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To study the characteristics of tensile cracking by rock-bending damage, the
bending stress–strain curves and the cumulative ringing counts were obtained by
a three-point bending test and acoustic emission (AE) monitoring of limestone
beams. Based on the Lemaitre strain equivalent principle and the continuous
damage theory, the bending damage variable D was defined by the AE cumulative
ringing counts, and the bending crack damage evolution equation was established
according to the Weibull distribution of the rock element strength. To realize the
numerical test of the bending deformation, the damage variableDwas used as the
intermediate variable, and the specific process of damage bending stress
transformation and the realization of the tensile crack criterion were secondary
developed by FISH language in FLAC3D. According to the results, the central part of
rock beam deforms downward under the action of bending stress, and both ends
tilt up. Therefore, the bending failure begins with the tensile crack at the bottom of
the rock beam and gradually extends to the compression zone. The maximum
damage value is about 0.402 before the peak stress. The compressive stress in the
x direction increases from the neutral layer to the top of the rock beam, and the
tensile stress in the x direction increases from the neutral layer to the bottom of
the rock beam. The maximum tensile stress is distributed in the center of the
bottom of the specimen, where the bending effect is obvious. The stress–time
curve was divided into the (Ⅰ) compaction stage, (Ⅱ) expansion stage, and (Ⅲ)
penetration stage, accordingly, and the evolution of damage equation was divided
into three stages: initial damage stage, slow damage stage, and accelerated
damage stage. The curves of the experimental result, theoretical model
prediction result, and numerical simulation result were in good agreement with
each other, which indicates that the numerical simulation based on the criterion of
rock damaged fracture can better reflect the bending process of rock beams
under three-point bending stress.
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Highlights

• The bending damage variable D was defined by the AE
cumulative ringing counts, which can be divided into three
stages during the whole loading and increases rapidly after
80% peak stress.

• The element stress of the section of the rock beam was
converted into the bending stress, used to establish the
damaged fracture criterion.

• The damage zone and bending stress distribution were
obtained by FISH language in FLAC3D for secondary
development of the numerical test.

1 Introduction

Rock is usually placed in a compressive state as a kind of
geotechnical engineering material, which attracts research
attention of many scholars to the rock compressive strength
(Liao et al., 2019). However, in some cases, the bending tensile
failure of rock is the dominating mode of engineering instability and
failure (Andreev, 1991; Zhang, 1994; Cai et al., 2001; Pine et al.,
2007), such as the bending failure in the horizontal roof plate of
underground cavities and tunnels (Guan et al., 2012), the slide-
bending failure in the bedding rock slope (Yang et al., 2022), the
crooked-toppling failure in the anti-dip layered rock slope, and a
buckling failure in the vertical rock slope (Zhang, 1994). Because of
the important engineering application value of bending tensile
failure of rock, much research has been conducted. ASTM
International (2008) proposed some methods, including compact
tension and three-point bending, to test the bending strength of
materials. ISRM (1978) proposed the test standards of direct tension
and Brazilian splitting. Pandey and Singh (1986) studied
deformation of rock in different tensile tests. Meanwhile, the
acoustic emission (AE) technique, a kind of useful means to
monitor the development and evolution of microcracks during
rock deformation, is widely used in rock damage analysis (Liu B.
X. et al., 2009; Tian et al., 2022). Extensive information can be
reflected by AE signals, including the evolution process (Pei et al.,
2013), the mechanism of failure (Aggelis et al., 2013; Zhou et al.,
2019; Gan et al., 2020), and the quantification and location of
damage (Liu Y. M. et al., 2009; Tian et al., 2020). Therefore,
many scholars have studied the evolution of microcracks in rock
during bending failure through AE monitoring. Zeng (2015) studied
the AE characteristics of sandstone under three-point bending and
analyzed the influencing factors of damage. Deng et al. (2016)
studied the influence of grain size and AE characteristics through
a three-point bending test. Lacidogna et al. (2018) conducted a
three-point bending test on pre-slotted concrete beam specimens
and used the AE technique to monitor the crack growth process.
Prem and Murthy (2016) applied the AE technique to study the
damage mechanism of the reinforced concrete beams under a
bending test.

Some theories have also been proposed regarding bending
tensile failure, along with deeper research. One of them is the
fracture mechanics theory, which focuses on the change laws of
crack propagation, damage characteristics, stress intensity factor,
and the fracture toughness of rock beams with prefabricated cracks

under vertical load. Atkinson (1992) published the first monograph
on rock fracture mechanics in 1987, which expanded a new direction
for rock mechanics. Lu et al. (2021) conducted a three-point bending
test on granite and marble with different prefabricated crack
methods and lengths. Li et al. (2018) conducted a three-point
bending test on a sandstone specimen with a perpendicular crack
surface. Zuo et al. (2017) studied the influence of temperature,
buried depth, and offset notch on the tensile fracture characteristics
of rock mass through a three-point bending test. The other theory is
about material mechanics or structural mechanics, and it focuses on
the influencing factors of the bending strength and tensile modulus
of rock materials and the bending failure mechanism. Yao et al.
(2018) proposed a two-parameter tensile strength model for rocks
based on the successful application of the non-local theory and the
three-point bending test. Francesco et al. (2019) combined the AE
monitoring and the non-local integral plastic damage constitutive
theory to simulate and analyze the bending fracture process of
Adelaide black granite. Zuo et al. (2013), Zuo et al. (2015)
established an anisotropic model of layered rock mass reflecting
transverse isotropy and a criterion for bending failure mode.

However, the previous research was mainly based on the plat and
beam model or basic theories of fracture mechanics and material
mechanics, focusing on the research of crack propagation, energy
accumulation, and dissipation, etc., and explaining the phenomenon
mechanism in the process of testing. It gave little consideration to the
damage and parameter deterioration in the deformation process of
rock beam, and the mechanical theory is not strong in guiding the
numerical simulation. Therefore, in this work, based on the Weibull
distribution function of micro-element strength, the bending damage
evolution equation of limestone beam is established, and the damage
and parameter deterioration in the deformation process of rock beam
are considered. Then, the bending stress yield criterion is used as the
damage and bending crack criterion of the rock beam, and the damage
variableD is used as the intermediate variable to conduct the bending
numerical test of the rock beam. The specific process of the calculation
of damage bending stress and the realization of the tension crack
criterion is compiled with the inbuilt FISH language of FLAC3D. The
research results are helpful to understand the bending deformation
characteristics and failure mechanism of limestone beam.

2 Experimental work

2.1 Specimens and instruments

As shown in Figure 1A, the limestone beam specimens were taken
from the same site and were made into six rectangular solid beams of
60 cm in length, 10 cm in width, and 10 cm in height. The testing
system, as shown in Figure 1, included an electro-hydraulic servo
universal mechanics testing system (Figure 1B), AE monitoring
system (Figure 1C), and strain monitoring system (Figure 1D).

2.2 Test methods

1) The rock beams were wiped with fine sandpaper to polish their
surfaces, and the strain gauges were pasted on the side and
bottom of the rock beams smoothly. As shown in Figure 1D,
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strain gauge 3 was located at the side central axis of the rock
beams, and the intervals among strain gauges 1 to 5 were 15 mm.
Strain gauge 6 was located at the middle bottom of the beams.
The beams with strain gauges were left in a ventilated
environment for 4–5 h.

2) The six strain gauges were connected to the corresponding
channels of the static strain data acquisition instrument, and
at the same time, another strain gauge located on the spare rock
was connected to the temperature compensation channel of the
strain acquisition instrument to make a temperature
compensation for the test.

3) Fixing the eight AE sensors at the selected point on the rock
beams with rubber bands, the vacuum silicone grease was used to
couple the rock beams and the AE sensor. The location of the
strain gauges and AE sensors are shown in Figure 2A. The peak
definition time (PDT), hit definition time (HDT), and hit locking

time (HLT) were set as 50, 200, and 300 μs, respectively. The
threshold for AE detection was set to 40 dB.

4) After the preparatory work was completed, the limestone beams
were loaded to failure with a rate of 0.002 mm/s under AE and
strain monitoring. The fractured limestone beam is shown in
Figure 2B.

3 Results and analysis

3.1 Test result

3.1.1 Load–displacement curve
Figure 3 shows the relationship between the load and mid-span

vertical displacement of the rock beam. As can be directly seen in
Figure 3, the load–displacement curves are convex.

FIGURE 1
Testing system: (A) rock beams specimens, (B) universal mechanics testing system, (C) AE monitoring system, (D) strain monitoring system.

FIGURE 2
(A) The prepared limestone beam, (B) the fractured limestone beam.
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Because the failure of rock is closely related to the evolution of
internal microcracks, the load–displacement curves can be divided
into three stages from the analysis of the evolution of internal
microcracks: (I) microcracks compaction stage, (II) microcracks
expansion stage, and (III) microcracks penetration stage. Taking the
curve of KW1-5 as an example from Figure 3, the microcracks
compaction stage (I) occurs at the initial loading period of the rock
beam. At this stage, the original microcracks in the rock beam are
compacted; however, the load on the rock beam is too small to
produce new microcracks, causing the displacement changes slowly
with the increase of the load.With the load continues to increase, the
microcracks in the upper part of the rock beam are dramatically
compacted, and at the same time, the microcracks in the lower part
of the rock beam are in a tension state. New microcracks begin to
appear and expand in the lower part of the rock beam, but they are
not connected yet. At this period, the curve is approximate to a
straight line, called the microcracks expansion stage (II). When the
load further increases, the load–displacement curve turns down
sharply after the peak value, and the rock beam breaks suddenly. At
this time, the vertical displacement of the rock beam is almost
unchanged, and the bearing capacity of the rock beam drops sharply
due to the complete penetration of the microcracks. This period is
identified as the microcracks penetration stage (III), which reflects
the characteristics of the bending brittle fracture of limestone beam.

3.1.2 Stress-cumulative ringing–time curve
The maximum bending stress located at the lower edge of the

mid-span section was calculated from Eq. 1:

σ � 3PL
2bh2

(1)

Where P is the load (N), L, b, and h are, respectively the length,
width, and height of the rock beam (m). The results calculated
according to Eq. 1 are shown in the Figure 4.

According to the stress-cumulative ringing number–time curves
of Figure 4, we can find that the bending stress of limestone beam

changes with time in three stages: the slow growth stage, linear
growth stage, and sharp decline stage after the peak. This is in
accordance with the analysis results in subsection 3.1.1. Accordingly,
the AE signals show different evolution characteristics with different
loading stages.

At the microcracks compaction stage (I), the source of AE
signals is inactive, corresponding to the compression of the
original microcracks in the rock beam, which causes the
cumulative ringing number at a low level.

At the microcracks expansion stage (II), the source of the AE
signals changes from compression of the original microcracks to
production of new microcracks with the increase of the load, which
causes the cumulative number of AE rings to increase with the stress;
the specimen is still at a stable stage.

At the microcracks penetration stage (III), the cumulative
number of AE rings increases dramatically because of the
unstable expansion of the microcracks. The increase rate is
faster than that of stages I and II, and there are two sudden
growth points. The first point is located at the point of 80%
peak stress, because of the large number of microcracks that are
generated, expanded, and connected. The second point occurs at
the moment when the stress drops rapidly, and it is mainly caused
by the complete destruction of the rock beam, which can be taken
as a sign of rock beam failure.

3.2 Analysis

3.2.1 Bending damage analysis
3.2.1.1 Definition and monitoring method of bending
damage variables

Based on the continuous damage theory and Lemaitre strain
equivalent principle, the stress–strain constitutive relationship of the
tensile zone in the bending damage

process can be expressed as Eq. 2:

σt � E 1 −D( )ε (2)

FIGURE 3
Load–displacement curves in three-point bending test.

FIGURE 4
Stress-cumulative ringing counts–time curve of specimen
KW1-5.
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Where σt is the tensile stress, εis the strain, E is Young’s modulus,
and D is the damage variable. According to the research by Zhang
et al. (2006), the relationship between the damage variable and the
AE cumulative rings can be directly defined as:

D � N

Nm
(3)

Where N is the real-time AE ringing during the bending damage
process, which represents the microcracks generated by the stress on
the specimen at this moment, and where Nm is the cumulative
ringing number of complete failure at the end of the test, which
represents all the microcracks generated by the stress on the
specimen.

The relationship between strain and time collected by different
strain gauges in Figure 4 was fitted, and it was found that the
relationship between strain and time in the different parts is linear,
and the expression is:

ε � kt + ε0 (4)
According to the study by Wu et al. (2015), when the rock

specimen is brittle or undergoes brittle–ductile failure, exponential
function can be considered to express the functional relationship
between the AE cumulative rings count N and time t:

N � A1 exp B1t( ) + C (5)
The value of A1, B1, and C can be determined by experimental

data. Substituting Eq. 4 into Eqs 5, 6 can be derived:

N � A1 exp
B ε − ε0( )

k
[ ] + C (6)

Tang et al. (2003) and Jiang and Wen (2011) established the
constitutive model of the rock stress–strain curve based on the
Weibull distribution model as follows:

D � 1 − exp −ε
m

α
( ) (7)

σ � Eε exp −ε
m

α
( ) (8)

Yang et al. (2005) established a new method to determine the
parameters of a rock damage model:

m � 1/ ln Eεe/σe( ) (9)
α � mεe

m (10)
Wheremis the shape factor of the distribution function and σe and εe
are, respectively, the tensile stress and tensile strain at the lower edge
of the rock beam at the end of the test.

The relationship among the AE cumulative ring numbers N,
stress σ, and damage variable D can be obtained by combining Eqs
6–8 as follows:

D � 1 − exp −1
α

k

B1
ln
N − C)
A1

+ ε0( )
m

[ ] (11)

σ � Eε exp −1
α

k

B1
ln
N − C)
A1

+ ε0( )
m

[ ] (12)

In the process of large-scale rock beam bending, the neutral layer
between the compression zone and the tension zone will gradually

shift from the middle of the rock beam to the upper part with the
gradual bending failure. However, because the scale of this test was
small and the tensile fracture process was very short, the upward
displacement distance of the intermediate layer was small, so it was
not considered in the calculation. Taking the deformation at the
bottom of each rock beams as the calculation point, the calculation
parameters are shown in Table 1.

According to the AE accumulated ringing number collected
during the test, as shown in Figure 5, the damage variable D of the
rock beam was calculated by Eqs 3, 11.

According to the analysis in Figures 4, 5, and subsection 3.1.1,
3.1.2, the bending damage of limestone beam can be divided into the
initial damage stage, slow damage stage, and accelerated damage
stage. The initial damage stage corresponds to the microcracks
compaction stage (I), and the value of damage variable D tends
to 0. The slow damage stage corresponds to the microcracks
expansion stage (II), and the growth rate of the damage variable
D is slow. The accelerated damage stage corresponds to the
microcracks penetration stage (III). At this stage, the damage
variable D starts to increase rapidly when the stress increases to
80% of the peak stress. When the stress reaches the peak, the damage
variable D increases rapidly until the sample is fully damaged, which
shows that during the process of bending deformation, the ductility
of the rock is not obvious, and the rock shows transient brittle tensile
fracture. The analysis results show that the damage variable
correction theory conforms to the actual test situation.

3.2.1.2 Damage stress correction
The evolution of stress growth with strain after the damage

correction of each strain gauge can be calculated according to Eq. 2.
Taking strain gauge 6 of rock beam specimen kw1-5 as an example,
the stress–strain relationship curve after damage correction is shown
in Figure 6.

The black scattered points in Figure 6 are the test data, and the
red line is the damage correction curve. The two curves fit well,
which shows that the damage evolution model can well reflect the
bending stress deformation process of limestone beam.

3.2.2 Fracture criterion of bending damage of rock
mass

When the rock beam is bent under the action of torque, the
upper part is compressed, and the lower part is tensioned. With the
increase of bending torque, the tensile stress on the tensile side
gradually increases. When the tensile stress exceeds the ultimate
tensile strength, the rock beam begins to crack. The bending failure
can be judged by the tensile stress yield criterion:

fr
t � σb − Rt

r (13)
Where σb is the edge bending stress in the x direction of the rock

beam and Rt
r is the ultimate tensile strength. The calculation formula

of σb under normal compressive stress is:

σb � M · y
Iz

(14)

M � P · l
4

(15)

IZ � b · h3
12

(16)
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where M is the maximum bending moment, P is the vertical
compressive load, l is the length of the limestone sample, b is the
width of the section, h is the height of the section, Iz is the moment of
inertia of the cross-section to the bending neutral layer, and y is the
distance from the stress location to the bending neutral layer.

The stress essentially represents the central stress of the block
element during numerical calculation, but the maximum principal
stress under the bending failure progress is located at the tensile side
edge of the rock beam. Therefore, it is necessary to convert the stress
(block element stress contained in any section perpendicular to the
neutral axis) to the bottom edge bending stress σb. The method is
shown in the following steps:

1) Assuming the normal stress along the x direction at any block
element center in the rock beam is σx(ij), by using the Lagrangian
interpolation method for the center stress of each block element of a
section that is perpendicular to the horizontal beam, the value of the
normal stress distribution along the x direction of the section can be
obtained. The calculative method is showed as Eq. 17:

σ ′x r( ) � ∑m
i�1
σx ij( )li r( ) (17)

Where li(r) is the Lagrange interpolation basis function, the
calculation equation is shown as follows:

TABLE 1 Parameter fitting of damage evolution equation of six samples.

Specimens σe/MPa εe E/GPa m A1/10–5 B1 C k (E) ε0

kw1-1 32.5 4.25e-3 8.06 10.69 2.08 0.12 0 0.82–6 0

kw1-3 22.5 3.3e-3 7.35 13.31 3.14 0.33 0 0.90–6 0

kw1-4 17.8 4.6e-3 4.35 8.54 5.59 0.43 0 0.85–6 0

kw1-5 32.5 4.25–3 8.69 7.82 4.41 0.29 0 0.65–6 0

FIGURE 5
Evolution law of damage variables with time.
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li r( ) � r − r1( )/ r − ri−1( ) r − ri+1( )/ r − rm( )
ri − r1( )/ ri − ri−1( ) ri − ri+1( )/ ri − rm( ) (18)

Where ri is the distance from the center of each block element in
column j to the neutral axis, and r is the distance from each point of
column j unit to the neutral axis.

2) The bending torque (M) of the block element can be obtained
by taking the torque from σ′x(r) to the block element center. Since
the stress distribution of σ ′x(r) is polynomial, the equation for
obtaining M by integrating σ ′x(r) is as follows:

M � −∫h′

0
σ ′x r( )dr (19)

Where h’ is the height of the block element.
After the bending torqueM is obtained, the bending stress σb at

the lower boundary of each block element of rock beam can be
calculated by Eq. 20:

σb � 6∑M
bh′2

(20)

4 Three-point bending numerical test
of rock beam

To verify the accuracy of the bending damage evolutionmodel and the
rationality of the damage tensile fracture criterion of the limestone beam
under the action of a three-point bending load, the numerical test was
carried out by using FLAC3D software according to the indoor test data.

4.1 Compilation of damage constitutive
model

Based on the self-contained Mohr-Coulomb model of FLAC3D,
the numerical simulation of the damage constitutive model of
limestone beam under three-point bending test was realized by
the built-in FISH language. For each element, the strain increment in
x direction was accumulated at each calculation time step and used
to calculate the damage variable (Eq. 11). The damage deterioration
of the elastic modulus and damaged stress were corrected (Eq. 12).
The bending stress was calculated according to Eqs 14–17, and it was
judged whether bending failure occurred according to Eq. 13.

4.2 Model and parameters

The numerical test parameters are based on the indoor data of the
three-point bending test (L=0.6 m, b=0.1 m, h=0.1 m). The numerical
calculation model is shown in Figure 7, and the numerical calculation
physical and mechanical parameters are shown in Table. 2.

FIGURE 6
Comparison of σ-ε curves at strain gauge 6 of specimen KW1-5.

FIGURE 7
Calculation model diagram. (A) Sample stress model, (B) Mesh generation and loading.

TABLE 2 Parameters in numerical tests.

Parameter E/GPa μ c/MPa φ/° Rt/MPa

Limestone 6.83 0.24 3.5 38 33.0
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4.3 Result analysis

As for the horizontal bottom of the rock beam, the stress–strain
relationship at the section (x=0) during the numerical test is shown
in the blue curve in Figure 6.

We can find that the bending stress of numerical calculation
increases with the strain and drops sharply after the peak stress is
about 30 MPa, which closely coincides with the test curve and
theoretical curve. The displacement distribution along the x
direction of the rock beam is shown in Figure 8. The

FIGURE 8
x-displacement distribution.

FIGURE 9
Distribution of bending stress and x-direction stress. (A) x direction bending stress distribution, (B) Stress distribution in x direction of section
element x=0.

FIGURE 10
Distribution of bending zones.
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displacement increases from the central section to both edges
along x direction gradually. The maximum displacement. which
is mainly distributed at the top and bottom of the specimen, is
about 1.36 mm, and the minimum displacement is 0 mm,
distributed near the neutral layer. The deformation process of
the rock beam during three-point bending has been exhibited
straightly by the numerical simulation test results. The rock beam
deforms under the action of bending stress, the central part
deforms downward, and both ends tilt up. At the same time,
the bottom of rock beam is deformed towards both ends by
tension, and the upper part is deformed towards the neutral layer
by compression. Therefore, the bending failure begins with the
tensile crack at the bottom of the specimen, and gradually
extends to the compression zone. In the process, the neutral
layer shifts upward. Since the tensile crack failure process is very
short, the neutral layer shift is not considered in this work.

As shown in Figures 9A, B, the compressive stress in the x
direction increases from the neutral layer to the top of the rock
beam, and the maximum compressive stress is about 35.7 MPa,
which is distributed in the area above the neutral layer. The tensile
stress in the x direction increases from the neutral layer to the
bottom of the rock beam, and the maximum tensile stress is about
25.0 MPa, which is distributed in the area below the neutral layer.
The maximum compressive stress is greater than the maximum
tensile stress. The maximum tensile stress is distributed in the
central of the bottom of the specimen where the bending effect is
most obvious, which is consistent with the deformation of the
indoor test. At the same time, the bending stress distribution is
close to the x-direction normal stress of the section element x=0, but
the value is different. The bending stress at the bottom of the middle
of the rock beam is 33.6 MPa, obviously greater than the stress in the
x direction, which is also the reason why the unit center stress cannot
replace the edge tensile stress.

The tensile fracture zone is shown in Figure 10, mainly
distributed at the bottom of the beam. The damage starts from
the tensile zone at the bottom of the beam, and the maximum
damage value is about 0.402 before the stress reaches the peak value
(Figure 11), which is close to the damage variable value caused by the
same stress in Figure 5. The stress distribution of each section is
consistent with the actual situation.

5 Conclusion

1) The bending failure progress of limestone beam can be divided into
three stages from the analysis of stress-cumulative ringing–time
curves: (I) the microcracks compaction stage, (II) microcracks
expansion stage, and (III) microcracks penetration stage.
Correspondingly, the evolution of the bending damage variable
D is also divided into initial damage stage, slow damage stage, and
accelerated damage stage. The damage variable D increases rapidly
when the stress increases to 80% of the peak stress.

2) The damage variable D is corrected by the data of the three-point
bending test, and the result conforms to the actual test situation.
Under the conditions of damage variable D, the stress–strain
constitutive model of three-point bending tensile zone of
limestone rock beam is established based on the Lemaitre strain
equivalent principle and continuous damage theory, and the obtained
curve is in good agreement with the fitting curve of the test data.

3) The yield criterion of bending stress is selected as the bending failure
criterion. The specific implementation process of stress damage
deterioration, the calculation of bending stress at the lower edge of
the limestone beam, and the bending failure criterion are
programmed by FISH language to realize the secondary
development of software FLAC3D, thus programmatically
realizing the calculation of the damage deterioration formula and
bending criterion. The numerical simulation results show that: ①
The stress–strain curve of the whole bending deformation progress
is in good agreement with the fitting curve of the test results and the
prediction curve of the theoretical model.②According to the cloud
diagram of displacement distribution in the x direction, the rock
beam deforms under the action of bending stress, the central part
deforms downward, and both ends tilt up. Therefore, the bending
failure begins with the tensile crack at the bottom of the specimen
and gradually extends to the compression zone. The maximum
damage value is about 0.402 before the peak stress. ③ The
compressive stress in the x direction increases from the neutral
layer to the top of the rock beam, and the tensile stress in the x
direction increases from the neutral layer to the bottom of the rock
beam. The maximum tensile stress is distributed in the center of the
bottom of the specimen where the bending effect is most obvious,
which is consistent with the deformation of the indoor test.

FIGURE 11
Distribution of damage variable.
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