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Objective: The aim of the present work was to investigate the use of verbal language
applied to the solution of inverse function problems in comparison to the algebraic
method in students of humanities.

Methods: We consider only algebraic functions in our study. Three precalculus
problems were chosen and two solution methods used. A total of 120 students
participated in this study, half of them used the verbal method and the other half the
algebraic method.

Results: To determine if there was a relationship between the utilized method and the
effectiveness of the solution, that is the number of exercises solved correctly related to
the type of method used, we used Pearson’s chi-square test. We found a significant
association between the type of method and the success of the solution χ2 (1) = 10.84,
p < 0.001. Regarding the effect size, we found that the probability to get a correct
solution was 3.75 times higher when solved with the verbal method in comparison to
the algebraic method.

Discussion: We suggest that such efficacy in solving inverse function problems was
due to the self-regulation of participant’s language. In this sense, it is necessary to
investigate the effects of such self-regulation by means of our experimental paradigm
in a future study.

Conclusion: The results of the present study showed that verbal language applied
to the solution of inverse function problems is highly effective when compared to the
algebraic method.

Keywords: inverse algebraic functions, self-explanation, self-regulation, executive functions, verbal learning,
verbal ability, action guiding base, theory of mental assimilation by stages and formation of concepts

Frontiers in Education | www.frontiersin.org 1 April 2022 | Volume 7 | Article 868607

https://www.frontiersin.org/journals/education
https://www.frontiersin.org/journals/education#editorial-board
https://www.frontiersin.org/journals/education#editorial-board
https://doi.org/10.3389/feduc.2022.868607
http://creativecommons.org/licenses/by/4.0/
http://orcid.org/0000-0002-3054-4944
https://doi.org/10.3389/feduc.2022.868607
http://crossmark.crossref.org/dialog/?doi=10.3389/feduc.2022.868607&domain=pdf&date_stamp=2022-04-27
https://www.frontiersin.org/articles/10.3389/feduc.2022.868607/full
https://www.frontiersin.org/journals/education
https://www.frontiersin.org/
https://www.frontiersin.org/journals/education#articles


feduc-07-868607 April 22, 2022 Time: 18:6 # 2

Méndez-Balbuena et al. Language in Solving Inverse Functions

INTRODUCTION

Language Factors in Learning
Mathematics
The fusion between general intellectual and verbal mathematical
skills has been on the agenda of mathematics teaching. In
particular, several works have described the relationship between
the acquisition of mathematical skills and language in various
disciplines related to mathematics such as teaching, special
education, and the psychology of learning and development
(Freudenthal, 1985; Krummheuer, 1994; Maier and Schweiger,
1999; Steinbring, 2000; Bills, 2002; Moreno and Durán,
2004; Krauthausen, 2007; Schütte, 2009; Heinze et al., 2011;
Krummheuer, 2012; Pyburn et al., 2013; Vukovic and Lesaux,
2013; Daroczy et al., 2015; Nolte, 2016; Fuchs et al., 2019,
2020; Qolbi et al., 2019). Moreover, recent meta-analyses studies
have emphasized the importance of such a relationship (Chow
and Jacobs, 2016; Koponen et al., 2017; de Araujo et al., 2018;
Peng et al., 2020). In this respect, Peng et al. (2020), found
that more complicated language and math skills were associated
with stronger relationships between language and math after
biasing working memory and intelligence. de Araujo et al. (2018),
focused on how English language learners learn mathematics
in a multilingual educational setting. These authors suggest
that language is a primary means by which English language
learners acquire mathematical knowledge. Koponen et al. (2017),
showed that rapid automatized naming (RAN; a component of
phonological processing that primarily harnesses verbal retrieval
skills) is a significant predictor of math success. Chow and
Jacobs (2016) targeted the relationship between oral language and
fraction scores among school-age students. Based on three studies
conducted in the United States, the authors suggested that oral
language plays a significant role in fraction performance, and
that cognition may partially explain the relationship between oral
language and fraction performance.

Austin and Howson (1979) compiled research on language
and mathematics dating back to the 1940s. This research began to
take hold in the early 1970s. Nearly 40 years later, research within
the European Research in Mathematics Education (ERME) still
addresses the general themes identified by these authors: the
language of the learner, the language of the teacher and the
language of mathematics (Planas et al., 2018).

Aiken (1972), considered the effects of verbalization on the
learning process of mathematics and analyzed mathematics as a
unique language in its own right. Although there is no one-to-one
correspondence between the concepts and rules of mathematics
and those of native languages, there are many similarities
between verbal and mathematical languages (Hickerson, 1959;
Capps, 1970). Other researchers consider that, mathematics
itself is a special formalized language and therefore should
be taught as such (Madden, 1966; Ausubel and Robinson,
1969; Cooper, 1971). However, it is also true that there has
been a growth in the diversity and complexity of the domain
of this topic as researchers draw on a broader progression
of theoretical resources combined in new and multiple ways.
One source of diversity is the fact that mathematics and

language research considered three main possible approaches.
The first adopts language as the object of study, the second
uses language as a vehicle to study other phenomena, and the
third conceives participation in mathematical communication
as learning mathematics itself. All three approaches formulate
descriptions of the language in use within a mathematical context
but analyze the descriptions in different ways (Planas et al., 2018).
A very important contribution to a more adequate description
of these topics was the publication of Pimm’s (1987) book, but
there is still a need to develop greater rigor in the ways in which
we define and distinguish between mathematical language and
“everyday” language (Planas et al., 2018). Moreover, the language
function hypothesis suggests that language fulfills many functions
in our lives, such as exchanging/delivering messages/information,
expressing our feelings and attitudes, and informing our thoughts
(Bruner, 1966; Vygotsky, 1986; Fetzer and Tiedemann, 2018). In
this way, language can lead to the development of other skills such
as mathematics. Among all the functions of language, two that are
fundamental for the development of mathematics are language
as a means of exchange and thought (Bruner, 1966; Fetzer and
Tiedemann, 2018). In contrast, the main function of language
according to a mathematics hypothesis is that we use language
not only as a tool to communicate mathematical knowledge
with others, but also to construct and retrieve representations of
mathematical knowledge from long-term memory, thus implying
a causal relationship between language and later mathematical
development (Bruner, 1966; Dehaene, 1992; Dehaene and Cohen,
1995; Gersten et al., 2009; LeFevre et al., 2010; Fetzer and
Tiedemann, 2018). Likewise, the language thinking function
hypothesis for mathematics recognizes language not only as a
means of doing/learning mathematics but also emphasizes its
role in cognition (Vygotsky, 1986; Daneman and Merikle, 1996;
Rieber, 1997; Lombrozo, 2006; Peng et al., 2018). That is, we use
language to think about more abstract mathematical concepts
and the relationships between them, such as when we build a
diagram and an equation when solving word problems.

Many psychologists have considered the importance of
language development for mathematical ability (Piaget, 1954;
Bruner, 1966). Piaget argued that the growth of language
ability follows the development of concrete operational
thinking rather than preceding it. Although it recognized
that language is important in the realization of such cognitive
structures. In contrast, Bruner et al. (1966) argued that
the development of appropriate terminology is essential
for cognitive growth. Whether language acquisition is
a cause or effect of cognitive development (or maybe,
as seems more likely, a little of both), needs further
investigation (Aiken, 1972). Ausubel and Robinson (1969),
argued that there is an interesting analogy in relation
to the learning of algebraic symbols and syntax, since
the same problems that exist in the learning of a second
language are involved.

Studies of the symbolic processes involved in human thought
have frequently used mathematical problems. A common
procedure is to analyze the thought process by asking the subject
to think aloud and registering the tactic or sequence of questions
that they use to arrive to the solution. This type of research
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has revealed that the translation or encoding procedure varies
according to the individual (Rimoldi, 1967; Rimoldi et al., 1968).

In any case, understanding the importance of what is specific
in mathematical language acquires high relevance by considering
the development of theoretical understanding of mathematics
itself as a discursive activity. Recognizing the distinctive features
of mathematical communication is a key point to any study of
mathematical activity, whether one adopts the “strong” discursive
position that mathematical objects do not exist independently of
the discursive means of communicating them, or a position less
absolutist that there is no direct material access to mathematical
objects but the experience of them through some form of
“representation” or “realization”. These two points of view reflect
different ontological positions: speaking of the representation of
a mathematical object suggests that an independent object exists,
while speaking of realization proposes that communication about
an object is what gives the object existence. In either of these
positions, mathematical activity involves participation in a form
of discourse about real or discursive objects. Understanding such
activity involves studying that discourse and its characteristics
(Planas et al., 2018).

Currently, the debate continues about the relationship
between mathematical ability and language. Some research
suggests that common processes underlie arithmetic and
grammar, while other research suggests that these are distinct
processes (Baldo and Dronkers, 2007). In the last two decades,
studies in both psychology and cognitive neuroscience have
converged on the view that mathematical and linguistic skills
are largely separate (Prado, 2018). However, Baldo and Dronkers
(2007), suggest that arithmetic and language comprehension are
mediated by partially overlapping brain networks.

Basic numerical skills, rather than language skills, are
increasingly believed to be the basis for the emergence of abstract
mathematical concepts (Dehaene and Cohen, 2007). However,
there seems to be one exception, when it comes to the most
fundamental math and language skills: learning arithmetic and
learning to read. Studies show that there is a correlation between
children’s arithmetic and reading skills (Hecht et al., 2001;
Durand et al., 2005; Hart et al., 2009). Importantly, studies
have also found that math skills in children can predict later
reading outcomes, sometimes even better than early reading skills
(Lerkkanen et al., 2005; Duncan et al., 2007).

In a study of verbalization made by students establishing
equations for algebra problems, Paige and Simon (1966) were
able to classify subjects as “physical” and “verbal” thinkers.
The “physical” thinkers constructed internal representation
of the situation described by the equation, while “verbal”
thinkers constructed literal translations of the words associated
to the equation.

In a previous research, Atkinson et al. (2003) combined
successive elimination of increasingly elaborate solution steps
(which they called fading) with the introduction of prompts
designed to encourage students to identify the underlying
principle illustrated in each elaborated work. Their results
produced medium to large effects on near and far transfer
without requiring additional time on the task. They conclude that
the instructional procedure is highly recommendable because

(a) it is relatively simple to implement, (b) it does not
prolong the learning time, and (c) it encourages near and far
transfer performance.

Walkington et al. (2019), manipulated six different linguistic
characteristics of algebra problems (number of sentences,
pronouns, word specificity, word hyperonymy, sentence
consistency, and problem topic) and measured accuracy and
response time. They found little evidence that individual
language characteristics had a significant effect on verbal math
problem-solving performance for a general population of
students. However, the consistency of the sentences reduced
the response time.

Werner et al. (2019), evaluated mathematical skills, linguistic
development, and the ability to verbalize mathematical content,
in three experimental groups (students with language problems,
with learning problems and without special educational needs).
The results of the three subgroups showed specific differences
in both mathematical and linguistic-communicative abilities.
However, the findings suggested that students with better math
skills tend to have better language skills as well. Regardless
of which of these skills is the cause and which the effect, it
has recently been reported that socioemotional skills influence
learning mathematics. Slot et al. (2020), investigated children’s
development by assessing their linguistic, social-emotional,
mathematical, and arithmetic language skills. It was found
that language skills are strong predictors of socio-emotional
development, mathematical language, and numeracy skills. This
points to the need of considering these foundational skills in
curricula and young children’s daily activities such as playing.

On the other hand, Ellerton and Clarkson (1996), suggested
that much of the interaction and communication in mathematics
classrooms remains predominantly symbolic and artificial. They
concluded that the teaching of mathematics is dictated by adults
simplifying what they perceive as appropriate “mathematics”
for the students.

Experimental paradigms have been developed in which
performance in learning and problem solving in mathematics
have been attributed to strategies of self-explanation and self-
regulation used in training (Bielaczyc et al., 1995). For example,
Dresher (1934) and Johnson (1944) found gains in problem-
solving ability when students received specific training in
mathematical vocabulary, and Sax and Ottina (1958) found
that specific training in syntax can also improve language
skills performance. In addition, Linville (1970), confirmed the
hypothesis that difficult vocabulary and syntax interfere with
effective problem solving.

One question that is still open is whether detailed instruction
in reading, and especially reading in math, can improve math
performance. Experiments on reading in mathematics have
focused on the effect of reading instruction on mathematics
achievement (Call and Wiggin, 1966; Gilmary, 1967; Henney,
1969; Earp, 1970). Previous research has found positive
correlations between study strategies (when students explain
difficult concepts to themselves), and test scores associated with
those concepts (Chi et al., 1989; Pirolli and Recker, 1994).

Bielaczyc et al. (1995), identified a set of self-explanation and
self-regulation strategies used by high-achieving students. These
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researchers used strategy training to manipulate students’ use of
these strategies and examined the impact on explanations and
student performance. The results indicated that self-explanation
and self-regulation strategies used in training contributed to
learning and problem-solving performance.

On the other hand, Hodds et al. (2014) reported about three
experiments showing that a simple booklet containing self-
explanation training, designed to focus students’ attention on
logical relationships within a proof of mathematical theorem,
can significantly improve the understanding of the proof. It has
been proposed that the educational system must consider those
teaching-learning methods and strategies that efficiently lead to
these transformative processes, from the external plane to the
plane of cognitive activity (Aiken, 1972). That is why we explored
the use of verbal language to solve a mathematical problem.

As we have seen, several studies have been addressed in
the teaching of mathematics such as language factors, self-
explanation, and self-regulation. However, in this work our
objective was to propose a simple paradigm in which verbal
language, applied to the solution of inverse functions, can
successfully replace the use of algebraic language.

MATERIALS AND METHODS

Subjects
120 undergraduate students from the humanities area
(20.5 ± 1.66 years) participated in this study. Only first-
semester students who had recently entered the university
were included. Students who were studying the first semester
with more than 6 months of having passed the College Board
university admission exam were not included. This guaranteed
a homogeneity in the cognitive level of the students. The local
ethics committee approved the experimental protocol.

Sample Size
We a priori calculated the sample size of this study by using the
free-use software G∗Power 3.1.9.7 (Faul et al., 2009). We used
values of alpha = 0.05 (Fisher, 1922; Field, 2013) and beta = 0.2
(Cohen, 1992; Field, 2013) for type I and II errors, respectively.
Thus, the estimated statistical power was 0.8. A median effect
size of 0.3 (Cohen, 1988, 1992) was assumed, which coincided a
posteriori with Cramer’s V which was 0.301. With these values,
G∗Power calculated a total sample size of 88 subjects. Note, that
our final sample was 120 participants.

Experimental Design
To solve inverse function problems, we only focused on algebraic
functions. These types of functions use operations such as
addition, subtraction, multiplication, division, powers of integers,
and rational powers (roots). Three types of functions were
considered to solve their inverse function (Table 1). Each
participant solved only one problem, consequently a total of
120 exercises were solved. Thus, each of the three exercises was
applied 40 times (20 were solved with the algebraic method
and 20 with the verbal method). The experimental session

TABLE 1 | Functions used by participants to find the inverse functions.

Task 1 Task 2 Task 3_

f (x) = 8x2
− 2 f (x) = 1

x+2 f (x) = 3√x − 9

was individual and lasted approximately 30 min, during which
participants sat comfortably in a ventilated and illuminated room.

The method for teaching the verbal and algebraic solution
was based on the neuropsychological theory of Galperin (1969),
called Activity Theory. This theory proposes the orientation for
the planning of the field activity in the teaching-learning process,
called the Action Guiding Base (AGB). Orientation conditions
the actions necessary to plan, develop and move towards learning.
In this way, the AGB is a guidance system that directs the
learning process, through a series of actions that are put into
practice through an activity. The organization of this set of
operations prioritizes the realization of a previously established
objective. This theory is based on Assimilation by Mental Stages
and Concept Formation by Galperin and is framed within the
cultural-historical theory of (Vygotsky, 1980, 1986, 1997) and
(Leontiev, 1978, 1999, 2005; Leontiev and Luria, 1999).

Using the AGB, the facilitator elaborates the orientation
points, presents them in an unfolded way and executes them
in a shared way. The Theory of Mental Assimilation by Stages
and Formation of Concepts proposed by Galperin, organizes the
conversion of concepts into mental actions by three indispensable
subsystems (Mendonça et al., 2020): (1) The orientation, (2) The
steps of assimilation and (3) The Qualitative learning indicators.
We applied AGB in the teaching of both methods as follows. (1)
The facilitator gave the orientation. (2) We measured the steps of
assimilation by the qualitative errors. Finally, (3) we measured
qualitative learning indicators with the dichotomous variable
(“could solve it” or “could not solve it”). The teaching methods
based on the AGB, seek that the executor of the action (in this case
the student), generalizes the idea, synthesizes it and performs the
action independently. According to this theory, the AGB allows
the student to create the bases of the mental formation of the
actions for learning, providing the corrects answers in futures
tasks (Engeness and Lund, 2020; Mendonça et al., 2020).

Therefore, in both verbal and algebraic method, the facilitator
explained the participants on a blackboard an example very
similar to the exercise that she/he had to solve. In this stage
he provided instructions on how to proceed to find the correct
solution, focusing on the critical steps using tables, diagrams,
schemes, or drawings in the blackboard. Once the facilitator
developed the solution of the task, he asked the students to
explain to themselves the solution and resolved doubts and
questions, to reinforce what she/he has been learned. After this,
a sheet of paper with the inverse function problem printed on
it, was given to the participant. Then the student was left alone
to solve the task.

Verbal Method
In the verbal method, the facilitator showed the verbal solution
to find the inverse function according to the requirements of the
AGB, described previously. In this method, the facilitator used
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only verbal language reasoning to focus on these critical steps: (1)
Finding the hierarchy of operations, (2) Inverting the hierarchy of
operations, and (3) Finding the opposites of operations. In step 3,
the facilitator emphasized that (a) addition and subtraction, (b)
multiplication and division, and (c) nth power and nth root are
inverse operations, respectively.

As an example, we will use the function f (x) = 8x2
− 2 (see

Table 1) to describe in a very simplified way, the verbal method
to find the inverse function.

Step 1: The facilitator explained to the participant the
hierarchy of operations. He began saying, given an arbitrary
number x, the first thing that does the function is raise to the
power of 2 the number x. The second thing to do is multiply the
last result by 8. And finally, the last instruction was to subtract
2. The facilitator summarized the hierarchy of operations in a
scheme on the blackboard:

(1) raise to the power of 2
(2) multiply by 8
(3) subtract 2
Step 2: The facilitator explained to the subject that the next

step in the verbal method is to reverse the list of the hierarchy of
operations, writing them on the blackboard.

(3) subtract 2
(2) multiply by 8
(1) raise to the power of 2
Step 3: The facilitator explained how to find the inverse

operations, doing examples in the blackboard with the help of
diagrams, and drawings.

At the end he summarized all three steps in the blackboard
through the next table.

Step 1 Step 2 Step 3

Hierarchy order Inverted hierarchy
order

Opposite actions of
step 2

Raise to the power of 2 Subtract 2 Add 2

Multiply by 8 Multiply by 8 Divide by 8

Subtract 2 Raise to the power of 2 Take the square root

Finally, the facilitator showed how to write in symbolic form
the inverse function, following the consecutive order of the
information in the column of step 3:

f−1(x) =
√

x+ 2
8

Algebraic Method
In the algebraic method, the facilitator showed the algebraic
solution to find the inverse function according to Stewart
(2019). The process of teaching met the AGB requirements as
it was explained previously. In this method, the facilitator used
mathematical concepts and algebraic notations to explain the
critical steps:

Step 1: Write y = f (x).
Step 2: Solve the equation for x in terms of y: x = f

(
y
)
.

Step 3: Express in terms of x, and swap x and y. The resulting
equation is y = f−1 (x) .

Finally, the facilitator summarized all three steps in the
blackboard through the next table.

Step 1 Step 2 Step 3

Write y = f(x) Solve the equation for x Express in terms of x,
and swap x and y

y = 8x2
− 2 x =

√
y+2

8 y = f−1 (x) =
√

x+2
8

Qualitative Errors
Since subtraction is a special case of addition; division is a special
case of multiplication; and roots are a special case of powers,
we proposed the following categories to measure the qualitative
errors for the verbal method solution: (1) Read the hierarchy of
operations, (2) Invert the hierarchy of operations, and (3) Find
the opposite operations.

For the algebraic method, we proposed the following
categories to measure the qualitative errors: (1) Addition-
subtraction, (2) Multiplication-division and (3) Root-power.
In both solution methods, we consider only the first error
that led to the wrong solution. These data are available in a
Supplementary File.

Statistical Analysis
For each participant we use a categorical value of 1, if she/he
solved the problem correctly and 0 if she/he did not. As the main
objective of this research was to know if the number of exercises
solved correctly is related to the type of method used to solve it
(that is, we wanted to know the relationship that exists between
the two categorical variables 1 and 0), we used the Test Pearson’s
chi-square (Pearson, 1900; Fisher, 1922).

RESULTS

We found a significant association between the type of method
to solve inverse functions and the success of the solution χ2
(1) = 10.84, p < 0.001. We calculate the probability of success
with the verbal and algebraic method according to Field (2013) as
follows,

Oddsverbal method =
Number of problems solved

Number of problems not solved
=

42
18
= 2.33

Oddsalgebraic method =
Number of problems solved

Number of problems not solved
=

23
37

= 0.62

Although Cramer’s V is adequate to measure the effect size,
another more common and useful way to measure the effect size
for categorical data is the odds ratio. For this reason, we calculate
the odds ratio, dividing the probability of success with the verbal
method (2.33) by the probability of success with the algebraic
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method (0.62) (Field, 2013). We found that the probability of
success of the solution was 2.33/0.62 = 3.75 times greater if it
is solved with the verbal method than if it is solved with the
algebraic method.

For the exercises solved incorrectly in the verbal method,
we found the following errors: (a) 38.9% related to reading
the hierarchy of operations, (b) 5.55% related to inversing the
hierarchy of operations and (c) 55.55% related to finding the
opposite operations. On the other hand, for the algebraic method,
we found (a) 10.8% errors related to addition-subtraction, (b)
35.2% errors related to multiplication-division and (c) 54% errors
related to root-power.

DISCUSSION

General Discussion
The present study investigated the usefulness of verbal language
applied to the solution of inverse functions in comparison with
the algebraic method. We found a statistically significant increase
in the correct scores by using the verbal method compared to
the algebraic one.

Because participants, who correctly solved the inverse
function problem, were from the field of humanities, they likely
have higher verbal skills compared to math skills. Another
explanation is that humanities students, who correctly solved the
inverse function problem, could be more familiar with verbal
learning than with abstract learning. If this is the case, this
result could be in line with previous studies done by Dark and
Benbow (1991). These authors compared the working memory
performance of highly gifted 13- and 14-year-olds who showed:
(1) mathematical and verbal earliness, (2) primarily mathematical
earliness, or (3) primarily verbal earliness. In experiment 1 they
examined (1) the repeatability of working memory for digit,
letter, word, and location stimuli and (2) the manipulation
in working memory of digit, letter, and location stimuli. The
precocious youth verbally showed a greater capacity for words,
and the mathematically precocious youth showed a greater
capacity for stimuli of digits and location. In working memory
manipulation, the mathematically highly gifted outperformed
the verbally highly gifted with digits and letters. Experiment
2 examined the encoding speed in working memory. Verbally
precocious participants showed higher coding speed.

Although, in our study, young people with learning
disabilities were not explicitly assessed, our results could
provide additional support for the hypothesis that insufficient
language development, particularly in self-regulation, could
be a cognitive mechanism underlying dyslexia as well as
dyscalculia. Epidemiological studies describe high rates of
comorbidity between reading and mathematical difficulties:
approximately 40% of dyslexics also have arithmetic difficulties
(Lewis et al., 1994; Robinson et al., 2002; Vilenius-Tuohimaa
et al., 2008; Cirino et al., 2015), and the prevalence of dyslexia
and dyscalculia is similar, approximately 4–7% (Dirks et al., 2008;
Landerl and Moll, 2010; Haase et al., 2014).

It has been suggested that prior to verbalization the most
basic numerical intuitions are supported by an evolutionary

ancient approximate number system that is shared by adults
(Pica et al., 2004), infants (Xu and Spelke, 2000) and non-human
animals (Dehaene, 1997; Nieder and Miller, 2004). Despite the
pervasive nature of the approximate number system both across
species and in human development, it is not known whether
some individuals have more accurate non-verbal “number
sense” than others. Furthermore, the extent to which this
system interacts with formal and symbolic mathematical skills
that humans acquire through explicit instruction is unknown
(Halberda et al., 2008).

While different types of intellectual talent seem to be
associated with different characteristics of working memory, and
with differences in how the stimuli of digits and words are
represented in memory, it is highlighted that the development of
verbal skills directly and positively influences the speed of coding
the information (guaranteeing its evocation). Some authors
have pointed out (Nelson, 1998; Gruber and Goschke, 2004;
Shabani et al., 2010), that language mediates all psychological
processes and participates in the regulation and control of all
activity. Knowledge of the path of language development and its
various functions in cognitive activity, will allow understanding
of individual differences in student learning, by favoring the
appropriate strategies for students’ success.

It is known that language participates in an essential way,
both in the development and in the consolidation of other
cognitive processes. In the case of attention, it allows conscious
and voluntary development to fulfill its function of controlling
cognitive activity directed to a conscious goal by establishing
the relationship between attention and other complex cognitive
processes, such as memory (Shabani et al., 2010). Some studies
showed how visuospatial and verbal memory skills predicted
the conditions of mathematical and arithmetic skills (Alloway
and Passolunghi, 2011). In this sense, it has been suggested
that mental arithmetic is based on specific resources of working
memory (Clearman et al., 2017). On the other hand, some authors
have stated that inclusion of language enables the successful
achievement of the objective of a task (Shabani et al., 2010;
Vallotton and Ayoub, 2011; Lonigan et al., 2017).

Studies have showed the relationship between successful
readings (as another peculiar form of language that mediates
learning) and successful performance in mathematics. Poorly
developed reading skills make it difficult to learn math.
(Bohlmann and Pretorius, 2002; Hakkarainen et al., 2013). Other
studies report that difficulties in both mathematics and reading
are related to deficits in the storage and processing of visuospatial
information, revealing a general deficit of visuospatial working
memory (Kyttälä, 2008). A relatively recent study has determined
predictors of student reading performance in math and science
(Macdonald et al., 2018).

In contrast, Schöber et al. (2018), tested reciprocal effects
between self-efficacy and achievement in the domains of
mathematics and reading. They found evidence for reciprocal
effects induced in the domain of reading. They concluded that,
academic self-efficacy is widely accepted as being both the cause
and effect of academic achievement and that their findings
highlight the necessity of early interventions and a domain-
specific approach.
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Instructions to solve a mathematical problem frequently
interact with individual learning styles and aptitudes, and both
sources of influence need to be considered in mathematics
learning (Aiken, 1972). In addition, individual differences in
problem solving style continue to be of interest. Gagné (1966)
proposed that problem-solving ability and technique vary across
individuals and these variables affect the ease with which relevant
rules and concepts are recalled.

Taschow (1969) and Dahmus (1970), proposed specialized
methods of teaching verbal problem solving. Aiken (1972),
suggested that controlled experiments related to the effect of
vocabulary and reading instruction on mathematics learning,
could be helpful in developing procedures to identify and
categorize the lexical and grammatical units that are unique
to mathematics, and consequently, could serve as a basis for
classifying and comparing mathematical materials. He concluded
that these are just some of the challenges for research on language
factors in mathematics learning.

There is still the controversy between those who consider
mathematics as a language per se and those who do not.
Reasoning a little more, we could conclude that mathematics
is not but rather a kind of “dialect” because it is a “regional”
variant derived from a parent language. A dialect that was created
with the need to communicate complex ideas, and over time
was formalized and unified into one. In this case, the regional
variant would be the community of mathematicians and the
parent language would be the fusion of the mother tongues of
the civilizations that created it.

Practical Implications
The verbal and algebraic teaching methods used in our study were
based the theory of the formation of mental actions proposed by
Galperin (1969) and framed in the activity theory of Leontiev
(1978). This theory consists of growing complexity stages in
which language plays a key role.

The first stage is known as the guiding base of the action and
is provided by the facilitator in a social context (instructions,
references, information about the action to be carried out, the
order of the actions, the operations that compose it, or others).
The second stage is the formation of the action through a material
medium, where the student performs the action, but with the
object as a facilitator (he can use diagrams, schemes, drawings,
etc.). The third stage is the formation of the action through an
external verbal process, where the elements of the action are
presented to the student in an external verbal (oral or even
written) form. The fourth stage is the externally formation of
the action by the student’s own language (that is, the role of
orientation, direction of execution and control of the activity
is played by the student’s own language, who talks to himself
often aloud or in written form). At this stage no external (social)
facilitation through language is needed.

In the last stage of mental representation’s formation of
the action, neither writing nor speaking one’s own language is
required (the processes of the activity are automated). Therefore,
it is crucial that the student (who is in the process of acquiring
mathematical skills), is provided with adequate guiding base
for action through verbal instructions. This will facilitate the

acquisition and formation of the following stages, thus allowing
the correct performance of the task. This idea applies to both
methods, but because formation of mental actions is based on
natural language, which has a social component, we expected that
the verbal method would have a greater effect than the algebraic
method on task scores.

Verbal Method
In the verbal method we quantified the categorical errors
related to (1) reading the hierarchy of operations, (2) inverting
the hierarchy of operations and (3) finding the opposites of
the operations. In fact, the last one was the most prevalent.
Nevertheless, the verbal method obtained better scores compared
to the algebraic method. Since in both methods we apply the
AGB of activity theory (Galperin, 1969), the success of the
verbal method against the algebraic one can only be explained
by the instruction algorithm: one used only verbal language
and the other verbal language mixed with algebraic concepts.
The instruction given in natural language for the verbal method
increased the probability of participants success. This is because
the verbal algorithm is easier to understand than the algebraic
one. In this way, the verbal method cannot be understood
independently without the participation of the facilitator. The
facilitator is a crucial part of the verbal method. The facilitator
instructed the participants in a way that asked them to follow
a simple logical sequence of steps, previously explained by
him. In an analogy with computer programming, the facilitator
somehow tried to program (or condition) the participants to
follow an algorithm simpler than algebraic. Following simple
rules is easier than following general rules that apply to both
algebraic and transcendental functions. This is when AGB
reinforces learning. The next step in the learning process is
when the student is left alone to explain the problem to
himself and that depends largely on the reading ability to
understand and find the correct solution. This is in line with
Vilenius-Tuohimaa et al. (2008), who suggested that optimal
performance in solving mathematical problems is strongly related
to performance in reading comprehension. The fact that there is a
method that avoids using symbols and formal conceptualizations
of mathematics stresses the fact that there are problems in
mathematics where elementary language is still able to operate
and be useful at that level.

Algebraic Method
In the algebraic method we quantified the categorical errors
related to addition-subtraction, multiplication-division,
and root-power. In this case, the last one was the most
prevalent. Although inverse functions operationally use
algebra instead of arithmetic, it is important to mention
that in the field of arithmetic, Spencer and Russell (1960)
identified several reasons why students experience difficulty
in reading arithmetic problems: (1) the names of certain
numerals are confusing; (2) number languages which are
patterned differently from the decimal system are used;
(3) the language of expressing fractions and ratios is
complicated: (4) charts and other diagrams are frequently
confusing; (5) the reading of computational procedures
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requires specialized skills. The fact that the AGB applied to
the algebraic method was less effective than in the verbal
method, stresses that a mathematical problem should
be moved to a scenario where the solution algorithm is
much simpler. In this case, such scenario was provided by
the verbal method.

This same situation happens on a greater scale of complexity
in the dual theories of physics. Physicists use the term duality
to describe theoretical models that appear to be different yet
can be shown to give the same physical solutions. That is, two
apparently different theories are identical because they lead to
the same results. A trivial example is the theory of relativity
written in two languages: English and Chinese. A non-trivial
example is found in string theory, which identically describes a
universe that has a circular dimension of radius R and another
that has radius 1/R. These are different geometric situations,
but nevertheless, due to the properties of string theory, they are
physically identical (Greene, 1999). In that sense it is sometimes
easier to find a solution in one theory than in its dual theory.
Since we measure the reality of the world in a relative and
not absolute way, consistent with the model-dependent reality
(Hawking and Mlodinow, 2010), this reflection teaches us that
the success of solving a problem will depend on the scenario
where the problem is transferred. Most of the time this is not
possible to do in a trivial way, so a challenge for the teaching
of mathematics is the search for representation spaces that
are less abstract and easier to relate to situations in which
students are more familiar. This would make the path towards
learning mathematics more motivating. And motivation is always
the key to success.

Limitations of the Study
The successful of the solution of inverse functions using the
verbal method is limited to algebraic functions, where concepts
such as addition-subtraction, multiplication-division, power-
root, have a much simpler algorithmic representation than those
of the transcendental functions. Being simple operations, in any
case, they can be exemplified by objects.

On the other hand, the verbal method may not be applicable
to transcendental functions such as logarithmic, exponential,
and trigonometric functions, in a simple way, since they are
operations with abstract concepts. Due to this, an abstract
mathematical domain is far from verbal language, in such a
way that maybe it is no longer possible to use it, requiring
the specialized rules of algebra per se. However, it would be
interesting to develop a verbal experimental paradigm that
seeks this goal.

Philosophical Implications: Could New
Verbal Language Be Created to Capture
More Complex Mathematics in the
Future?
Algebra is an extension of arithmetic that studies numbers
and their elementary operations such as addition, subtraction,
multiplication, and division, which in turn have a geometric
(spatial) substrate. However, transcendental functions are

so named because they transcend algebraic functions.
We have mentioned that the verbal resolution method
cannot be applied to transcendental functions, because
their inverse operator is abstract and there is no direct and
simple correspondence between the mathematical operator
and the verbal language. In past centuries, the values of
some transcendental functions such as trigonometric and
logarithmic functions were published in tables, even before
the modern slide rule, electronic calculators, or smartphones.
This implies that the calculation of the values corresponding
to their inverse functions also required a very elaborate
calculation work.

On the other hand, physicists use mathematics to represent
the reality of the world. But according to 20th century physics,
reality is theoretical information (Wheeler, 1986, 1999) and
measurable at the level of Planck scale space-time (Snyder,
1947). It has been proposed that information cannot exist
without consciousness (Irwin, 2014). As conscious and thinking
beings, we can recognize the meaning of relationships between
objects within consciousness itself. Irwin (2014) proposes
that defining consciousness as language requires: (1) a set
of objects and (2) an ordering scheme with (3) degrees
of freedom used to (4) express meaning. Irwin also argues
that information on the Planck scale cannot exist without
consciousness, so he proposes a language entity called a
“primitive unit of consciousness,” which acts as a mathematical
operator in a quantized space-time language (a kind of
fundamental unity of consciousness.) According to Irwin, the
mathematics of quasicrystals based on E8 geometry (Sadoc
and Mosseri, 1993) seems to be the candidates for the
language of reality.

Taking these ideas, from the Plank scale to the human scale
(a scenario more common to everyday life), it is tempting
to think that there could be conscious and thinking beings
with a higher capacity for abstraction in which complicated
mathematical calculations can be solved more easily. Perhaps
in this situation, the division between verbal and mathematical
language could be shortened. The fact is that there are children
who are highly gifted in mathematics, but they represent a
very small percentage of the child population (right tale of
mathematical skills distribution). One question that arises is
what is needed for these outstanding mathematical abilities to
lie at the center of the normal distribution. This could perhaps
occur in the next evolutionary step of humanity, which Bresch
(1977) defines as Monon, which is an evolutionary state above
language.

Open Questions for Further Research
In a recent study, de la Riva and Ryan (2015) studied the
effect of self-regulation in young children which did affect
academic outcomes for those who transitioned to formal
schooling from a preschool environment. They argued that
children who are good self-regulators will realize greater
academic success than those who cannot self-regulate in
the later elementary grades. Is tempting to suggest that the
variability that we observed in the scores of verbal method
solution, could be attributed to variations in self-regulation
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of participants. In this regard, it is necessary to investigate the
effects of self-regulation by using this paradigm in a future
study. In addition, it is necessary to carry out this experimental
paradigm in populations with different academic backgrounds to
find factors that explain more precisely the good performance
of the verbal method in humanities students. Another aspect
that would be interesting to consider for future studies is to
have a more precise indicator of the academic performance of
the participants to make a comparative study of subgroups, for
example between high and low performance students.

Finally, an interesting question for future research is to
determine the scope of verbal language in penetrating the domain
of higher mathematics and particularly understand concepts and
solve problems such as: the epsilon definition of convergence,
the process of limit to calculate the area under the curve
of a function, the graph theory and connectivity, the hand-
shaking lemma, the set theory and equinumerous sets, and the
groups as actions on an object, among other interesting abstract
mathematical concepts. There may be promising hopes for
achieving these goals. For example, verbal language applications
are highly successful to solve many problems in fuzzy logic
control. Fuzzy sets allow the introduction of verbal judgments,
instead of numerical ones, with the advantage that they can be
interpreted by humans, which implies a better understanding
in the evaluation of many dangerous activities. Fuzzy logic has
been used to handle inexact and vague information because of
its ability to use natural language in terms of linguistic variables
(Singh and Mishra, 2015).

CONCLUSION

The results of the present study showed that the language
method applied to the solution of inverse functions, is
highly effective, in comparison with the algebraic method.
Adapting the verbal method as a possible intervention for
schoolchildren with mathematical difficulties should be the focus
of future research in the field of pedagogic innovation and
student learning.
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