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The fractures of different sizes in rock masses are important for describing rock
fragmentation. The distribution dispersion of fracture size influences the
blockiness level of the rock masses. Based on a normal statistical distribution,
the volume ratio of blocks to rock (B) was obtained to describe the blockiness
level. For exploring the effect of the dispersion of fracture size on blockiness level
and the representative elementary volume (REV) of rock masses, the laboratory
model and numerical simulation were established, and the theory of statistics and
the method of analytical solution were applied. In addition, 4,525 practical rock
models were established to qualitatively reproduce the behavior of B with
changing domain size. The results show that by comparing the degree of
convergence, the REV of a rock mass is determined by the fracture size rather
than the degree of fracture dispersion. The value of B increases with the
distribution dispersion of fracture size, indicating a higher blockiness level.
From the experimental analysis of coin tossing, when the number of trials
exceeds 69, the random results are nearly stable. In this study, 100 calculations
were performed. A formula to calculate the blockiness by considering the
dispersion degrees of fracture size was obtained. Moreover, a positive linear
correlation between B and the coefficient of variation of fracture size was
obtained. The rate of increase in B has a parabolic relationship with the ratio of
fracture size to fracture spacing (L).
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1 Introduction

The typical unit volume or the representative elementary volume (REV) is the
minimum volume that represents a material on a large scale. The concept of the REV is
an indispensable basis for understanding fractured rock masses, and the existence of a
REV is the premise of continuum theory and the finite element theory. This continuum
method is important for solving large rock problems (Wang et al., 2022b; Lei et al., 2022).
When the REV size is very small, the theory of continuous media can be applied directly.
However, the application of this theory to fractured rock masses is limited. For example,
the representativeness of the permeability tensor and the applicability of porous medium
theory depend on the existence of a REV in the rock mass (Bear, 1972; Long and Billaux,
1987; Wang et al., 2003). A REV is the basic and key index of rock mechanical properties
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(Xiang and Zhou, 2005). As a result, the concept has attracted a
great deal of attention in the field of geotechnical engineering and
has been discussed from various points of view in many
publications. These include the three-dimensional (3D) and
two-dimensional (2D) hydraulic conductivity, the damage
coefficient, the geological strength index, and the REV (Wang
et al., 2002; Ni et al., 2017; Wang et al., 2018; Huang et al., 2020).
The REV method can describe a threshold of a rock mass
property, such as hydraulic conductivity (Li and Zhang, 2011).
Typical rock masses are formed under the influence of blocks
with different domain sizes (Shahami et al., 2019). In this study,
the REV of a rock mass was explored from the viewpoint of the
block.

The stability of rocks has always been a focus of concern.
Wang et al. estimated the effect of five indexes on the stability of
slop by numerical and statistical methods (Wang et al., 2022c).
The study of blockiness level is of great significance to avoid
geological disasters such as rockfalls and tailings pond failures
(Wang et al., 2019; Wang et al., 2021; Wang et al., 2022a; Lin
et al., 2022; Ma and Liu, 2022). Blockiness is defined as the
percentage of the volume of isolated blocks formed by fractures to
the total volume of the rock (Xia et al., 2016). It is used to
quantitatively describe the fragility level of a rock mass (Aler
et al., 1996; Chen et al., 2021). A rock mass with a higher
blockiness level tends to be more fragmented. Conversely, a
rock mass with a lower blockiness level has a stronger
integrity. In recent years, blockiness has been adopted by
some researchers as an index of rock mass quality
classification. In a paper by Xia et al. (2016), 77 types of
fractured rock mass models were developed based on seven
classes of fracture size and 11 spacing categories
recommended and classified by the International Society for
Rock Barton (1979). The rock block was identified and its B
was investigated. For each domain size, nine implementations
were performed to reduce the effects of randomness. The results
indicated that 76 REV sizes ranged from 2 to 20 times the fracture
spacing.

It is well known that the influence of fractures on the
blockiness level is considerable, especially in the spacing, size,
and statistical distribution of fractures (Elmouttie and Poropat,
2011; Zhu et al., 2014; Ajayi et al., 2018). The sizes and
distributions of fractures in rock masses are diverse (Hu et al.,
2022; Yang et al., 2022). Fracture spacing and size control the
volume, quantity, and stability of a block. In this study, the
fracture sizes of each model were constant. The quantitative
relationship between B, fracture spacing, and size was
explored, assuming equal fracture sizes (Xia and Yu, 2020). In
this study, a relationship between B and normally distributed
fracture size was obtained. The coefficient of variation (Cv) was
now used to indicate the dispersion degree of fracture size. A
more practical model was established by GeneralBlock (GB)
software, and the influence of the statistical dispersion of
fracture size on B and REV was investigated. To decrease the
random error of this relationship, the number of calculations was
increased from 5 to 100. This process includes the following: 1)
based on the 77 models by Xia et al. (2016), the statistical

distribution of fracture size was changed while the other
parameters were kept constant; 2) five types of fracture
networks were constructed under different statistical
dispersions of fracture size; 3) rock blocks in each model were
identified, and the fluctuation in B with the size of the model area
was calculated; and 4) the REV sizes in these models were
determined by the convergence or the Cv of B, and an
analytical function describing the relationship between B and
the distribution dispersion of fracture size was developed.

2 Statistical distribution of fracture size

2.1 Fracture shape and size

The complex fractures in rock have a great influence on the
quality and safety of rock in geological engineering projects such
as dam foundations, underground tunnels, or caverns. A scheme
for modeling fracture networks was proposed (Neuman, 1989).
However, for this model, the fracture geometry and distribution
must be determined first. In past research, the fractures have been
hypothesized to be disc-shaped, ellipsoidal, or polygonal (Baecher
and Lanney, 1978; Dershowitz and Einstein, 1988; Kalenchuk
et al., 2006). Polygonal and ellipsoidal models, which incorporate
more geometric coefficients than the disc model, may describe the
fracture shape more accurately. However, it is not easy to
determine these coefficients (such as the directions of the
major and minor axes of an ellipse). The more coefficients
there are, the greater the uncertainty of the model. In this
study, the disk assumption was adopted, so only its diameter
or radius was needed to describe the fracture size. The spatial
location of fractures was determined by the Poisson model (Priest
and Hudson, 1976). Among all fracture parameters, fracture size
directly and critically affects the characteristics of rock masses
such as fracture closure, permeability, and rock instability (La
Pointe et al., 1993; Giwelli et al., 2009; Lang et al., 2014; Zhang
et al., 2020). A normal distribution and dispersion level are
concerns in this study.

FIGURE 1
Probability density function f(x) for σ = 0.7, σ = 1, and σ = 2.
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2.2 Statistical dispersion of fracture size

The statistical distribution of the fracture size is an
important parameter for characterizing fractures. Although
there are many distribution forms of fracture size, the
Gaussian distribution (the normal distribution) is the most
commonly applied distribution in the statistical analysis of
geotechnical engineering. A simple form of the normal
distribution is another reason for applying it. It only requires
the parameters of mean and standard deviation. The discrete
level of stochastic variables can be described by the standard
deviation. Moreover, a normal distribution is generally adopted
for fracture size. The standard deviation of the fracture size can
be calculated by estimating the maximum value and the
minimum value. In this study, the effect of the discrete level
of fracture size on blockiness and REV was explored. The normal
distribution of fracture size has been adopted by many authors,
which is an important distribution in theory and application
(Pahl, 1981; Min and Jing, 2003; Priest, 2004; Song et al., 2022;
Zhang et al., 2022). According to the criterion of normal
distribution, the probability density function, denoted as f(x),
was defined as (Wilson, 1927)

f x( ) � 1/
��
2π

√
σ( ) × exp − x − μ( )2/ 2σ2( )[ ], −∞< x < +∞

(1)
where μ is the mean, σ is the standard deviation, and σ > 0. As
demonstrated in Figure 1, the shape of the curve is determined by
the parameter σ. The coefficient of variation (Cv) is defined as the
ratio of the standard deviation (σ) to the mean (µ). To avoid the
effect of the mean, Cv can be used to represent the statistical
dispersion degree of fracture size.

3 Blockiness and REV of rock masses

3.1 Fracture network modeling

Xia et al. (2016) developed 77 types of fractured rock mass
models and calculated the 3D fracture density (d3) of these
models (as illustrated in Table 1). On this basis, five types of
models are selected to discuss the influence of fracture size
dispersion with a normal distribution on the B and REV of
rock masses. The five representative models were as follows:
model I with moderate spacing and moderate persistence
(MS1-MP1); model II with moderate spacing and low
persistence (MS2-LP2); model III with wide spacing and high
persistence (WS1-HP); model IV with wide spacing and medium
persistence (WS1-MP1); and model V with wide spacing and low
persistence (WS1-LP2). The domain sizes of these cubic models
have side lengths ranging from 2 to 20 times the fracture spacing.

Using the principle of 3σ to measure the probability of a
normal distribution within μ ± 3σ, the probability is
approximately 99.7%, as given in Figure 2. That is, the
probability of random numbers out of this range is negligible.
Normal random variables range in value from positive to
negative, whereas the fracture size cannot take negative
values. We defined μ - 3σ > 0 to ensure that the value isTA
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positive. For each model, five different standard deviations were
selected. The parameters of the discrete fracture networks are
provided in Table 2, containing the fracture orientation, fracture
occurrence, and standard deviations of fracture size. The
representative fracture networks were obtained by statistical
dispersions of different fracture sizes, as shown in Figure 3.

3.2 Calculation of the blockiness and REV

In this study, fractures with five different standard
deviations of normal distribution were considered in the
simulation analysis. According to the parameters of fracture
in Table 2, the domain size ranges from 2 to 20 times the
spacing. A total of 4,525 fractured rock models were
established. The method of multiple simulations was applied
to reduce randomness. A comparison of the theoretical and
simulated fracture radii of each model is presented in Table 3,
for the number, mean, and standard deviation of the fractured
radii. The results show that the models adopted in this work,
which allow a more realistic consideration of fracture size
dispersion than previous models, can capture the blockiness
level well. These fractured rock models were considered
reasonable. The rock model based on the fracture networks
of the three models is shown in Figure 4. The number of blocks
increases with the distribution dispersions of fracture size. To
ignore random errors, simulations are performed 9 times at
every domain size, and random values of B with 10 domain sizes
of five models are obtained. The results reveal the behavior of B
with domain size.

A rock mass has volumetric properties. When the volume of
the rock mass reaches a certain range, the rock parameters tend to
be stable; this threshold volume (the REV) can be used to

FIGURE 2
The areas under the normal density function within the ranges of
μ ± σ, μ ± 2σ, and μ ± 3σ.

FIGURE 3
The fracture networks with different dispersions of fracture size:
(A) model II, (B) model III, (C) model Ⅴ; the domain size of (A) to (C) is
3.6 × 3.6 × 3.6 m3, 18.2 × 18.2 × 18.2 m3, 2.6 × 2.6 × 2.6 m3.

FIGURE 4
The models of rock masses produced by adopting different
dispersions of fracture size: (A)model II, (B)model III, (C)model Ⅴ; the
domain size of (A)-(C) is 3.6 m3 × 3.6 m3 × 3.6 m3, 18.2 m3 × 18.2 m3 ×
18.2 m3, 2.6 m3 × 2.6 m3 × 2.6 m3.
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TABLE 3 Comparison between theoretical and simulated fracture radii in each model.

Model Theoretical
μ (m)

Theoretical
σ (m)

Simulated
μ (m)

Simulatedσ
(m)

Maximum
radius(m)

Minimum
radius(m)

Number of
simulated fractures

I 3.25 0.10 3.26 0.10 3.572 2.908 1107

3.25 0.25 3.27 0.25 4.054 2.395 1107

3.25 0.50 3.29 0.51 4.859 1.54 1107

3.25 0.75 3.31 0.76 5.663 0.6843 1107

3.25 1.00 3.32 0.99 6.188 0.3942 1107

II 1.50 0.10 1.51 0.10 1.846 1.205 624

1.50 0.20 1.52 0.21 2.192 0.9104 624

1.50 0.30 1.53 0.31 2.537 0.6156 624

1.50 0.40 1.54 0.41 2.883 0.3207 624

1.50 0.50 1.54 0.50 2.961 0.02592 624

III 7.50 0.10 7.50 0.10 7.838 7.151 1476

7.50 1.00 7.54 1.03 10.88 4.009 1476

7.50 1.50 7.56 1.54 12.56 2.263 1476

7.50 2.00 7.50 2.10 13.8 0.5092 1476

7.50 2.50 7.58 2.50 14.84 0.3604 1476

IV 3.25 0.10 3.26 0.10 3.596 2.955 624

3.25 0.25 3.27 0.26 4.115 2.513 624

3.25 0.50 3.30 0.52 4.979 1.776 624

3.25 0.75 3.32 0.77 5.844 1.039 624

3.25 1.00 3.34 1.02 6.467 0.3018 624

V 1.50 0.10 1.50 0.10 1.886 1.14 456

1.50 0.20 1.51 0.21 2.727 0.7804 456

1.50 0.30 1.51 0.31 2.658 0.4206 456

1.50 0.40 1.51 0.42 2.831 0.06087 456

1.50 0.50 1.51 0.51 2.894 0.02592 456

TABLE 2 Parameters of the discrete fracture network models with different means (μ), standard deviations (σ), and coefficients of variation (Cv).

Model Orientation
distribution

κ for
Fisher

Average dip-
directions of the
three groups (°)

Average dips of
the three
groups (°)

Radius
mean (μ)

Radius standard
deviation(σ)

Coefficient of
variation (Cv)

I Fisher 20 180/90/360 89/89/1 3.25 0/0.1/0.25/0.5/0.75/1 0/0.03/0.08/0.15/
0.23/0.31

II Fisher 20 180/90/360 89/89/1 1.5 0/0.1/0.2/0.3/0.4/0.5 0/0.07/0.13/0.2/
0.27/0.33

III Fisher 20 180/90/360 89/89/1 7.5 0/0.1/1/1.5/2/2.5 0/0.01/0.13/0.2/
0.27/0.33

IV Fisher 20 180/90/360 89/89/1 3.25 0/0.1/0.25/0.5/0.75/1 0/0.03/0.08/0.15/
0.23/0.31

V Fisher 20 180/90/360 89/89/1 1.5 0/0.1/0.2/0.3/0.4/0.5 0/0.07/0.13/0.2/
0.27/0.33
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represent the whole rock. When the fluctuation in B is stable, the
volume of rock is defined as the REV size. In this study, the Cv and
the convergent mean with multiple simulations are used to
investigate the REV volume (Min et al., 2004; Song et al.,
2017; Chwała and Kawa, 2021). A point was proposed that
20 realizations were sufficient for the convergence of the
factor of safety (Li et al., 2022). To obtain the value of B in
the rock mass, 100 random realizations were performed at the
REV size of the rock models.

The convergent mean with multiple simulations was used to
estimate the fragile behavior of rock (Xia and Yu, 2020). For the
77 types of models, blocks were identified by GB, and the
variation in B with domain size was investigated. Every
domain size of the models was realized 5 times by Xia and

Yu (2020). Then, a curve that represents the average of five
random realizations was drawn to show the fluctuation in B with
the domain size. In this way, the REV size of these models can be
calculated by the convergence level of the mean B. The B of these
fractured rock masses can be determined by the REV size. Based
on block theory, the analytical function relating B, C, and D can
be expressed (Yu et al., 2009; Xia and Yu, 2020; Cheng et al.,
2021)

B � 1 − exp −αLβ( )[ ]/ 1 + exp −αLβ( )[ ] (2)

where L is the ratio of D to C; D is the fracture diameter, m; C is
the fracture spacing, m; and α and β were calculated as
α = −0.000176 and β = 3.42. The value of B in this equation
is simulated under the circumstances that the fracture size is
equal. It is worth considering how many random simulations of
models can bring the random results close to a true value (Liu
et al., 2019). To explore this issue, the experiment involved
tossing a coin via a computer simulation. As shown in Figure 5, a
coin tossed multiple times can land on either side with equal
probability until 69 coins have been tossed. Only then will the
coin have a 90% within the range from 0.4 to 0.6. To obtain an
accurate B value, 100 random operations were performed in
10 different volume domains of 77 rock models. Then, this
equation has new factors: α = −0.00656 and β = 2.15509.

The value of B was determined by the coefficient of variation
and the convergent mean method with multiple simulations. The
B value for 100 calculations of the 77 types of models is shown in
Table 4 when the fracture size is constant. A total of
77,000 calculations are performed. The detailed data is
contained in Supplementary Data S2 of the supplementary
material. The value of B with 100 calculations slightly
changed, compared with the findings by Xia and Yu (2020).
The S-shaped curve of B with 100 calculations of the 77 models is
shown in Figure 6, which is consistent with the simulated results.

FIGURE 5
The 3 trials of random coin tossing from (A–C).

FIGURE 6
The function between blockiness, fracture diameter, and fracture
spacing.
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4 Relationship between distribution
dispersion of fracture size and
blockiness and REV

4.1 Relationship between the distribution
dispersion of fracture size and REV

There are some errors in the construction of stochastic
discrete fracture networks, which can be reduced by multiple
realizations (Wei et al., 2020). For the fracture network model,
10 ranges of rock volumes were considered to investigate the
blockiness level. Nine simulations of the models were carried out
within each rock volume, and nine blockiness values were
obtained. The average of the nine blockiness results was taken
as the blockiness level of the rock masses. There exists a size effect
for the blockiness level of the rock mass. The blockiness level
gradually becomes stable when the volume size of the rock masses
reaches a certain condition. The coefficient of variation method is
currently used to evaluate the stability of multiple stochastic
simulations (Min and Jing, 2003; Wei et al., 2020; Wang et al.,
2022c; Wu et al., 2022). The calculated data from random
simulations are considered more reliable when the coefficient
of variation of the multiple simulations keeps less than 10%, 5%,
or 2%. Alternatively, visual observation of the mean value of
multiple simulations is a way to evaluate the stability. In this
study, the B value was determined with the coefficient of variation
and the convergent mean with multiple simulations. When the
simulation results of the rock model are stable with the volume of
the rock, the minimum volume is considered to be the REV
volume of the rock. The size of the rock volume can be
represented by a multiple of the fracture spacing. In this study,
the multiple of the fracture spacing was used to describe the REV
size of the rock masses. For different distribution dispersions of
fracture size, the diagram of the B value within the domain size is
drawn in Figure 7. The horizontal coordinate is the ratio of the
length of the rock side to the fracture spacing, representing the
size of the rock volume. The vertical coordinate is the blockiness,
representing the fragmentation degree of the rock. As can be seen,
the fluctuations of the curves are largely unaffected by the
distribution dispersion of fracture size. REV size is the rock
volume when B tends to be stable with the increase in domain
size. The lengths of models I–V have REV sizes varying from 10, 6,
14, 6, and 4 times the fracture spacing, respectively.

4.2 Relationship between distribution
dispersion of fracture size and blockiness

The B value of these fractured rock masses can be decided at
the REV size. When the distribution of fracture size is normal, the
length of models I–V at REV size is correspondingly 10, 6, 14, 6,
and 4 times the fracture spacing. Thus, we take 100 random
realizations at REV size. The detailed data is contained in
Supplementary Data S1 of the supplementary material. The
fluctuation in B with the coefficient of variation of fracture
size is shown in Figure 8. The curve represents the average of
100 random realizations. The B value increases with the Cv of the
fracture size. As shown in Figure 8A, the B of model I increasesTA
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from 84.69% to 91.14%. As shown in Figure 8B, the B of model II
increases from 9.39% to 29.17%. As shown in Figure 8C, the B of
the model III increases from 63.51% to 89.70%. As shown in
Figure 8D, the B of the model IV increases from 9.24% to 27.49%.
As shown in Figure 8E, the B of the model V increases from 0.52%
to 2.04%.

If the distribution dispersion of the fracture size is higher, the
rock has a higher blockiness level. The distribution dispersion of
fracture size is important to influence the B of rock. As shown in
Figure 8, the relationship between B and Cv is a linear curve. To
explore the simulated relationship, the calculated results were
fitted by computer tools. The equations describing the
relationship between B and the distribution dispersion of
fracture size corresponding to models Ⅰ to Ⅴ were

B � 0.1628Cv + 0.8599, R² � 0.8244 (3 − 1)
B � 0.5797Cv + 0.0802, R² � 0.9604 (3 − 2)
B � 0.7599Cv + 0.6442, R² � 0.9931 (3 − 3)
B � 0.5535Cv + 0.0872, R² � 0.9462 (3 − 4)
B � 0.0424Cv + 0.0033, R² � 0.8641 (3 − 5)

where Cv is the coefficient of variation of fracture size; and R2 is the
relative coefficient. The R2 of these expressions ranges from 0.8 to 1,

which means that the abovementioned functions match the data and
trend change closely. Moreover, all of these equations can be
summarized by

B � k × Cv + B0 (4)
where k is the slope, Cv is the coefficient of variation of fracture size,
and B0 is the intercept. Among these values, k represents the growth
rate of increase in B with the distribution dispersion of fracture size,
and B0 is the blockiness when the fractured dispersion equals 0. The
B0 value in this equation can be determined by calculated data
corresponding to equal fracture sizes. Namely, B0 can be obtained
from Table 4, and it is fairly consistent with these models. Equation 4
indicates that this function has a non-deterministic parameter. The
Cv of the fracture size is defined as the ratio of standard deviation to
the mean fracture size. Namely, it interprets the fracture size and
relates it to the fracture diameter. As provided in Table 3, the value of
B0 can be effectively computed, whereas the relationship between k
and the distribution dispersion of fracture size needs to be further
validated. Since k can be assumed to capture the effects of fracture
size and spacing, the 2D relationship among k, fracture diameter,
and fracture spacing is depicted in Figure 9:

k � −0.01531 L( )2 + 0.29023L − 0.52239, R2 � 0.99273 (5)

FIGURE 7
The relationships between B and the domain size of the five models: models of (A–E) is I to V.
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where L is the ratio of D to C; and R2 is the relative coefficient.
Equation 5 is a standard quadratic polynomial function. Here, R2

can reach 0.99273, which means that k has a reasonably high

correlation with fracture spacing and diameter via this function.
Combining Eqs 2, 4, 5, a new function between B, Cv, and L
capturing the effect of fracture spacing and fracture diameter can
be determined:

B � −0.01531 L( )2 + 0.29023L − 0.52239[ ]
× Cv − 2/ 1 + exp αLβ( )[ ] + 1 (6)

where L is the ratio of D to C; α = −0.00656 and β = 2.15509.

5 Conclusion

The size and statistical distribution of fractures are key
factors that determine the structural integrity and blockiness
level of a rock mass. To discuss the influence of the distribution
dispersion of fracture size on the B and REV of fractured rock
masses, five standard deviations of fracture size with a normal
distribution were considered. Based on 77 rock models, five
typical fractured rock models were built. To take into account
randomness, 10 volume domains of each model were studied and

FIGURE 8
The relationships between B and the dispersion of fracture size (Cv): (A–E) is model I–V, the domain size of model I to Ⅴ is 4 m3 × 4 m3 × 4 m3,
3.6 m3 × 3.6 m3 × 3.6 m3, 18.2 m3 × 18.2 m3 × 18.2 m3, 7.8 m3 × 7.8 m3 × 7.8 m3, 2.6 × 2.6 × 2.6 m3.

FIGURE 9
The 2D curve among k, fracture diameter (D), and fracture
spacing (C).
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nine random operations were performed. To obtain an accurate B
value, 100 random operations were carried out in the REV size
domain. The main research results are as follows:

(1) The blockiness converges gradually with increasing rock
volume when the fracture size is normally distributed. The
simulated results show that the REV size of these models
remains constant with the increasing dispersion level of
fracture size. Namely rock REV is insensitive to the
distribution dispersion of fracture size when the fracture
diameter is constant.

(2) The blockiness increases slightly with the distribution
dispersion of fracture size. The numerical analysis shows that
there is a positive linear correlation between B and the
coefficient of variation of fracture size. The relationship
between the growth rate of increase in B (k) and the ratio of
fracture size to fracture spacing (L) is a parabolic curve. This
formula for the fracture spacing, fracture diameter, and
dispersion of fracture size in relation to the blockiness level
provides a means of calculating the blockiness level of a rock
mass. The blockiness level of 77 fractured rock masses provides
data to support the study of rock masses.

(3) Note that the proposed extended equation is generally applicable
only when the fracture size of the five models satisfies the normal
distribution, and its exact relationship needs to be further verified
by constructing more fractured rock models. In addition, there is
more than one commonly distributed form of fracture size. The
influence of the distributed forms of fracture size on the rock
masses is subject to further study.
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