations at different locations between the numerical
results and experimental data is presented in Figure 12.
It can be observed that the numerical results agree quite
well with the experimental data along the wave tank to
reproduce the process of the wave focusing accurately. This
validation underlines the applicability of the established HOS
numerical model toward simulating the evolution of two focused
wave groups.
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FIGURE 11 | The phase lag of the focused double wave groups relative to the linear superposition of the corresponding single wave group for selected frequencies

along the wave flume. (A) Case 1_AB, (B) Case 2_AB, (C) Case 3_AB.

Analysis of the Dispersion Relationship
As aforementioned, the third-order non-linearity causes the
phase lags for the wave surface elevation, which means changing
the dispersion relationship in the process of the double
wave groups focusing. In order to illustrate the changes of
the dispersion relationship, the analysis of the wavenumber-
frequency (k-f ) spectrum is performed, referring to Swan
(2007).

The wavenumber-frequency (k-f ) spectrum, obtained by 2D
Fourier transforms in time and space, includes information
of each wave component both in time and space. Hence,
both the evolution of the amplitude spectra and changes
to the dispersive properties of the wave groups can be
identified through a k-f spectrum, providing a comprehensive
understanding of the non-linear coupling effect between
different frequencies.

The k-f spectra of the simulated double wave groups for
Case 1_AB are shown in Figure 13A, in which the location
and time at which and when the transform is applied are
indicated in the lower right corner. Therein, the blue dashed lines
indicate the linear dispersion relationship. In these subplots, a

number of identifiable “ridges” representing different frequency
components can be obviously observed. For instance, at
x = 22.2m, “ridges” represent the third-order sum components,
the second-order sum components, the free wave components,
and the second-order difference components in order from top
to bottom.

The subplots in Figure 13A illustrate that the non-linear
interactions are weak and the higher order wave components are
not significant before wave focusing. The free wave components
also satisfy the linear dispersion relationship. At the focusing
location x = 22.2m, due to the strong interaction, the
higher order wave components become significant, and the
free wave components deviation from the linear dispersion
relationship increases in the high frequency region. This
demonstrates that the non-linear interactions change the
dispersion relationship of the wave components, leading smaller
wavenumbers than the linear case during the wave focusing
process. After the focusing location, the energy of the higher
order components transfer to the high order components
and the wavenumber-frequency follows the linear relationship
as the two wave groups are separated. Similar phenomena
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FIGURE 12 | Comparison of the free surface elevations between the numerical results and physical experimental data along the wave tank for Case 1_AB (black solid

lines represent the experimental data, and red solid lines represent the numerical results).

FIGURE 13 | Wavenumber-frequency spectra at typical locations along the numerical wave tank (blue dashed lines indicate the linear dispersion relationship).

(A) Case 1_AB, (B) Case 2_AB, (C) Case 3_AB.
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FIGURE 14 | Wavenumber-frequency spectra at the focusing location of odd-order components for different cases (blue dashed lines indicate the linear dispersion

relationship). (A) Case 1_AB, (B) Case 2_AB, (C) Case 3_AB.

can be discovered in Figures 13B,C for Case 2_AB and
Case 3_AB.

In addition, wavenumber-frequency (k-f ) spectra at the
focusing location of the odd-order components for these
three cases with different peak frequency widths are given
in Figure 14. The changes in dispersion for free wave
components are consistent with those in Figure 13. This
intuitively explains that the third-order non-linearity, here
including the bound as well as resonant effect, due to the
interactions between two wave groups changes the dispersion
relationship during the wave focusing process. This is identical
to that obtained by Swan (2007), who noted that the third-
order resonant effects dominate changes to both the amplitude
of the wave components and the dispersive properties of the
wave group.

CONCLUSIONS AND DISCUSSIONS

Based on the previous experimental observation (Li et al., 2015),
a modified wave focusing experiment is proposed to simulate the
generation of freak waves in this study. As a supplement to the
previous focusing methods (Rapp and Melville, 1990; Baldock
et al., 1996), the experiment contains two parts: individual
single wave group focusing and double wave groups focusing.
Individual single wave group with different peak frequencies (fp
= 1.1, 1.0, 0.8, and 0.7Hz) is adjusted to be focused at the
same location and time by correction of the target focusing
values. And then input the new wavemaker signals, composed
by the superimposition of the first three cases (fp = 1.1, 1.0, and
0.8Hz) with that of the last case (fp = 0.7Hz) respectively, to the
wavemaker system to produce the double wave groups focusing
in the experimental flume.

Wavelet analysis of the double wave groups focusing is
consistent with that of the freak wave formation in random
wave trains in Li et al. (2015), indicating that double wave
groups focusing can also reproduce the freak wave generation

process well. By comparing the free surface elevations and

the amplitude spectra of the double wave groups focusing

with those of the linear superposition of the corresponding
single wave group, phase lags and spectral changes in the high

frequency part of the double wave groups can be obviously

observed during the focusing process. Thanks to the separation
of wave harmonics for focused waves, the non-linearity due

to interactions between two wave groups is further explored.
Phase lags are attributed to the odd-order (mainly the third-

order), rather than the even-order non-linearity, leading to a

small wavenumber during the focusing process. Additionally,
the analysis of the phase shifts illustrates that the changes
resulted from third-order non-linearity mainly occur in the
high frequency components, so the low frequency part of the
double wave groups almost appears no changes in the process
of double wave groups focusing. With regards to the high
frequency part, although the amplitudes of the wave components
recover to the initial state after wave focusing, the change of
phases remains. These phenomena are obvious for the cases
with small peak frequency differences, which confirms the
fact that the freak waves occur more easily in a sea with a
narrow-band spectrum. The above observations are also verified
by the analysis of the results from the numerical simulation
based on the HOS method. Wavenumber-frequency spectra
comprehensively present the identifiable “ridges” representing
different frequency components, involving their emergence,
growth and disappearance in the process of double wave group
focusing. Meanwhile, the wavenumber-frequency spectra of the
odd-order components represent a quantitative description of
the changes in the dispersive properties and the evolution of the
amplitude spectra during the focusing process. It can be more
intuitively observed the third-order non-linear coupling effect
between different frequencies.

All these observations provide a better understanding of
the non-linear interaction between wave groups in random
wave trains and also of the generation mechanism of freak
waves. Furthermore, it also can provide theoretical support for
evaluating the endurance limit of the wave energy devices to
reduce the damage and unnecessary losses as much as possible,
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so as to promote the efficient and sustainable development of
marine energy resources.
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