
Direct pre-stack inversion of
elastic modulus using the exact
Zoeppritz equation and the
application in shale reservoir

Baoshan Song1,2, Xiang-Yang Li1,2, Pinbo Ding1,2*,
Shuangquan Chen1,2 and Jianchao Cai1

1State Key Laboratory of Petroleum Resources and Prospecting, China University of Petroleum, Beijing,
China, 2CNPC Key Laboratory of Geophysical Prospecting, China University of Petroleum, Beijing, China

Young’s modulus and Poisson’s ratio are important for reservoir characterization
and rock brittleness prediction in unconventional resource exploration and
development. Conventional methods can estimate Young’s modulus and
Poisson’s ratio by indirect calculations and direct inversion using approximate
expressions, which have cumulative errors and limited accuracy of the estimated
results, especially at large incident angles. In this study, we derived a new form of
the Zoeppritz equation and P-to-P wave reflection coefficient in terms of density
and Young’s modulus, Poisson’s ratio. It has the same accuracy as the original
Zoeppritz equation over a wide range of incident angles. A robust non-linear
inversionmethod based on the iteratively regularized Levenberg Marquardt (IRLM)
algorithm, is used to invert all three parameters based on the new equation directly
and simultaneously. Synthetic data and field data are used to test and verify the
proposed direct inversionmethod, ensuring the feasibility and effectiveness of the
proposed method and the high accuracy and stability of the inversion results. This
study has a great potential and valuable guidance for “sweet spot” evaluation and
subsequent horizontal well deployment and hydraulic fracturing.
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1 Introduction

Unconventional resources have become the main targets of oil and gas exploration
(Jarvie et al., 2007; Vernik et al., 2018). In recent years, shale oil and gas have gradually
attracted attention in the energy field. However, different from conventional oil and gas
exploration focusing on finding traps, unconventional oil and gas belong to the “continuous
accumulation type” oil and gas reservoir (Aguilera, 2016). It is necessary to find a rich and
easy-to-develop area, namely, the “sweet spot” area (Curtis, 2002; Zhang et al., 2020; Ding
et al., 2021).

Brittleness has a significant role in unconventional resource exploration (Xie et al., 2019).
Reservoir geophysicists suggest using the minerals content in rocks (Yang et al., 2015) and
elastic parameters (Rickman et al., 2008; Goodway et al., 2010; Guo et al., 2013; Gong et al.,
2018a; Gong et al., 2018b; Qian et al., 2020) to build brittle evaluation parameters.
Knowledge of Young’s modulus and Poisson’s ratio is essential for “sweet spot” and
brittleness prediction and characterization. High Young’s modulus and low Poisson’s
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ratio can be used to evaluate the higher brittleness of shale reservoirs
(Rybacki et al., 2015; Jin et al., 2018). A low Poisson’s ratio and a
high Young’s modulus often mean that shale is brittle. The rock
brittleness index can also be calculated by using Poisson’s ratio and
Young’s modulus to evaluate the “sweet spot” and provide guidance
for subsequent horizontal well deployment and hydraulic fracturing
(Sone and Zoback, 2013a; b).

To identify the potential hydrocarbon accumulation using
geophysical information, seismic amplitude interpretation was
used to indicate the bright spot on the seismic section (Shuey,
1985; Castagna et al., 1993). Then, quantitative interpretation for
seismic data is used to extract Young’s modulus and Poisson’s ratio
as important parameters for reservoir evaluation. Obtaining elastic
parameters to reflect lithology and fluid properties from stacking
and pre-stack seismic data has been widely used in exploration
geophysics (Avseth et al., 2005).

Elastic parameters can be recovered by using pre-stack
amplitude variation with offset (AVO) inversion in oil and gas
exploration (Minato and Ghose, 2016; Xu et al., 2016; Zhang et al.,
2019). Due to the strongly non-linear inverse problems based on the
exact Zoeppritz equation, several approximate Zoeppritz equations
have been proposed and used in practice. Aki and Richards (1980)
proposed a simplification by assuming weak layer contrasts. Shuey
(1985) offered a similar form to the Aki-Richards equation based on
Poisson’s ratio, P-wave velocity, and density. Zong et al. (2012)
presented a modified equation to invert Young’s modulus and
Poisson’s ratio, which avoided the cumulative errors caused by
the calculation of P- and S-wave velocities and density. However,
those approximations, which assume small incident angles and
small layer contrasts, limited the high-resolution inversion
results. Zhi et al. (2018) inverted high-accuracy density and
velocity by non-linear AVO inversion based on the exact
Zoeppritz equation.

Pre-stack seismic inversion technology directly extracts multiple
elastic parameter data volumes (P-wave impedance, S-wave
impedance, and density) by using AVO information of pre-stack
gathers (Goodway et al., 2010; Huang et al., 2015; Vernik et al.,
2018), and then indirectly obtains Young’s modulus and Poisson’s
ratio by combining the conversion relationship between elastic
parameters. For example, the Poisson’s ratio was used to identify
the gas-bearing sandstone with high porosity (Ostrander, 1984). In
general, Young’s modulus and Poisson’s ratio are calculated
indirectly from P wave, S wave, and density data and directly
from pre-stack inversion. However, density data is difficult to be
estimated and the results are usually unreliable (Downton, 2005;
Behura et al., 2010). In addition, the above indirect calculation
method may lead to accumulative error. Zong et al. (2012) obtained
a new approximation (YPD equation) based on the equation of
Young’s modulus and Poisson’s ratio, and established the elastic
impedance inversion method of Young’s modulus and Poisson’s
ratio.

The use of the linear approximate formula of the Zoeppritz
equation needs to meet many assumptions such as small and
medium incident angles, constant background P/S wave velocity
ratio, and weak elastic parameter change rate, which limits its
application in different geological conditions (Aki and Richards,
1980). Therefore, the use of approximate equations to estimate
Young’s modulus and Poisson’s ratio usually limits scenarios

where inversion would lead to non-compliance with these
assumptions. The accuracy of Young’s modulus and Poisson’s
ratio predicted by conventional pre-stack seismic inversion
cannot meet the interpretation requirements due to the
cumulative error introduced by elastic parameter conversion. The
use of the accurate Zoeppritz equation can not only avoid the
introduction of cumulative deviation by approximate equation
but also directly and conveniently invert elastic parameters,
improving the inversion effect (Zhou et al., 2017; Zhi et al.,
2018). For this reason, many scholars have carried out research
on the pre-stack inversion of the accurate Zoeppritz equation (Pan
et al., 2017; Cheng et al., 2021). (Chen et al., 2022) derived a non-
linear PP-wave reflection coefficient equation in terms of the
reflectivity of Young’s modulus, Poisson’s ratio, and density
based on the exact Zoeppritz equation to improve the accuracy
of the inversion results.

In this study, we derive a new form of the exact Zoeppritz
equation and the P-to-P wave reflection coefficient based on Young’s
modulus, Poisson’s ratio, and density, which have the same accuracy
as the original Zoeppritz equation over the range of incident angles.
Then, we develop a direct and simultaneous AVO inversion of
Young’s modulus, Poisson’s ratio, and density based on the new
form of the exact Zoeppritz equation of the P-to-P wave reflection
coefficient. A robust non-linear inversion method based on the
iteratively regularized Levenberg Marquardt (IRLM) algorithm, is
used to invert all three parameters. The applications of synthetic and
field seismic data demonstrate the good performance of the
proposed inversion method.

2 Materials and methods

P-wave velocity, S-wave velocity, and density, as the
conventional elastic parameters of underground media, are the
main target parameters for pre-stack AVO inversion. The pre-
stack AVO inversion based on the approximate formula of the
Zoeppritz equation is limited by the assumption that there is little
difference in the properties of the media on both sides of the incident
interface and that the incident angle is small or medium (generally
less than 30°). Due to the noise in the actual data and the finiteness of
the data, the inversion is highly ill-conditioned and non-linear. As
the longitudinal wave is not very sensitive to S wave velocity and
density, and the corresponding shear wave is less affected by pore
fluid, it is very sensitive to S wave velocity and density. Adding
converted wave information to conduct PP-PS joint inversion can
obtain more accurate shear wave velocity, especially density
information, and reduce the uncertainty and multi-solution of
reservoir interpretation. Based on the complete Zoeppritz
equation and pre-stack seismic data, the AVO inversion strategy
is studied. It mainly includes inversion based on PP wave data and
joint inversion of PP wave and P-SV wave data. For different
inversion target parameters, direct inversion of density, P wave
velocity, and S wave velocity are carried out. At the same time,
Poisson’s ratio and Young’s modulus are also important research
objects. The iterative regularizing Levenberg Marquardt (IRLM)
algorithm is introduced to solve the ill-posed and highly non-linear
problems of inversion and increase the stability and accuracy of
estimation results.
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Generally, there are two ways to obtain Young’s modulus and
Poisson’s ratio. One method is obtained by indirect calculation using
density, velocity, and other information, which is mainly based on
the direct inversion of approximate expressions. However, there are
manynoises and other interferences in the actual situation. In the indirect
calculation process, the calculation error is often accumulated
continuously, resulting in large errors and low accuracy of the
required results. Another method is that the results directly estimated
by simplified expressions (such as the YPD equation) are often difficult to
obtain robustly and accurately under complex geological conditions with
noise and other disturbances. The approximation of the equation limits
the accuracy of the estimation results of Young’s modulus and Poisson’s
ratio especially when the incident angle is large. Given these problems,
based on the accurate Zoeppritz equation, this paper derives a new
expression of the accurate Zoeppritz equation and its Frechet derivative
based on Young’s modulus and Poisson’s ratio and proposes a direct
inversion strategy, which not only solves the limitation of insufficient
accuracy of the approximate expression but also avoids the problem of
error accumulation caused by indirect calculation. The application of
model data and practical data verifies the feasibility and robustness of the
method.

The new form of Zoeppritz equation with Young’s modulus,
Poisson’s ratio, and density.

The exact Zoeppritz equation (Aki and Richards, 1980) related
to the P-wave equation can be expressed as:
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(1)
in which, the P-and S-wave velocities and density of the upper
and lower layers are given by Vp1, Vs1, ρ1, and Vp2, Vs2, ρ2,
respectively. The incident and transmitted angles of P- and S-
waves are given by α, α′, and β, β′, respectively. The coefficients
of reflected and transmitted P-wave for incident P-wave are
donated by Rpp, Rps, and Tpp, Tps, respectively.

Snell’s law is given by:
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Substituting Eq. 2 into Eq. 1, and Eq. 1 becomes:
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in which, Young’s modulus, Poisson’s ratio, P-and S-wave velocities,
and density of the media are given by E, v, Vp, Vs, ρ, respectively.

Hence, the Zoeppritz equation in terms of Young’s modulus,
Poisson’s ratio, and density can be derived by substituting Eq. 4 and
Eq. 5 into Eq. 3, as follows:

sinα

����������
1− T1

N1
sin2α

√
−

�������
ρ1E2N2

ρ2E1N1

√
sinα

��������������
1− ρ1E2T2

ρ2E1N1
sin2α

√
cosα −

���
N1

T1

√
sinα

��������������
1− ρ1E2N2

ρ2E1N1
sin2α

√ �������
ρ1E2T2

ρ2E1N1

√
sinα

sin2α

���
N1

T1

√
−2

���
T1

N1

√
sin2α 2

E2T2

E1T1
sinα

��������������
1− ρ1E2N2

ρ2E1N1
sin2α

√
− 1
T1

���������
ρ2E2N1T2

ρ1E1

√
+2E2T2

E1T1

�������
ρ1E2T2

ρ2E1N1

√
sin2α

2
T1

N1
sin2α−1 2 T1

N1
sinα

����������
1− T1

N1
sin2α

√ �������
ρ2E2N2

ρ1E1N1

√
−2 E2T2

E1N1

�������
ρ1E2N2

ρ2E1N1

√
sin2α 2

E2T2

E1N1
sinα

��������������
1− ρ1E2T2

ρ2E1N1
sin2α

√

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Rpp

Rps

Tpp

Tps

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦�

−sinα
cosα

sin2α

1−2 T1

N1
sin2α

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(6)
in which

N � 1 − v( )
1 + v( ) 1 − 2v( ), T � 1

2 1 + v( ). (7)

The most useful complete solution of the P-to-P wave reflection
coefficient in terms of Young’s modulus, Poisson’s ratio, and
density, Rpp, can be expressed as follows:

Rpp � b

�����
ρ1

E1N1

√
cos α − c

�������������
ρ2

E2N2
− ρ1sin

2α

E1N1

√⎛⎝ ⎞⎠F⎡⎢⎢⎣
− a + d

�����
ρ1

E1N1

√ �������������
ρ2

E2T2
− ρ1sin

2α

E1N1

√
cos α⎛⎝ ⎞⎠H

ρ1sin
2α

E1N1
]/D,

(8)
in which
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a � ρ2 − ρ1( ) + 2ρ1
E1T1 − E2T2
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( )sin 2α

b � ρ2 + 2ρ1
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( )sin 2α
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. (9)

Four single-interface models, as shown in Table 1 and
constructed by well logs in the study area, are designed for
four AVO classes (Rutherford and Williams, 1989; Castagna
and Swan, 1997) and used to modify the accuracy and
advantage of the new form of the Zoeppritz equation,
especially at large incident angles. Model I - IV belong to
AVO Class I - IV, respectively, which are referred to in the
paper as: Class I lower layer has higher impedance than the upper
layer with relatively large positive normal incident reflection
coefficient (R0) and negative gradient; Class II lower layer has
almost the same impedance as upper layer with near zero R0 and
negative gradient; Class III lower layer has lower impedance than
the upper layer with negative R0 and negative gradient; Class IV
lower layer has lower impedance than the upper layer with
negative R0 and positive gradient. The angle of the incident
P-wave is set to 0°–80°. Figure 1 shows the comparison of the
P-to-P wave reflection coefficients calculated by the original exact

Zoeppritz equation (black dotted curves), the new rewritten
expression (red curves), the YPD approximation (blue curves),
and the non-linear YPD equation (green curves). The YPD
approximations of Zoeppritz PP equation is given by (Zong
et al., 2012) as follows:

RPP α( ) � sec2α
4

− 2ksin 2α( ) ΔE
E

+ sec2α
4

2k − 3( ) 2k − 1( )2
k 4k − 3( ) + 2ksin 2α

1 − 2k
3 − 4k

( ) Δv
v

+ 1
2
− sec2α

4
( ) Δρ

ρ

(10)

where α is the incident angle of the PP-wave; k = VS
2/VP

2 represents
the square of the ratio of S-and P-wave velocities; the reflectivity of
Young’s modulus, Poisson’s ratio, and density are given byΔE/E,Δv/
v, and Δρ/ρ, respectively.

The non-linear YPD equation is given by (Chen et al., 2022) as
follows:

RPP � A1B1 − C1D1

A2B2 + C2D2
, (11)

in which

A1 � 4 + ΔE
E

+ 3 − 4k( ) 1 − 2k( ) 1 − k( ) + k 2k − 1( )
k 3 − 4k( )

Δv
v
− Δρ

ρ
( )
× 4 − ΔE

E
− 3 − 4k( ) 1 − 2k( ) 1 − k( ) + k 2k − 1( )

k 3 − 4k( )
Δv
v
+ Δρ

ρ
( )−1

cos α
2 + Δρ

ρ

2 − Δρ
ρ

1 − 2sin 2β′( ) + 2sin 2β
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− cos α′ 1 − 2sin 2β( ) + 2
2 + Δρ

ρ

2 − Δρ
ρ

sin 2β′
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

(12)

TABLE 1 Elastic parameters of four single-interface models with four AVO classes.

Model Layer E (1010N/m2) v (−) ρ (g/cm3) Vp (km/s) Vs (km/s)

I Upper 1.3136 0.3489 2.3 3.02 1.455

Lower 3.6334 0.1826 2.4 4.06 2.530

II Upper 0.7959 0.3793 2.3 2.54 1.120

Lower 1.3309 0.2149 2.1 2.68 1.615

III Upper 0.3912 0.4428 2.2 2.45 0.785

Lower 0.3545 0.3707 1.9 1.82 0.825

IV Upper 1.6202 0.3694 2.4 3.45 1.570

Lower 0.4617 0.3489 2.0 1.92 0.925
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FIGURE 1
Comparisonof theP-to-Pwave reflection coefficients calculatedby thenewly rewrittenZoeppritz equation (red curves), the exact Zoeppritz equation (black
dotted curves), the YPD approximation (blue curves), and the non-linear YPD equation (green curves) for four models [(A) I (B) II (C) III (D) IV].
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Figure 2 shows the error analysis of the P-to-P wave
reflection coefficients calculated by the rewritten new form
equation (red curves), the YPD approximation (blue dotted
curves), and the non-linear YPD equation (green dotted
curves) for four models.

Figures 1, 2 show that the newly rewritten expression
exactly agrees with the original Zoeppritz equation over a
range of angles for all models and the YPD approximation
has lower accuracy than that of the newly rewritten
expression, especially when the incident angle is large. The
YPD approximate equation is derived from the Aki-Richards
equation by assuming angles of incidence less than about 30° and
small contrasts between layer properties. The non-linear YPD
equation has nearly the same accuracy as the YPD approximation
at normal incident angle (less than 35°) and higher accuracy at
large incident angle. However, the accuracy of the non-linear
YPD equation is still lower than that of the newly rewritten
Zoeppritz expression. Therefore, the newly rewritten Zoeppritz
expression has obvious advantages compared with the YPD
approximation and the non-linear YPD equation.

2.1 Sensitivity analysis of the elastic
parameters

The reliable and high-precision elastic parameters, especially the
density, are difficult to be recovered due to the different sensitivities
of geophysical measurements to them. The sensitivity analysis of the
reflection coefficient to elastic parameters is of significance to obtain
stable and accurate inversion results by optimizing the inversion

algorithm and adjusting the input data in pre-stack inversion.We use
the four two-layer models (listed in Table 1) to analyze the effect of
Young’s modulus, Poisson’s ratio, and density on the P-to-P wave
reflection coefficient. We calculate the variation of the P-to-P wave
reflection coefficient when Young’s modulus (red), Poisson’s ratio
(blue), and density (green) of the lower layer increase by 2% and 10%,
as shown in Figure 3.

From Figure 3 we can see that if Young’s modulus, or
Poisson’s ratio and density of the lower layer increases, the
sensitivity of the reflection coefficient to them slightly differs
in the four models. The variations of the reflection coefficients for
Young’s modulus are similar to density, which are not obvious in
all models at small or moderate incident angles (0° - 30°), which
means this range of incident angle is not sensitive to them.
However, we can see that the sensitivity of the reflection
coefficient to Young’s modulus increases with an increase in
incident angle (>30°). The variations of the reflection coefficients
increase with an increasing incident angle for Poisson’s ratio,
especially at moderate and large angles, which demonstrates that
moderate- and large-angle pre-stack seismic data are sensitive to
the variations of those elastic parameters. The variations of the
reflection coefficients increase with increasing elastic-parameters
variations, especially for Poisson’s ratio, which has the highest
sensitivity in models III and IV compared with models I and II.
We can see that different AVO classes have different effects on
elastic parameters, especially for Poisson’s ratio. Therefore, the
exact Zoeppritz equation and moderate- and large-angle (>30°)
pre-stack seismic data can be used to improve the stability and
accuracy of the inversion elastic parameters in pre-stack
inversion.

FIGURE 2
Error analysis of the P-to-P wave reflection coefficients calculated by the newly rewritten Zoeppritz equation (red curves), the YPD approximation
(blue dotted curves), and the non-linear YPD equation (green dotted curves) for four models [(A) I (B) II (C) III (D) IV].
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2.2 Pre-stack AVO/AVA inversion

Following weighted least-square estimation principles, we invert
Young’s modulus, Poisson’s ratio, and density by minimizing the
misfit errors between the observed seismic data and the model or
synthetic data which is given by the convolution of the P-to-P wave
reflection coefficient and seismic wavelet. Thus, the inversion
problem reduces to find m that minimizes the following objective
function:

argmin
m

F m( ) � 1
2
∑p
i�1

SPP αi( ) −WPP αi( )*Rpp m, αi( )���� ����22
� 1
2
∑p
i�1

f m, αi( )���� ����22, (18)

In which, m= [E1, E2, . . . , En, v1, v2, . . . , vn, ρ1, ρ2, ,ρn]
Τ is the

elastic parameters, Spp(αi) is the observed seismic angle gather,
Wpp(αi) is the seismic wavelet. We applied an iteratively
regularizing Levenberg-Marquardt (IRLM) algorithm (Song et al.,
2016; Zhi et al., 2016; Zhi et al., 2018) to derive the increment Δm
(Eq. 12) and to overcome the highly non-linear and ill-posed
inversion problems.

Δm � J m( )( TΣ−1J m( ) + μI + λLTL)−1 g − λLTLm[ ], (19)
in which, J(m)=f’(m) is the Jacobian matrix, g=▽F(m) is the
gradient, and L is a first-order derivative operator. μ and λ are
related to ||f(m)||2.

Please refer to Supplementary Appendix A1 for the derivation of
the Jacobian matrix based on the exact Zoeppritz equation with
Young’s modulus, Poisson’s ratio, and density.

Finally, the updated iteration formula of the model parameters
can be expressed as:

mk+1 � mk + Δmk, (20)
Where k is the number of iterations.

The flow chart of direct pre-stack inversion of Young’s modulus,
Poisson’s ratio, and density using the new form of the Zoeppritz
equation is shown in Figure 4.

3 Application example

3.1 Synthetic test

First of all, a multilayer geologic model (Table 2) is used to
verify the feasibility and stability of the inversion method and

FIGURE 3
Variation of the P-to-P wave reflection coefficients for increasing Young’smodulus (red), Poisson’s ratio (blue), and density (green) of the lower layer
by (A–D) 2% and (E–H) 10% in four different models.
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test the precision of inversion results compared with the indirect
calculated value. Figure 5A shows Young’s modulus, Poisson’s
ratio, and density respectively. The synthetic P-to-P wave angle
gathers (Figure 5B) are generated based on the convolution
model with Eq. 8 and a 35 Hz zero-phase Ricker wavelet
without noise. The incident angle is 0°–50° to verify the
robustness of the proposed inversion method in the synthetic
examples at large incident angles. Reliable low-frequency
information on model parameters is important for obtaining

stable inversion results. The multilayer geologic model is
smoothed by a moving average filter to generate the low-
frequency initial models.

Figure 6 shows the true (black lines) and initial (gray lines)
values and the direct inversion results (Figure 6A red, blue, and
green lines respectively) and the indirect calculated results
(Figure 6B red, blue and green lines respectively) of Young’s
modulus, Poisson’s ratio and density without noise. The exact
forward modeling and robust and effective inversion method and
input data without noise ensure that the direct inversion results
agree well with the true models than the indirect calculated results.

Correlation analysis for the direct inversion and indirect
calculation (Figure 7) quantifies these improvements: the
correlation coefficients (CC) of Young’s modulus, Poisson’s ratio,
and density for direct inversion are 0.9998, 0.9997, and 0.9985,
respectively; while the coefficients for indirect calculation are 0.9906,
0.9894, and 0.9817, respectively. Meanwhile, we calculated the
mean-relative error (mr error) of direct inversion results and
indirect calculated results, as shown in Table 3. Correlation
coefficients of Young’s modulus (red), Poisson’s ratio (blue), and
density (green) obtained by the direct estimation method (solid line)
and the indirect calculation method (dashed line) as the number of
calculation iterations increases, it was found that after 3 iterations,
the directly estimated Young’s modulus and the Poisson’s ratio
correlation coefficients had reached a high value and tended to be
flat, and the density term also tended to be high and flat after
5 iterations, while the indirectly calculated Young’s modulus and
Poisson’s ratio correlation coefficient had not reached a relatively
high value after 7 iterations, and the correlation coefficient of the
density term begins to gradually decrease after 4 iterations, which

FIGURE 4
The flow chart of direct pre-stack inversion of elastic modulus using the exact Zoeppritz equation.

TABLE 2 Elastic parameters of a multilayer geologic model.

Layer E (1010N/m2) v (−) ρ (g/cm3)

1 0.1467 0.4667 2.00

2 0.6262 0.3926 2.14

3 0.8761 0.3362 2.16

4 0.7840 0.3889 2.23

5 1.2552 0.1003 2.16

6 1.6178 0.0794 2.25

7 1.0024 0.3018 2.17

8 1.4658 0.2281 2.26

9 1.0406 0.4000 2.40

10 1.5452 0.2447 2.28

11 1.8997 0.2764 2.43
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also shows that the direct estimation method can obtain relatively
stable and accurate results. From the above, it can be seen that the
direct inversion method is more advantageous than indirect
calculation.

Next, a synthetic test from real field well-logging data in the
study area is used to verify the practicability and robustness of our
proposed inversion method. The real values of Young’s modulus

and Poisson’s ratio are calculated from the P- and S- wave
velocities in original well-logging data. The newly rewritten
Zoeppritz equation, the YPD approximation, and the non-
linear YPD equation are used to calculate the P-to-P wave
reflection coefficients, respectively. The synthetic angle gather is
generated based on the convolution model and a 35 Hz zero-phase
Ricker wavelet. The low-frequency initial models are built using

FIGURE 5
(A) Young’s modulus, Poisson’s ratio, and density (B) Synthetic PP wave angle gather without noise.

FIGURE 6
Young’s modulus (red), Poisson’s ratio (blue), and density (green) of (A) direct inversion results and (B) indirect calculated results without noise. The
black lines and gray lines are the true and initial models respectively.
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the smoothed real well-logging data. The incident angle is 0°–46° to
test the feasibility and stability of the proposed inversion method.
Figures 8A–D present the true (black lines) and initial (gray lines)
values and the direct inversion results (red, blue, and green lines
respectively) of Young’s modulus, Poisson’s ratio, and density
based on the newly rewritten Zoeppritz equation with no noise,
Gaussian white noise of signal-to-noise ratio (S/N) equal to 5,
Gaussian white noise of S/N = 2, and pink noise of S/N = 2,
respectively. Figures 8E–H show the same parameters as Figures
8A–D based on the YPD approximation with no noise, Gaussian
white noise of S/N = 5, Gaussian white noise of S/N = 2, and pink
noise of S/N = 2, respectively. Figures 8I–L present the same
parameters as Figures 8A–D based on the non-linear YPD
equation with no noise, Gaussian white noise of S/N = 5,
Gaussian white noise of S/N = 2, and pink noise of S/N = 2,
respectively. Then Young’s modulus and Poisson’s ratio are
calculated indirectly from P- and S- wave velocities and
density, which are inverted using the exact Zoeppritz equation
and the proposed inversion method. The mean relative error and
correlation coefficient between the target parameter estimation
results based on different estimation methods and the real model
data are used to analyze the inversion stability, as shown in
Table 4. It can be seen that the mr errors increase and CCs
decrease with a decreasing S/N and the density, Young’s modulus,
and Poisson’s ratio can be satisfactorily estimated even when the
white noise of S/N is very low. Colored noise is more correlated
with real seismic data than white noise. The inversion results with

pink noise (S/N = 2) have narrowly higher mean relative errors
and lower correlation coefficients than the inversion results with
white noise (S/N = 2), which demonstrates that the proposed
direct inversion method has good robustness for white noise and
pink noise and the inversion results have limited dependency on
different types of noise with different S/Ns. Figure 8 and Table 4
also show that the direct inversion method based on the newly
rewritten Zoeppritz equation has lower mr errors and higher CCs
than the indirect calculation based on the Zoeppritz equation and
the direct inversion method based on the YPD approximation and
the non-linear YPD equation, which verifies that the proposed
method can generate high-accuracy inversion results.

It is difficult to recover reliable density from the PP-wave
alone. Roy et al. (2008) show that stable density may be
estimated from wide-angle PP-wave seismic data. The
proposed method based on the newly rewritten Zoeppritz
equation has a better performance than approximate
equation inversion, especially for the large incident angles.
Therefore, the real field well-logging data, as shown in
Figure 8, is used to analyze the advantage of the proposed
method. The synthetic angle gathers are added with the
white noise of S/N = 2 and the maximum incident angle is
set from 20° to 50° at 5° intervals. Figure 9A and Figure 9B show
the analysis of the mr error and CCs between the true models
and the inversion results of Young’s modulus (red), Poisson’s
ratio (blue), and density (green) based on the newly rewritten
Zoeppritz equation (solid lines), the YPD approximation
(dotted lines with squares), and the non-linear YPD equation
(dotted lines with triangles) with the white noise of S/N=2,
respectively. The mr errors and CCs based on the proposed
method decrease and increase with an increase of maximum
incident angle, respectively, especially for the density
information when the incident angle is larger than 35°.
However, the mr errors based on the YPD approximation
slightly change with increased maximum incident angle,
which is larger than that of the proposed method, especially
at large incident angles (>30°). The CCs based on the YPD
equation slightly change for Young’s modulus, decrease for
density, and decrease for Poisson’s ratio (incident angle >40°)
with increased maximum incident angle, which is lower than
that of the proposed method, especially at large incident angles
(>30°). The mr errors based on the non-linear YPD equation are
lower than that of the YPD approximation for Young’s modulus
and density, slightly higher in terms of Poisson’s ratio. And the
CCs based on the non-linear YPD equation are higher than that
of the YPD approximation for Young’s modulus and density
and lower in terms of Poisson’s ratio. However, the proposed
method has a better performance than the non-linear YPD

FIGURE 7
Correlation analysis for the direct inversion and indirect
calculation.

TABLE 3 The mr error and CC between the true models and the estimation results of E, v, and ρ, respectively, for different methods in a multilayer geologic model.

Methods mr error E (%) mr error v (%) mr error ρ (%) CC E CC v CC ρ

Direct Inversion 3.02 3.65 0.27 0.9998 0.9997 0.9985

Indirect Calculation 11.29 11.66 0.91 0.9906 0.9894 0.9817
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equation in terms of mr errors and CCs. It can be seen that the
results inverted from the proposed method have higher
accuracy compared with the results obtained from the YPD
and non-linear YPD inversion method. And large-angle data is
significant to recover the high-resolution density, which has a
good performance in the proposed method and has large errors
in the approximate equation inversion. Therefore, large-angle
or far-offset data is important to obtain stable and accurate
results in PP-wave inversion, especially for density, and the
proposed method is superior to the approximate equation
inversion method.

3.2 Field data example

The proposed inversion method is applied to a field P- to -P
wave pre-stack data obtained from a study area of the western
Sichuan Depression, China. The target area is a shale-gas reservoir
formation in the Xujiahe Group in the Upper Triassic. The seismic
data are processed by normal moveout and pre-stack time
migration. The P-to-P wave angle gathers, transformed from
the offset domain, are used to invert Young’s modulus,
Poisson’s ratio, and density, and the maximum incident angle is
about 36° due to the limitations of the field data. The post-stack

FIGURE 8
Comparison among the truemodels (black), initial models (gray), and PP wave inversion results for Young’s modulus (red), Poisson’s ratio (blue), and
density (green) based on the newly rewritten Zoeppritz equation with (A) no noise, (B)white noise (S/N = 5), (C)white noise (S/N = 2), (D) pink noise (S/N =
2), and the YPD approximation with (E) no noise, (F) white noise (S/N = 5), (G) white noise (S/N = 2), (H) pink noise (S/N = 2), and the non-linear YPD
equation with (I) no noise, (J) white noise (S/N = 5), (K) white noise (S/N = 2), (L) pink noise (S/N = 2).
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TABLE 4 The mr error and CC between the true models and the estimation results of E, v, and ρ, respectively, for different methods and S/Ns.

Methods mr error
E (%)

mr error
v (%)

mr error
ρ (%)

CC E CC v CC ρ

Direct inversion
(rewritten Zoeppritz)

(No oise) 3.1 1.86 0.40 0.970 0.931 0.93

Indiect Calculation
(Zoeppritz)

3.40 2.36 0.94 0.953 0.910 0.742

(No noise)

Dict Inversion
(YPD)

3.67 2.02 1.48 0.951 0.898 0.664

(No noise)

Dict Inversion (Non-linear YPD) 4.38 3.64 1.08 0.942 0.684 0.867

(No noise)

Dict Inversion (Rewritten Zoeppritz) 3.24 1.87 0.72 0.966 0.927 0.851

S/N=5 (white noise)

Inrect Calculation (Zoeppritz) 5.04 2.73 2.29 0.921 0.874 0.630

S/N=5 (white noise)

Dict Inversion (YPD) 6.04 2.83 2.70 0.880 0.826 0.547

S/N=5 (white noise)

Dict Inversion (Non-linear YPD) 4.62 3.74 1.13 0.935 0.660 0.770

S/N=5 (white noise)

Dict Inversion (Rewritten Zoeppritz) 3.71 1.96 0.78 0.962 0.916 0.783

S/N=2 (white noise)

Inrect Calculation (Zoeppritz) 5.74 2.95 2.32 0.896 0.812 0.628

S/N=2 (white noise)

Dict Inversion (YPD) 6.57 3.08 2.73 0.847 0.784 0.567

S/N=2 (white noise)

Dict Inversion (Non-linear YPD) 4.69 3.81 1.15 0.927 0.642 0.745

S/N=2 (white noise)

Dict Inversion (Rewritten Zoeppritz) 4.14 2.04 0.95 0.951 0.908 0.724

S/N=2 (pink noise)

Inrect Calculation (Zoeppritz) 6.00 2.90 2.86 0.890 0.818 0.524

S/N=2 (pink noise)

Dict Inversion (YPD) 6.81 3.15 2.82 0.838 0.779 0.515

S/N=2 (pink noise)

Dict Inversion (Non-linear YPD) 5.14 3.90 1.18 0.921 0.628 0.733

S/N=2 (pink noise)
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section and the pre-stack angle gather near the well are shown in
Figure 10A and Figure 10B, respectively. A calibrated well log,
located in CDP 1396 as shown in Figure 10A, is smoothed and
deduced along with interpreted horizons to build the initial models
by using the Hampson-Russell software for the inversion.

Figures 11A–C show Young’s modulus, Poisson’s ratio, and
density profile results obtained by direct inversion, respectively.
The black ellipse indicates the target reservoir. There is noYoung’s

modulus and Poisson’s ratio data in the original logging data, so
Young’smodulus and Poisson’s ratio data are indirectly calculated
from the P-wave velocity and the shear-wave velocity,
correspondingly displayed in the black curve at CDP1396. It can
be seen from the inversion profiles that the estimation results of
Young’smodulus are highvalue andPoisson’s ratio are lowvalue in
the target reservoir (black ellipse), which are in good agreement
with the drilling and rock physics analysis results. Figure 11D

FIGURE 9
Analysis of (A) the mr error and (B) CCs between the true models and the inversion results of Young’s modulus (red), Poisson’s ratio (blue), and
density (green) based on the newly rewritten Zoeppritz equation (solid lines), the YPD approximation (dotted lines with squares), and the non-linear YPD
equation (dotted lines with triangles) with the white noise of S/N=2.

FIGURE 10
(A) Post-stack section of the field seismic data. (B) Pre-stack angle gather.
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shows the comparison among the inversion results (red, blue, and
green lines) and corresponding true logs (black) at the location of
the well. Inversion stability analysis is executed on the estimation
results. The mean-relative errors between the real and estimated
Young’s modulus, Poisson’s ratio, and density are 12.59%, 5.13%,
and 2.46%, respectively. Although the results of this field data
example do not completelymatch the original well data curves and
have more errors than synthetic tests, the overall trend is the same
as the original well data. The inversion methods with more
advanced regularizations and field seismic data gathers with
larger incident angles can be improved the accuracy of the
inversion results. The practical application results verify that
the proposed direct inversion method is reliable in field data
applications, and the accuracy of the estimation results can
meet the requirements of brittleness calculation and sweet spot
favorable area planning.

4 Discussion

Young’s modulus and Poisson’s ratio are of great significance
to reservoir characterization and rock brittleness prediction in
shale gas exploration and development. The proposed inversion
method provides an efficient technique to obtain stable and
high-resolution density, Young’s modulus, and Poisson’s ratio
directly and simultaneously, rather than indirect calculation
and approximate equation inversion. The new method has a
good performance in wide-angle or wide-offset data with
different levels of noise. The proposed method may have great
potential in the “sweet spot” evaluation and guidance for

subsequent horizontal well deployment and hydraulic
fracturing. Note that the original Young’s modulus and
Poisson’s ratio need to be calculated by P- and S- wave
velocities in well logs. In practice, joint inversion with S-wave
data and anisotropic inversion deserve further study in future
research.

5 Conclusion

The requirement that the high-accuracy inversion results of
Young’s modulus, Poisson’s ratio, and density cannot meet due to
the utilization of the approximate expression of the Zoeppritz
equation and indirect calculations. In this study, a new form of
the exact Zoeppritz equation and P-to-P wave reflection
coefficient based on Young’s modulus, Poisson’s ratio, and
density, which have the same accuracy as the original
Zoeppritz equation over a wide range of incident angles, were
derived. Then a direct and simultaneous AVO inversion of
Young’s modulus, Poisson’s ratio, and density based on the
new Zoeppritz expression of the P-to-P wave reflection
coefficient were presented. The iterative regularized Levenberg
Marquardt (IRLM) algorithm was introduced to the inversion
method to solve the ill-posed inverse problems. The applications
of synthetic data and field seismic data indicate that reliable
Young’s modulus, Poisson’s ratio, and density can be recovered
directly and simultaneously by using the proposed inversion
method based on the new Zoeppritz expression. The proposed
direct inversion method for Young’s modulus and Poisson’s ratio
supplies an effective and practical technique for “sweet spots”

FIGURE 11
Inversion results for (A) Young’s modulus (B) Poisson’s ratio (C) Density. (D) Comparison among the true logs (black), initial models (gray), and
inversion results (red, blue, and green) at the well location. The black ellipse indicates the target reservoir.
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prediction and reservoir characterization in unconventional shale
gas exploration and development.
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