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To verify the predictive accuracy of existing strength criteria on true triaxial
strength experimental data, understand the characteristics of different strength
criteria, and provide a basis for selecting strength criteria for engineering
applications, ten commonly used rock strength criteria were selected and
divided into MC and HB types. The distribution characteristics of the yield
surfaces and yield curves of different criteria were compared and analyzed in the
principal stress space and the π plane. Afterwards, based on the least absolutely
deviation method, these ten strength criteria were used to predict 32 sets of
true triaxial rock strength experimental data. The results showed that the range
of undetermined parameters for MC type strength criteria was small and easy to
determine, while the range of undetermined parameter for HB type criteria was
large and difficult to determine the search range, in addition, the fitting process
may not converge. The fitting accuracy of strength criteria for true triaxial
experimental data depends on the sensitivity of rock strength to the intermediate
principal stress. PH and GP criteria are the most sensitive to changes of the
intermediate principal stress, followed by MWC and ML criteria, MGC and ZZ
criteria, MCJP and HBWW criteria. PH and GP criteria overestimate the effect of
the intermediate principal stress, resulting in the largest prediction errors, while
the other three-dimensional strength criteria have high prediction accuracy
and no significant differences. The research results can provide scientific basis
for engineering design, geological hazard prediction, and mineral resource
development.

KEYWORDS

strength criterion, intermediate principal stress, least absolutely deviation, principal
stress space, deviatoric stress plane

1 Introduction

Rock strength criteria serve as crucial theoretical foundation and scientific basis for issues
such as underground tunnel design and wellbore stability prediction. With the continuous
advancement of deep earth engineering by Sinopec, the exploration and development efforts
for deep-seated oil and gas resources have gradually intensified, leading to a comprehensive
enhancement in the exploration and development capabilities of deep-seated resources.
Consequently, there is an urgent need for further research on the failure characteristics and
strength of deep-seated rocks (Cai et al., 2021; Fengjiao et al., 2023; Hoek and Brown,1980;
Hoek and Brown, 2019; Jiang and Pietruszczak, 1988). The Mohr-Coulomb (MC) criterion,
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due to its clear concept, and the Hoek-Brown (HB) criterion, owing
to its high fitting accuracy to experimental data and the convenience
of strength parameters obtaining, are widely used. However, current
MC and HB criteria cannot accurately characterize the nonlinear
characteristics of rock failure under high confining pressures, besides,
debates regarding the influence of intermediate principal stresses on
strength have persisted alongside their applications (Kim and Lade,
1984; Lade and Duncan, 1975; Pan and Hudson, 1988).

For centuries, mechanics researchers have conducted extensive
studies on the yield and failure of materials under multiaxial stress
states. The study of strength criteria began with metallic materials
(Priest and Hunt, 2005; Warnke and Warnke, 1975; Wiebols and
Cook, 1968). In 1864, Tresca proposed that when the maximum
shear stress within the material reaches its limit, the material enters
a plastic state and begins to yield. This criterion forms a regular
hexagonon theπplane and ahexagonal cylinder in theprincipal stress
space. In 1913, von-Mises proposed the von-Mises criterion using the
circumscribed circle of Tresca’s criterion on the π plane to replace the
yield curve of Tresca’s criterion. However, these two criteria, being
based onmetallicmaterials, did not reflect the influence of hydrostatic
pressure on yield and could not be applied to the yield and failure of
rock-likematerials under triaxial compression or tension stress states.
Rock strength criteria are theories used to determine whether rocks
will yield or fail under different stress states, which are commonly
used to predict the ultimate strength of rocks under different stress
conditions (You, 2010; You, 2011; Zhang et al., 2024; Zhang et al.,
2017a; Zhang et al., 2017b). Currently, the most commonly used and
influential criterion is theMohr-Coulombcriterion.However, theMC
criterion does not consider the influence of intermediate principal
stress, only describing the ultimate strength of rocks under triaxial
compression stress states, and it has six singular points on the π plane,
making numerical calculations inconvenient. Recognizing that rock
failure is mainly controlled by deviatoric stress, Drucker and Prager
improved the von-Mises criterion and proposed the Drucker-Prager
(DP) criterion. The DP criterion is a conical surface in the principal
stressspaceandacircle intheπplane.However, theDPcriterioncannot
describe the differences in strength of rocks on different meridians,
nor can it fully coincide with triaxial tensile and triaxial compressive
points on the π plane.TheDP criterion contains twomaterial strength
parameters. Depending on the position of the ultimate trace of theDP
criterion on the π plane and the triaxial compressive or triaxial tensile
strength points of theMC criterion, four sets of relationships between
strength parameters of DP criterion and strength parameters of MC
criterion can be obtained, namely, the elongated cone, compressive
cone, intermediate cone, and tangent cone.TheDPcriterion considers
the influence of hydrostatic pressure, which is more suitable for rock
and soil materials than the von-Mises criterion. However, different
forms of the DP criterion can result inmaterial strength differences of
3–4 times.This discrepancy poses risks in engineering, leading to the
general belief that the DP criterion overestimates the strengthening
effect of intermediate principal stress on rock strength and should be
used with caution in rock and soil engineering (Zhang et al., 2013;
Zhou et al., 2018; Zhou, 1994).

To address the deficiencies of the MC and DP criteria, Lade
and Duncan proposed the Lade-Duncan criterion in 1975 and 1977.
However, it was only applicable to weakly bonded sandy soils. From
1977 to1979, Lade revised theLade-Duncan criterion, and established
the well-knownModified Lade criterion.TheModified Lade criterion

considers the influence of intermediate principal stress and forms a
smooth curve on the π plane, which overcomes the shortcomings of
the classical MC criterion and presents broad application prospects.
The only drawback is that the ultimate trace line of the Modified
Lade criterion on the π plane only intersects with the MC criterion
in the triaxial compression state, overestimating rock strength in the
triaxial tension state. Strength criteria based on two parameters of
cohesion and internal friction angle can be uniformly classified as
MC-type strength criteria, such as the DP criterion, ML criterion,
Mogi-Coulomb(MGC)criterion,andModifiedWiebol-Cook(MWC)
criterion. Another classic strength criterion is the Hoek-Brown (HB)
criterion, established by Hoek and Brown in 1980. Similar to the MC
criterion, theHB criterion can distinguish between triaxial tensile and
compressive strength, which exhibits nonlinear characteristics on the
meridional plane. In the region of tensile stress and high confining
stress, the HB criterion can better reflect the failure characteristics
of rocks than the MC criterion. The HB criterion contains two
undetermined parameters reflecting rock properties m) and rock
structure (s). For intact rock cores, s is generally assumed to be
1. To compensate for the deficiencies of the HB criterion, scholars
at home and abroad have established various modified HB criteria.
Voigt (1901) found through experiments that the test results did not
correspond with the Mohr-Coulomb (MC) strength theory, leading
him to believe that “the strength problem is very complex, and it is
impossible to provide a single theory that can be effectively applied to
variousmaterials.” In 1953, Timoshenko reiteratedVoigt’s conclusion.
Mendelson, a plasticity mechanic, pointed out in 1968 that “seeking
a more accurate theory, especially because it must be more complex,
seems to be a futile task.” Fan (1998) mentioned in his work that there
are two unresolved challenges in the study of rock strength theory.
One is the failure to consider the influence of shear stress on all faces
except the maximum shear stress within the rock, and the other is
the inability to unify various criteria into one failure criterion. This is
known as the Voigt-Timoshenko problem.Thanks to the proposal of
the double shear stress element and Drucker’s postulate, Yu proposed
the Unified Strength Theory in 1991, which marked a milestone in
the resolution of theVoigt-Timoshenko problem.This theory is based
on Drucker’s convex postulate for the yield surface and the material
parameters have clear physical meanings. It is a piecewise linear
functionof the intermediateprincipal stress andcanreflect theeffectof
intermediate principal stress on rock-likematerials and the difference
in triaxial tensile and compressive strengths. It fills the gap between
single shear strength theory (Mohr-Coulomb criterion) and double
shear strength theory. By changing thematerial parameter b reflecting
the effect of intermediate principal stress, it can linearly approximate
themajorityof strengthcriteria.Xiaopinget al. (2008)believed that the
Unified Strength Theory encompasses and approximates all existing
and possible strength theories with a simplemathematical expression.
Single shear, double shear strength theories, and other failure criteria
between them are all special cases or linear approximations of the
Unified StrengthTheory.

Mogi (1967) conducted extensive work on the influence of
intermediate principal stress on rock failure, finding that the
increase in strength with the increase in intermediate principal
stress is proportional to the minimum principal stress and less
than the minimum principal stress. With the increase in the
intermediate principal stress, the angle between the failure surface
and the maximum principal stress significantly decreases. Al-Ajmi
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Zimmerman (2005) proposed theMGC criterion, which can predict
the strength of rocks under multiaxial stress states well. Sriapai et al.
(2013) tested the true triaxial compressive strength of Maha
Sarakhan salt rock and found that within the applied stress range,
the elastic parameters of salt rock tend to be independent of σ2.
Compared with Mogi, ML, and 3D HB criteria, the MWC criterion
best describes the influence of σ2 on the strength of salt rock. Rahimi
and Nygaard (2015) used 13 failure criteria to predict the collapse
pressure of wellbore, and the results showed that the predictions of
ML, MWC, andMGCwere most consistent with the actual wellbore
instability accidents. Colmenares and Zoback (2002) studied the
fitting effects of MC, HB, ML, MWC, exponential Mogi criterion,
and DP criterion on true triaxial rock strength experimental data
based on the least squares method. The results showed that MWC
and ML had good fitting effects for most data sets, especially
for hard rocks. After the research of Colmenares and Zoback,
many famous three-dimensional strength criteria emerged, and the
research only introduced five sets of true triaxial strength data,
which means that the studied strength models and experimental
data are limited. Bahrami et al. (2017) compared 11 strength criteria
through 14 sets of true triaxial strength experimental data and found
that ML had the best consistency with experimental data.

The above studies all used the least squares method to fit the
undetermined parameters in the strength criteria, exaggerating the
influence of individual abnormal data points, leading to the deviation
of the fitting line from the majority of normal data sets. Moreover, the
number of experimental data used for validation in the above studies
is limited, and there is no unified opinion on which failure criterion to
choose.Theselectionofrockstrengthcriteria isakeystepindetermining
whether thewellbore is stable or not, and some scholars believe that the
choice of strength criteria is more important than the study of strength
criteria themselves. Considering that the actual failure criteria should
achieve a balance between accuracy and simplicity, this study selected
five commonly used Mohr-Coulomb type criteria and 5 Hoek-Brown
type criteria, analyzed the yield surfaces in principal stress space and the
yield lines in the π plane of these 10 criteria, and then used themethod
of least linear to fit 32 sets of true triaxial rock strength experimental
data, evaluating the fitting accuracy of the three-dimensional rock
strength criteria selected in this study and their response characteristics
to intermediate principal stress.

2 The existing criteria

2.1 Criterion for the strength of the MC
type

TheMohr-Coulomb criterion is widely accepted due to its clear
conceptual framework, simplicity in form, and its ability to ensure
the safety of geotechnical engineering predictions. It is expressed as
follows in Eq. 1,

σ1 =
1+ sin φo
1− sin φo

σ3 +
2co cos φo
1− sin φo

(1)

Where, co represents the cohesion, measured in MPa, and φo
represents the internal friction angle, measured in degrees.

Assumingthat thenormalstressonthefailureplaneis independent
of the second principal stress, Al-Ajmi and Zimmerman discovered

a linear relationship in 2005 that effectively fits the octahedral shear
stress τoctwith themeannormal stress σm,2 in the space of true triaxial
test data points. They established the well-known Mogi-Coulomb
criterion, which is expressed as Eqs 2, 3,

τoct = a+ bσm,2 (2)

{{
{{
{

σm,2 =
σ1 + σ3

2

τoct =
1
3
√(σ1 − σ2)2 + (σ1 − σ3)

2 + (σ2 − σ3)
2

(3)

The coefficients a and b are as shown in Eq. 4,

{{{
{{{
{

a = 2
√2
3

co cos ϕo

b = 2
√2
3

sin ϕo

(4)

Ewy (1999) introduced a coefficient S reflecting the influence of
cohesiononrockyieldingand failure in theLadecriterion, establishing
the modified Lade criterion , which is shown as Eqs 5, 6,

I″31 /I
″
3 = η+ 27 (5)

{
{
{

I″1 = (σ1 + S) + (σ2 + S) + (σ3 + S)

I″3 = (σ1 + S)(σ2 + S)(σ3 + S)
(6)

The relationship between the material parameters S and η in the
modified Lade criterion and the cohesion and internal friction angle
is as shown in Eq. 7,

{{{{
{{{{
{

S =
co

tan ϕo

η =
4tan2ϕo(9− 7 sin ϕo)

1− sin ϕo

(7)

Zhouproposedanonlinear strengthcriterion,which isanextension
of the external Drucker-Prager criterion. Due to its similarity to the
Wiebols-Cook criterion, the strength criterion established by Zhou is
called theModifiedWiebols-Cook (MWC)criterion, as shown inEq. 8,

{{{{
{{{{
{

√J2 = A+BJ1 +CJ21
J1 = (σ1 + σ2 + σ3)/3

J2 = [(σ1 − σ2)2 + (σ1 − σ3)
2 + (σ2 − σ3)

2]/6

(8)

In the equation, J1 represents the mean effective confining
pressure, measured in MPa, and J2 represents the second stress
invariant. The coefficients A, B and C can be expressed as Eq. 9,

{{{{{{{{{{
{{{{{{{{{{
{

C =
√27

2C1 + (q− 1)σ3 −C0
(

C1 + (q− 1)σ3 −C0

2C1 + (2q− 1)σ3 −C0
−
q− 1
q+ 1
)

B =
√3(q− 1)
q+ 2
− C
3
[2C0 + (q+ 2)σ3]

A =
C0

√3
−
C0

3
B−

C2
0

9
C

(9)

In the above equation, q, C0 and C1 have relationships with
cohesion and internal friction angle as shown in Eq. 10,

{{{{{
{{{{{
{

C0 = 2co cos ϕo/(1− sin ϕo)

q =
1+ sin ϕo
1− sin ϕo

C1 = (1+ 0.6 tan ϕo)C0

(10)
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FIGURE 1
Distribution characteristics of MC type strength criterion on surface of principal stress space.

FIGURE 2
The distribution characteristics of the yield curve of MC-type strength
criteria in the π-plane.

Using the variables, i.e., (ξ, r,θ) in the π-plane, the Mohr-
Coulomb (MC) criterion expressed in terms of principal stresses can
be transformed into the form shown in Eq. 11:

{{{{{
{{{{{
{

rMC − gMC(
2√2sin ϕ0
3− sin ϕ0

ξ+
2√6c0 cos ϕ0
3− sin ϕ0

) = 0

gMC =
3− sin ϕ0

(3− sin ϕ0)cos θ+√3(1+ sin ϕ0) sin θ

(11)

In the equation, gMC represents the Lode angle shape function
of the Mohr-Coulomb (MC) criterion on the π-plane. Lee et al.
replaced gMC with the Lode angle shape function g JP, proposed by
Jiang and Pietruszczak, to establish a new strength criterion called
the MCJP criterion. The Lode angle shape function g JP is as shown
in Eq. 12,

gJP(θ) =
(√1+ f −√1− f)k

k√1+ f −√1− f + (1− k)√1− f cos 3θ
(12)

In whihc, θ represents the Lode angle in degrees, and k
represents the ratio of triaxial tensile strength to triaxial compressive
strength, as shown in Eq. 13:

k = (3− sin φo)/(3+ sin φo) (13)

Research indicates that as k approaches 0.5, the Lode
angle shape function proposed by Jiang and Pietruszczak
on the π-plane transforms into a curved triangular
pyramid shape. When k approaches 1, the function on
the π-plane becomes circular in shape. Additionally, as f
approaches 1, the function on the π-plane becomes a smooth
and convex curve.
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FIGURE 3
The distribution characteristics of the surface of HB-type strength criteria in principal stress space.

FIGURE 4
The distribution characteristics of the yield curves of HB-type strength
criteria in the π-plane.

It can be observed that the strength parameters of the
aforementioned five criteria are both cohesion and internal
friction angle. This study categorizes them as MC type strength

criteria. In the three-dimensional stress space, the yield surface
of this type of criterion is plotted, as shown in Figure 1. For
comparison purposes, with the same cohesion and internal
friction angle, the yield criteria of this type are plotted on
the same hydrostatic pressure plane (π-plane), as illustrated
in Figure 2. Analysis reveals that the meridians of the MC-
type criteria undergo linear changes with increasing hydrostatic
pressure, while the shape of the yield curve on the π-plane
remains unchanged with varying hydrostatic pressure. The
yield surface of the MC criterion forms a hexacone, and the
MGC criterion degenerates into the MC criterion under triaxial
tensile and compressive stress states. Thus, the triaxial tensile
and compressive meridians of the MGC criterion coincide
with those of the MC criterion, but the MGC criterion
exhibits concavity at the triaxial tensile stress state. The yield
surfaces of ML, MWC, and MCJP criteria form surface cones,
complying with Drucker’s postulate. On the π-plane, their
yield curves are smooth and convex, facilitating application in
numerical calculations. However, ML and MWC criteria do
not coincide with the MC criterion at the triaxial tensile stress
state. The yield surface of the MCJP criterion forms a curved
triangular pyramid, and both the triaxial compressive and triaxial
tensile meridians coincide with the MC criterion, exhibiting
smoothness and convexity characteristics. Additionally, MC-
type strength criteria cannot reflect the nonlinear characteristics
of rocks under high confining pressures, and the fitting
accuracy to true triaxial strength experimental data remains
to be verified.
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TABLE 1 Summary table of true triaxial rock strength test data.

Rock lithology Tested number Minimum confining
pressure/MPa

Maximum confining
pressure/MPa

Data sources

Aghajari sandstone 47 5 40

Bahrami et al. (2017)

Asmari Limestone 33 20 80

Chaldoran Metapelite 19 20 80

Hormoz Salt 36 5 30

Inada Granite 44 0 200

Jahrom Dolomite 53 20 140

Jolfa Marble 36 5 50

Karaj Andesite 20 20 60

Karaj Trachyte 34 40 100

Mahalat Granodiorite 29 20 100

Naqade Amphibolite 33 20 100

Orikabe Monzonite 38 0 200

Pabdeh Shale 32 20 80

Shahr-e babak Hornfels 20 20 60

shourijeh Siltstone 31 10 80

Soltanieh Granite 57 5 100

Yamaguchi Marble 27 12.5 40

Sandstone-Rukhaiyar 26 0 10 Rukhaiyar and Samadhiya
(2017)

Westerly Granite 45 0 100 Haimson and Chang (2000)

Mizuho Trahchyte 31 0 100 Mogi, K (2007)

KTB amphibolite 42 0 150
Lee et al. (2012)

Manazuru andesite 18 20 70

Dunham dolomite 53 0 145

Al-Ajmi (2006)

Solenhofen limestone 29 20 80

Yuubari shale 26 25 50

dense Marble 35 0 28

Shirahama sandstone 43 5 50

Limestone-Yin 20 0 43.7
Yin et al. (1987)

Sandstone-Yin 20 0 43.7

Sandstone-Zhang 20 0 4.5 Zhang and Lin (1979)

Sandstone-Gao 17 0 9.02 Gao and Tao (1993)

Maha Sarakham salt 35 0 7 Sriapai et al. (2013)
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FIGURE 5
Fitting results of cohesive strength for MC-type strength criteria.

2.2 Criterion for the strength of the HB
type

In 1980, Hoek and Brown proposed the well-known Hoek-
Brown (HB) empirical criterion for intact rock, as shown in Eq. 14:

σ1 − σ3 = √miσcσ3 + σ2c (14)

In the equation,mi represents thematerial parameter describing
intact rock properties, and σc represents the uniaxial compressive
strength of the rock, typically obtained through laboratory
experiments.

In 1988, Pan and Hudson proposed the Pan-Hudson (PH)
criterion based on the average of the inner and outer circles of the
Hoek-Brown criterion. It is expressed as follows in Eq. 15,

3
σc
J2 +
√3
2
mi√J2 −

miI1
3
= σc (15)

Based on the principle that the Drucker-Prager (DP) criterion
and the Hoek-Brown (HB) criterion should yield the same uniaxial
compressive strength under uniaxial compression stress state, Priest
(2005) proposed the generalized Priest criterion, expressed as
follows in Eq. 16,

3
σc
J2 +
√3
3
mi√J2 −

miI1
3
= sσc (16)

Based on extensive experimental data, the Hoek-Brown (HB)
criterion has demonstrated good fitting accuracy for rock strength

under triaxial compressive stress states. Therefore, according to the
HB criterion, the yield curve on the π-plane should coincide with
the HB criterion under triaxial compressive stress states. Following
the assumption of the Mogi-Coulomb (MGC) criterion that the
normal stress on the failure plane is independent of the second
principal stress, Zhang and Zhu (2007) established the Zhang-Zhu
(ZZ) criterion, as shown in Eq. 17,

3
σ2c
J2 +

mi

2√3
(3+ 2 sin θ)

√J2
σc
−(

miI1
3σc
+ 1) = 0 (17)

When the hydrostatic pressure is fixed, on the π-plane, the
distances from the hydrostatic pressure axis to the yield curve of
the Hoek-Brown (HB) criterion can be obtained separately under
triaxial compressive and triaxial tensile stress states, as shown in
Eq. 18,

{{{{
{{{{
{

rc =
1

3√6
(−mσc +√m2σ2c + 12√3mσcξ+ 36σ2c)

rt =
2

3√6
(−mσc +√m2σ2c + 3√3mσcξ+ 9σ2c)

(18)

Therefore, the ratio of triaxial tensile strength to triaxial
compressive strength according to the Hoek-Brown (HB) criterion
is expressed as shown in Eq. 19,

k(ξ) =
−2mσc + 2√m2σ2c + 3√3mσcξ+ 9σ2c

−mσc +√m2σ2c + 12√3mσcξ+ 36σ2c
(19)
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FIGURE 6
Fitting results of friction angle for MC-type strength criteria.

To eliminate the six singular points of the Hoek-Brown
(HB) criterion on the π-plane and meet the convexity
requirement, Lee et al. (2012) replaced the Lode angle shape
function of the HB criterion with the one proposed by
Willam and Warnke (Eq. 20). This modification resulted
in a smooth and convex three-dimensional HB strength
criterion,

gww(θ) =

2(1− k2)cos (θ− (π/3)) + (2k− 1)√4(1− k2)cos2 (θ− (π/3)) + 5k2 − 4k

4(1− k2)cos2 (θ− (π/3)) + (2k− 1)2

(20)

When the hydrostatic pressure value is fixed, on the π-
plane, the distance from the hydrostatic pressure axis to any
point on the yield curve of the three-dimensional Hoek-Brown
(HB) criterion after Lee’s modification can be expressed as
shown in Eq. 21,

rHBWW − gww(θ)rc = 0 (21)

The strength parameters of the HB, PH, GP, ZZ, and
HBWW criteria are all based on rock mass properties
and uniaxial compressive strength. In this study, these
criteria are classified as HB-type strength criteria. By taking
the same strength parameters, the yield surfaces of these

criteria in three-dimensional stress space and their yield
curves on the π-plane are plotted, as shown in Figures 3, 4,
respectively.

Analysis reveals that the meridians of this type of strength
criteria exhibit nonlinear characteristics with increasing hydrostatic
pressure, reflecting the nonlinear behavior of rock strength under
high confining pressures. Consequently, the shapes of the yield
curves on the π-plane change with increasing hydrostatic pressure.
The HB criterion forms a hexagon on the π-plane, exhibiting
six inflection points. The yield curve of the PH criterion is a
smooth and convex circle, but it does not coincide with the HB
criterion at points of triaxial tensile and compressive stress state,
suggesting a need for further research on its fitting accuracy to
true triaxial rock strength experimental data. The yield curve
of the GP criterion is also smooth and convex, forming a
perfect circle. It coincides with the HB criterion under triaxial
compressive stress states but overestimates rock strength under
triaxial tensile stress states. The ZZ criterion coincides with the
HB criterion under both triaxial compressive and tensile stress
states and considers the influence of intermediate principal stress
on strength. It has been recommended by the International
Society for Rock Mechanics and Engineering (ISRM). However,
the yield curve of the ZZ criterion exhibits concavity at states
of triaxial tensile stress, failing to meet the requirement of
smooth and convex curves. The HBWW criterion is a smooth
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FIGURE 7
Fitting results of uniaxial compressive strength for HB-type strength criteria.

approximation function of the HB criterion. It coincides with
the HB criterion at both triaxial tensile and compressive stress
states, meeting the requirement of smooth and convex. The fitting
results of Lee (Lee et al., 2012) using this criterion on eight
sets of true triaxial rock strength experimental data indicate that
the modified HB criterion has high predictive accuracy, but it
is fitting performance with more experimental data remains to
be verified.

Comparing the two types of strength criteria, it can be observed
that the yield surfaces of different criteria all exhibit triaxial
symmetry. Under low hydrostatic pressure, the yield surfaces
close, but as the hydrostatic pressure increases, the opening
gradually enlarges, reflecting the characteristic of rocks being more
compressible than tensile resistant. HB-type strength criteria better
reflect the nonlinear yielding and failure characteristics of rocks
under high confining pressures. ML, MWC, MCJP, GP, PH, and
HBWW criteria all meet the requirement of smooth and convex
curves. However, GP and PH criteria cannot distinguish between
the differences in triaxial tensile and compressive strength. Both the
MGC and ZZ criteria assume that the normal stress on the failure
plane is independent of the second principal stress. In triaxial tensile
and compressive stress states, both criteria degenerate into the MC
andHB criteria. However, there exist singular points on the π-plane,
and the yield curves exhibit concavity at points of triaxial tensile and
compressive stress.

3 Data and fitting method

3.1 Triaxial rock strength data

Rock true triaxial strength testing equipment is still relatively
uncommon, making experiments challenging. Although a
considerable number of true triaxial tests have been conducted
domestically and internationally over the past few decades, a major
limitation in studying rock properties under three-dimensional
stress is still the lack of sufficient true triaxial test data to validate
theoretical and empirical rock failure models. Previous validation
studies of three-dimensional rock strength criteria have often been
limited by the incompleteness of selected strength criteria or by
the scarcity of true triaxial strength experimental data used for
validation, leading to potentially incomplete or biased research
conclusions.This study has compiled 32 sets of true triaxial strength
experimental data from existing literature, as shown in Table 1.

3.2 Data fitting method

In 2002, Colmenares and Zoback conducted a systematic
study on the prediction accuracy of five sets of true triaxial
strength experimental data using the least squares method. The
results indicated that the Mogi-Lade (ML) and Mogi-Coulomb
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FIGURE 8
Fitting results of rock mass parameter for HB-type strength criteria.

(MWC) criteria performed well in predicting the strength of rocks
highly influenced by intermediate principal stress, while the Mohr-
Coulomb (MC) and Hoek-Brown (HB) criteria performed better
in predicting the strength of rocks less affected by intermediate
principal stress. It is worth noting that at the time, criteria such
as the Mogi-Greenwood-Coulomb (MGC) and Zhang-Zhu (ZZ)
criteria had not yet been proposed, and these were not included
in the comparison study conducted by Comenares and Zoback.
Additionally, Comenares and Zoback utilized the least squares
method in their study, which minimizes the sum of squared errors
as the objective function. However, it has been demonstrated that
this method is more sensitive to outliers, and a small number of
outliers can lead to fitting results deviating from the majority of
normal data trends.Therefore, Yeo and Lee recommended using the
least absolute deviations method to determine the undetermined
parameters in the strength criteria. This method minimizes the sum
of absolute errors as the objective function, reducing the influence of
individual outlier data points on the fitting results and ensuring that
the fitted curve lies within the region of the majority of normal data
sets. In this study, based on the least absolute deviations method,
the objective function for fitting the experimental data is expressed
as shown in Eq. 22,

Dabs = min{∑ N
i=1|σ

p
i − σ

m
i |}/N (22)

In the equation, σmi ,σ
p
i represent the true triaxial rock strength

test value and the predicted value for the ith dataset, respectively,

where i denotes the ith dataset and N denotes the total number
of experiments. A smaller value of Dabs indicates higher fitting
accuracy. UsingMATLAB numerical analysis software, based on the
principle of least absolute deviations, programs were developed to
fit the above 10 types of rock strength criteria to the 32 sets of true
triaxial rock strength experimental data.

4 Results and discussion

Based on the least absolute deviations method, the cohesive
strength and internal friction angle forMC-type strength criteria are
fitted and shown in Figure 5 and Figure 6, respectively. Additionally,
the uniaxial compressive strength and rock mass parameter for
HB-type strength criteria are fitted and displayed in Figure 7
and Figure 8, respectively.

Analysis reveals significant differences in cohesive strength
among different rock types. For instance, the cohesive strength
obtained from fitting for Sandstone-Rukhaiyar and Sandstone-
Zhang is less than 10 MPa, while for Asmari Limestone, Jahrom
Dolomite, andOrikabeMonzonite, it exceeds 130 MPa.The internal
friction angles of different rock types are distributed between 0° and
60°, facilitating the determination of the search range during the
fitting process.

For intact rock, in HB-type strength criteria, the rock structure
parameter s is set to 1. The uniaxial compressive strength σc and the
rock mass parameter mi are treated as undetermined parameters.
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TABLE 2 Comparison of prediction performance between MC-type and HB-type strength criteria.

Rock lithology

Optimal MC type strength criteria Optimal HB type strength criteria

Optimum strength
criteria

Mean minimum
absolute deviation

Optimum strength
criteria

Mean minimum
absolute deviation

Aghajari sandstone MCJP 7.78 HBWW 5.42

Asmari Limestone MGC 11.22 ZZ 11.62

Chaldoran Metapelite MCJP 16.56 HBWW 26.17

Hormoz Salt ML 3.19 GP 3.02

Inada Granite MWC 46.34 HBWW 36.08

Jahrom Dolomite MGC 23.64 ZZ 21

Jolfa Marble ML 18.76 PH 19.14

Karaj Andesite MCJP 22.5 HBWW 22.71

Karaj Trachyte MGC 10.44 HBWW 11.17

Mahalat Granodiorite MGC 33.93 HB 39.98

Naqade Amphibolite MCJP 30.07 HBWW 35.63

Orikabe Monzonite MWC 43.62 HBWW 32.64

Pabdeh Shale ML 12.41 HBWW 14.9

Shahr-e babak Hornfels ML 17.78 HBWW 15.33

shourijeh Siltstone MGC 16.91 HBWW 15.23

Sandstone-Rukhaiyar ML 4.85 GP 5.5

Westerly Granite MWC 52.01 HBWW 35.6

Mizuho Trahchyte ML 13.89 ZZ 14.67

KTB amphibolite MWC 74.87 HBWW 49.93

Manazuru andesite MCJP 22.93 HBWW 19.87

Dunham dolomite MGC 22.12 ZZ 19.72

Solenhofen limestone MCJP 15.20 HBWW 15.89

Yuubari shale MCJP 6.24 HBWW 6.27

Dense Marble ML 20.76 PH 12.53

Limestone-Yin MCJP 18.14 HBWW 9.99

Sandstone-Yin MGC 11.63 HBWW 9.99

Sandstone-Zhang MC 4.87 HB 4.89

Sandstone-Gao MCJP 9.25 HBWW 5.73

Shirahama sandstone MGC 10.93 HBWW 8.6

Maha Sarakham salt ML 4.85 ZZ 6.84

Soltanieh Granite MCJP 17.04 HBWW 29.71

Yamaguchi Marble ML 9.51 ZZ 10.48
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FIGURE 9
Comparison of different strength criteria for fitting experimental data on the σ1-σ2 principal stress plane.

Analyzing the fitting results yields the following conclusions,
firstly, significant variations exist in the undetermined parameters
obtained by different HB-type strength criteria for the same set of
experimental data. Determining the fitting range for undetermined
parameters is challenging. Secondly, some experimental data do
not converge during the fitting process, with rock mass parameters
exceeding empirical ranges and uniaxial compressive strengths
being too low, making it difficult to determine the optimal fitting
parameters.

To compare the fitting effects of MC-type and HB-type strength
criteria for true triaxial rock strength criteria, the MC-type and HB-
type strength criteria with the smallest fitting errors for each set of
experimental data, along with their corresponding average minimum
absolute errors, are listed in Table 2. Underscores in the table indicate
the strength criteria with the highest fitting accuracy for each dataset
and their corresponding average minimum absolute deviations.

Among the 32 sets of true triaxial rock strength data,
MC-type strength criteria exhibit the highest fitting accuracy
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TABLE 3 Strength parameters for different types of rocks.

Strength data Aghajari
sandstone

Jahrom
dolomite

Pabdeh shale Solenhofen
limestone

Yamaguchi
marble

HB
σc/MPa 49.50 484.80 101.70 376.40 82.00

m 24.30 5.00 8.50 4.40 21.40

PH
σc/MPa 109.50 510.00 96.00 421.00 168.00

m 5.40 3.50 11.50 1.40 3.60

GP
σc/MPa 68.00 377.00 11.00 375.00 120.00

m 6.50 3.70 58.10 1.40 4.10

ZZ
σc/MPa 5.00 144.00 8.00 247.00 6.00

m 84.20 11.30 56.90 3.70 99.20

HBWW
σc/MPa 43.00 401.00 78.00 323.00 96.00

m 19.80 4.90 9.00 4.40 11.50

MC
co/MPa 20.51 148.97 37.56 105.61 31.48

φo/° 39.52 28.72 29.34 30.35 40.00

MGC
co/MPa 18.20 115.60 25.30 112.00 27.30

φo/° 34.30 29.00 30.80 23.70 34.50

MCJP
co/MPa 18.60 124.40 31.60 101.20 30.70

φo/° 37.20 29.50 29.70 28.30 36.40

ML
co/MPa 17.20 113.00 21.40 112.20 32.10

φo/° 33.40 28.00 31.20 22.70 31.40

MWC
co/MPa 14.70 109.40 20.60 132.70 29.90

φo/° 35.70 28.90 31.80 17.30 32.40

for 16 sets of experimental data, while for the remaining 16
sets, HB-type strength criteria demonstrate higher predictive
accuracy. Specifically, HBWW criteria provide the best predictive
performance across different rock types and have the widest
applicability. To compare the predictive trends of rock strength
with intermediate principal stress using MC-type and HB-type
strength criteria, the envelopes of predicted strengths for five sets of
experimental data (Aghajari sandstone, Jahrom Dolomite, Pabdeh
Shale, Solenhofen limestone, and Yamaguchi Marble) are plotted
on the σ1-σ2 principal stress plane alongside their corresponding
strength criteria predictions, as shown in Figure 9.

At the same time, the fitting parameters of the rock strength
criteria selected in this paper to the strength of the five different types
of rock in Figure 9 are given, as shown in Table 3.

From Figure 9, it can be observed that PH criteria and GP
criteria are the most sensitive to changes in intermediate principal
stress, followed by MWC criteria and ML criteria. The predictive
results of MGC criteria and ZZ criteria exhibit similar trends
with changes in intermediate principal stress. MCJP criteria and

HBWW criteria are the least sensitive to changes in intermediate
principal stress, and their predicted strength variations show similar
trends. On the other hand, the predictive trends of strength with
changes in intermediate principal stress for MC criteria and HB
criteria largely overlap. Since rocks typically experience triaxial
stress states (σ1>σ2>σ3), criteria based solely on maximum and
minimumprincipal stresses, such asMC criteria, cannot fully reflect
rock failure under true triaxial stress conditions. Undoubtedly,
intermediate principal stress significantly influences rock failure.
The failure strength increases with increasing intermediate principal
stress, and then decreases as the intermediate principal stress further
increases. Therefore, increasing or decreasing the intermediate
principal stress may both lead to rock failure.

5 Conclusion

Based on the study, the following conclusions can be drawn,
firstly, MC and HB criteria ignore the influence of intermediate
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principal stress on rock strength. PH and GP criteria overestimate
the influence of intermediate principal stress, resulting in large
prediction errors. The remaining three-dimensional rock strength
criteria have prediction errors within an acceptable range. The
concept of undetermined parameters in MC-type strength criteria
is simple and clear, making it easy to determine the search range
during fitting. However, the parameter variation range for HB-
type criteria is large, making it difficult to determine the search
range, and non-convergence may occur during the fitting process.
Secondly, both three-dimensional MC-type and HB-type strength
criteria reflect the trend of rocks increasing and then decreasing
in strength with increasing intermediate principal stress. Increasing
or decreasing intermediate principal stress may both lead to rock
failure. There is no significant difference in the predictive accuracy
of three-dimensional rock strength criteria for true triaxial rock
strength, in addition, none of the three-dimensional rock strength
criteria demonstrate a clear advantage in predicting the strength
of experimental data. Thirdly, the predictive accuracy of three-
dimensional rock strength criteria depends on the sensitivity of
the studied rock strength to the changing of intermediate principal
stress. PH and GP criteria are thr most sensitive to in the changing
of intermediate principal stress, followed by MWC and ML criteria.
The predictive results of MGC and ZZ criteria exhibit similar
trends with changes in intermediate principal stress. MCJP and
HBWW criteria are the least sensitive to in the changing of
intermediate principal stress, and their predicted strength variation
trends are similar. The predictive trends of strength with changes in
intermediate principal stress for MC andHB criteria largely overlap.
The study of rock mechanics characteristics, especially strength
characteristics, is helpful to provide support for underground rock
engineering, meet the needs of engineering construction, and
promote the development of the discipline.
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