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Three dimensional (3D) geological model is frequently used to represent the geological
conditions of the subsurface. The generalized triangular prism (GTP) model designed for
borehole sampling data is a spatial data model that could retain the internal connection
between the three adjacent boreholes and distinguish between the bedding and cross-
bedding directions, which is proper for accurate 3D geological modeling. The traditional
building method cannot consider two factors: the borehole distance is usually longer than
the stratigraphic thickness, and the top and the bottom surface have different accuracy at
the same time. In this study, we describe the new interpolation method for the GTP 3D
geological model to improve the model accuracy with sparse borehole data. Firstly,
definition and calculation method of the GTP model smoothness are proposed to
measure the model smoothness and accuracy degree, which are used to decide
whether the GTP voxel requires interpolation. Secondly, the virtual borehole design
and calculation method for the GTP voxel subdivision in terms of the GTP geometric
smoothness are discussed in detail. Finally, the GTP adaptive interpolation can be
performed through the GTP voxel subdivision and the geometric optimization
rebuilding. This method could adaptively interpolate the existing GTP model by local
updating without changing the GTPmodel structure, it has high efficiency compared to the
classical method. In addition, the feasibility and accuracy of this method could be proven
by the actual case. The study will provide a new and reliable interpolation method for the
GTP model, and it is also conducive to economic geology related research.

Keywords: generalized triangular prism, geological modeling, adaptive interpolation method, geometric
smoothness, virtual borehole, voxel model

INTRODUCTION

Recently, the development of human activities in underground spaces has gradually intensified. Due
to the subsurface informationization basis, geology (Mansouri et al., 2015; Feizi et al., 2021), water
conservancy (Oliveira et al., 2021), hydropower engineering (Bai and Tahmasebi, 2020), mines (Che
and Jia, 2019), economic geology (Cuma et al., 2012), hydrology, underground engineering, city
ground water, and many other subsurface fields are in urgent need of accurate geometric expressions
of underground structures (Ghaleshahi et al., 2015). As a result, many true 3D geological modeling
software are becoming a platform to show dynamically geometric structure shape and numerical
analysis simulations of the subspace (Hodkiewicz, 2014; Jacquemyn et al., 2018).
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Because of the core problem with 3D geological modeling, the
researchers have carried out many works in the fields (Mansouri
et al., 2015; Hillier et al., 2021). Currently, two expression
methods are mainly used, the boundary expression model
(BRep) (D’Affonseca et al., 2020) and the solid voxel model
(Bai and Tahmasebi, 2020), while 3D spatial interpolation
(Mei et al., 2016) is also used for calculating unknown
locations with sparse data. The BRep method usually uses a
triangular irregular network (TIN) (Watson et al., 2015) or a
quadrilateral network as the base geometric voxel to express the
external shape boundary of the geological body using discrete
points. This method requires less storage with high calculation
efficiency because it can only model the 3D outer boundary of the
geological body, this is used in many 3D visualization
applications. But unlike the voxel model, the BRep method
cannot express the internal property, and the modeling source
data are suitable for discrete points. However, the voxel model
(Abdul-Rahman and Pilouk, 2008) uses tetrahedrons (Zehner
et al., 2015),octrees (Fan et al., 2013), hexahedral grids (Caumon
et al., 2005) and generalized triangular prism (GTP) (Wu, 2004)
to seamlessly combine adjacent voxels to express the geometric
structure and shape of geological bodies (Zhu, 2008). The voxel
subdivision algorithm is complicated, but its calculation and
analysis are convenient. The tetrahedral model is suitable for
assigning source data to discrete points, but the model building
method is difficult and time-consuming. The hexahedral grid
model is amenable to internal property modeling and not suitable
for precise external geometric boundary expression (Li et al.,
2011). The GTP voxel is specially designed for borehole geological
structures, and the stratigraphic geological model could be
directly built with borehole data (Wang et al., 2015); it could
retain the internal connection between the three adjacent
boreholes and distinguish between the bedding and cross-
bedding directions. As follows, the GTP model also retains the
basic geometric elements of the stratum, it also has unique
advantages. This method is suitable for geological modeling,
which frequently requires local updates and the consideration
of large spatial scales. Therefore, there have been many GTP
related studies and applications in recent years (Liu et al., 2020;
Ran et al., 2021).

The GTP 3D geological model building is a method with
obvious advantages and disadvantages. It was first applied to 3D
geological modeling, and then the topological relationship types
and expression methods were studied in detail, the spatial
sectioning of the GTP application was studied (Lixin and
Wenzhong, 2004). A method of building a GTP voxel
geological model with complex geological structures (faults,
folds, lenses, and missing stratum) was proposed for a variety
of solutions, and others studied the addition of virtual borehole
method (Che et al., 2006). Based on these previous work, the GTP
voxel could be extended from expressing geometric shapes to
expressing the property field in the geological body for 4D
geological interpolation (Glynn et al., 2011; Wang et al., 2017).
The quadratic GTP function model combined with geological
constraints can be used to express the property field of the
geological body (Schmitt et al., 2000).

However, since the GTP geological model is based on the
geometric connections of the borehole data directly, the model
accuracy usually depends on the borehole sampling sparseness
(Cui et al., 2017). It cannot meet more of the refined geological
model application requirements when the interval is of the
adjacent boreholes. Currently, the commonly used
geostatistical and geometric interpolation methods in
geological modeling are for discrete point interpolation
(Rongier et al., 2017), which breaks the internal connection
between the borehole data, and the discrete interpolation
points cannot be converted into virtual boreholes, which
means that the interpolation data cannot be directly used in
the GTP voxel model. This is currently a difficult issue that it
prevents the GTP model to be extended to the practical
engineering applications. However, related theoretical research
is still relatively a distraction, and most of them focus on the
background problem of a certain geological modeling application.
The lower precision model accuracy causes sparse borehole data
to be the main problem when using GTP voxels in engineering
applications. Because GTP voxel model cannot use the
geographic information system (GIS) spatial interpolation
algorithm (Bickel et al.; Stein, 1999; Lu and Wong, 2008;
Forster and Massopust, 2011), further research is still needed.
Establishing a model interpolation method for GTP geological
modeling must be urgently addressed (Hua et al., 2004; Royer
et al., 2015).

The paper presents in-depth research on the interpolation
theory and method based on the GTP model, this could add the
interpolation smoothing feature to the existing GTP modeling
software, which would increase the geological model accuracy
without changing the GTP data structure. The calculation
method to measure the GTP model smoothness is designed,
and it could complete the adaptive interpolation process
according to the smoothness conditions, then the virtual
boreholes need to be added at the locations where the
changes are nonsmooth, the model is optimized and rebuilt
the entire automated interpolation process is rebuilt to obtain
a refined GTP geological model. This will be an important
extension and supplement to the existing method, the
proposed method is expected to expand the application
scope of and expression accuracy of the GTP method,
which will provide new theories and technical methods for
3D geological modeling.

This study will discuss the proposed interpolation theory and
method of the GTP 3D geological model, which can complete the
automatic rebuilding of the refined GTP model for the stratified
geological structure and the corresponding sparse borehole
sampling data. Based on the borehole sampling data and the
stratified geological structure, a theoretical framework, and a
mathematical method for refining the GTP 3D geological
modeling is established. In addition, an adaptive interpolation
method is proposed for the interpolation method to realize a new
smoothing process for rough areas in the GTP geological model;
this process can obtain a more accurate and smoother GTP
geological model without changing the existing model.

The sections of this paper are arranged as follows:

Frontiers in Earth Science | www.frontiersin.org March 2022 | Volume 10 | Article 8082192

Sun et al. Adaptive Interpolation for GTP Model

https://www.frontiersin.org/journals/earth-science
www.frontiersin.org
https://www.frontiersin.org/journals/earth-science#articles


(1) An accurate evaluation index for the GTP smoothness, and
the corresponding definition for the smoothness and
calculation method of the GTP model could be
established. The Gaussian geometric curvature of the
triangle vertices is used as a criterion to evaluate the
undulation variation degree of the top and bottom
stratigraphic surfaces consisting of the surrounding GTPs,
it is defined as the GTP smoothness. The paper will focus on
the definition and mathematical calculation methods.

(2) The virtual borehole design and calculation method for GTP
model interpolation according to the GTP geometric
smoothness are discussed. It is possible to obtain a
smooth 3D geological model after GTP interpolation in
the unsmooth areas. Based on the GTP model built from
the borehole data, determinations of whether and where to
add virtual boreholes according to the smoothness of the
stratigraphic surface, including the number and location of
the virtual boreholes to be added, and the stratigraphic point
coordinate of the virtual borehole calculation method are
developed. Then, virtual borehole addition and model
rebuilding are iterated until the smoothness of the
geological model meets the accuracy requirements to
complete the interpolation process. In addition, the
smooth interpolation process of the GTP model requires
theoretical research and experimental verification.

(3) An adaptive GTP geological model interpolation method
based on the virtual borehole design and calculation, the GTP
adaptive subdivision method for interpolation and the GTP
voxel geometric optimization method are be studied. The
GTP model rebuilding method of the virtual borehole added
by interpolation and an automatic identification method of a
deformed GTP voxel are discussed. The optimizationmethod
based on this virtual borehole is proposed. Finally, an
example is taken to prove the method accuracy and
reliability.

BASIC GTP GEOMODELLING METHOD

Background
In the visualization and analysis application of an urban
underground space, a large number of borehole samples is
usually the main source data. Almost all construction projects
of houses, subways, roads, venues, etc., will require geological
exploration, and this engineering process usually accumulates
a large amount of borehole data, possibly reaching hundreds of
thousands of data points. Therefore, adding and updating the
managed borehole data and quickly building 3D geological
models are of great significance to urban management,
although the borehole distribution is often sparse,
depending on project needs. In this case, most frequently, a
refined geological model of a certain area can be built quickly
and updated by adding boreholes. For this, the GTP voxel is the
most suitable building method because it is faster and simpler
than the TIN and tetrahedron voxel methods. Sparsely
distributed boreholes usually produce a low accuracy and
rough model, and this is the main problem for engineering

practice, so GTP interpolation is the research goal to improve
the present situation.

In addition, a refined GTP model can quickly reflect the
geometric structure of an underground space. The study of
economic geology spans the various disciplines of geosciences
to understand why various seemingly independent processes
work together to cause abnormal accumulation of elements in
a specific location of the Earth’s crust. Such research focuses on
the entire mineral cycle, from the formation of ore deposits,
through mining and mineral recovery, and finally to mine
reclamation. Social, economic, and environmental issues have
arisen from mineral exploration, mine development and mine
closures and mitigation of environmental legacy, which has
become increasingly important.

GTP 3D geological modeling can help to evaluate the potential
recovery process, and the model visualization can help to
elucidate the mineral formation process. With the goal of
simulating the 3D and 4D evolutions of ore formation or
water flow processes, research efforts integrate fluid flow
pathways, mineral reactions, deformation, and other ore
formation processes into predictive deposit models that can be
used for mineral exploration. Therefore, a refined GTPmodel can
greatly accelerate the process of underground space exploitation
and the economic geological assessment of large areas.

The GTP Voxel
The GTP voxel element is a closed geometric unit usually
composed of two top and bottom triangles and three
quadrilaterals. Unlike a standard triangular prism, it does not
require the top and bottom triangles to be completely parallel
(Charifo et al., 2013). The geometric data model is shown in
Figure 1A. For a triangular prism, the three edges represent the
borehole line, and the six vertices represent the intersection of the
stratum surface and the borehole line. Therefore, the GTP voxel is
a more suitable choice for building a 3D geological model with
borehole sample data.

There are also two degenerate forms of the GTP voxel,
pyramid Figure 1B and tetrahedral voxel Figure 1C, which
are usually used to build geological models with complex
structures, such as the GTP on the border with faults and
unconformable strata. The pyramid indicates that there is a
borehole with zero length, and the tetrahedron indicates that
the three boreholes intersect at a vertex. Most past studies have
usually focused on the geometric solid model of geological entities
(Zhu et al., 2012; Collon et al., 2020). In addition, the four points
on the side of the GTP could be coplanar. Figure 1D illustrates a
noncoplanar GTP, which will cause the calculation and analysis
problem. The noncoplanar GTP should be divided into
tetrahedrons or pyramids, as shown in Figure 1E.

The advantages of the GTP voxel model are as follows:

(1) The GTP is based on the design of geological borehole data
features, and it can only use only the features of borehole
data. The GTP edges are used to represent the borehole line,
and the vertices represent the intersection of the borehole line
and each stratum surface. The top and bottom triangles of the
GTP model represent the different stratum surfaces.
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(2) The GTP voxel model is not optimal for geological
interpretation, which requires distinguishing the features
between the bedding and the cross-bedding direction of
the borehole strata, although it can easily explain the
direction of the strata. As shown in Figure 1A, the
borehole direction of the three GTP edges is also the
cross-bedding direction, which represents the direction
along a stratum and maintains the internal connection of
the adjacent borehole.

(3) The model building and updating methods are simpler
compared to the tetrahedron. The GTP model could be
built by the Delaunay triangulation based on the
coordinates of the top borehole orifice point (Pellerin
et al., 2014), and then the TIN can be extended downward
to obtain the GTPmodel. If there are new drilling exploration
data, the model could only be updated by adding a new
borehole using the TIN insertion method to update the
model locally.

In addition, the disadvantage of the GTP model could be
discussed as follows:

The GTP is an unstructured voxel, and the corresponding
model refinement algorithm is difficult. The GTP model accuracy
depends on the interval between adjacent boreholes. However,
the horizontal spacing between boreholes is usually much larger
than the vertical interval. Therefore, the accuracy is usually
difficult to control and far from the requirements of 3D
geological modeling. Studying how to improve the precision of
GTP models can greatly extend their applicable scope, and the
GTP interpolation method proposed in this paper is a novel
solution.

Traditional GTP Geomodelling
In detail, the traditional GTP model building steps are as follows:
First, the borehole, section data, survey data and stratigraphic
data are obtained from the exploration data, the stratigraphic
points of each borehole stratum are extracted separately to a
pointset according to the geological structure, and then boundary
constraints for special structures are added, such as faults and
tunnels. Finally, these borehole points are projected to a suitable
2D plane (usually the XOY plane of the Cartesian coordinate

system), and the fault and other discontinuous boundaries are
added as constraint lines of the TIN. Then, the constraint
Delaunay triangle building method is used to obtain the TIN
surface. A GTP triangle extends downward along each borehole.
All triangles are iterated, and all the GTP models are built. After
iterating through all the boreholes and considering constraints,
such as faults and stratigraphic boundaries, the GTP model is
completed.

In addition, some rules should be followed in the GTP model
building method (Che et al., 2015). First, the main rule is to
ensure that the boreholes associated with a GTP voxel are in the
same or adjacent GTP; second, the model accuracy is higher when
the corresponding GTP voxel has better geometric features. At
the same time, it is necessary to add supplemental data on the
geological structure expression before building the GTP, which is
used to ensure that the GTP automatic building algorithm can
accurately rebuild the special geological structure, including faults
and missing strata. The building steps of the specific GTP model
considered in this work are as follows (De-fu et al., 2008). The
workflow is shown as Figure 2.

(1) Multisource geological modeling data merging. The borehole
data are merged with additional data, especially the section
and topographic map data, which can be consistently cross-
validated, as shown in Figure 3. At the same time, the section
data are merged into the borehole data as the source data for
building the GTP model.

(2) Complex geological structure preprocessing. For the
combination of stratigraphic boundaries, simple faults and
missing strata, a virtual borehole may be designed at the
boundary of the fault plane and the missing stratum. It can be
ensured that the correctness of the topological relationship of
the GTP geometric model is acceptable, as shown in Figure 3.
This is the basis for building the GTP model, and the specific
design method can be found in many studies, but the GTP
geometric optimization method has not yet been studied in-
depth.

(3) Dividing the modeling area into many continuous
interpolation units. According to the discontinuous
boundary of a geological structure, the geological body
needs to be divided into many continuous modeling units,

FIGURE 1 | The geometric meaning of the GTP voxel: (A): A normal GTP, (B): Pyramid, (C): Degenerate to a tetrahedron, (D): Noncoplanar GTP, (E): The
subdivision expression of the noncoplanar GTP, the red line is as the GTP subdivision split line.
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FIGURE 2 | The classic GTP modeling workflow.

FIGURE 3 | (A): The borehole distribution map, (B): The GTP model built based on the borehole data.
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and each unit is treated independently with different
modeling parameters to reflect the natural world. These
noncontinuous boundaries include ground surfaces, fault
planes and artificially designated boundaries. The GTP
model process cannot span two noncontinuous
interpolation units.

(4) GTP voxel geometric model building and constrained
Delaunay triangulation according to the borehole location.
The GTP voxel model of each stratum is obtained by
extending each triangle downward to the borehole bottom,
three identical borehole strata are closed by adjacent GTPs,
and the GTP connection methods used for multiple strata in
the same borehole are always the same.

Nonsmooth Problem of the GTP Model
Much research on the building of GTP 3D geological models has
been progressive, and great progress has also been made, but how
to make GTP geological modeling methods more universal needs
to be studied (Li et al., 2006). The accuracy of geological model
building depends on the distribution density of borehole
sampling. If borehole sampling is evenly and densely
distributed, the change in model geometry is smooth, and the
calculation accuracy is high. However, when the borehole
sampling interval is large and the surface change is large, the
GTP model changes drastically because the boreholes are
connected by a straight line, and the stratum interface changes
roughly. As shown in Figures 4A,B. When it is used for 3D
visualization or spatial analysis, compared with the geological
modeling method combined with geological interpolation, it
reduces the application scenarios of sparse borehole sampling,
and the practicality achieved is worth the reduction. The source
data of the GTP voxel model is the entire borehole, but the
existing interpolation methods are all based on discrete points.
Thus, geostatistical interpolation methods cannot be directly
applied.

The key points in solving the GTP nonsmooth problem are as
follows:

(1) The classic GTP model of a rough area based on the borehole
is inconsistent with the real situation. The classic GTP model
is shown in Figure 4A, and the realistic ground of the same
area in Figure 4B.

FIGURE 4 | (A): The classic GTP model, (B): The real geological strata, the real ground is the red curve and the black segment is the GTP model.

FIGURE 5 | Two nonsmooth GTP in crossing-bed direction, and the red
segments is the inner nonsmooth surface S2.

Frontiers in Earth Science | www.frontiersin.org March 2022 | Volume 10 | Article 8082196

Sun et al. Adaptive Interpolation for GTP Model

https://www.frontiersin.org/journals/earth-science
www.frontiersin.org
https://www.frontiersin.org/journals/earth-science#articles


(2) The fusion problem between the GTP voxel model and the
other interpolation method.

(3) Whether and where the model needs to be interpolated
remains to be determined.

(4) Determining how to interpolate with high accuracy on the
basis of the original GTP model needs to be addressed.

In the conventional GTP 3D model, the following nonsmooth
problems exist:

(1) The top triangles of adjacent GTP voxels are too different,
and the span between two adjacent GTPs is too long,
resulting in sudden changes between a single GTP and the
surroundings. Therefore, it does not meet the smoothness
requirements.

(2) The smoothness between a single GTP is not uniform in the
cross-bedding direction.

The stratigraphic smoothness between a single GTP and
adjacent GTPs meets the requirements, but GTP modeling is
meant to build a Delaunay triangle that passes through the orifice
and extends downward, and the difference in the GTPs is not
considered to be due to stratigraphic bedding. This building
method cannot consider the smooth transition between
adjacent GTPs in the cross-bedding and bedding directions,
which means that the smoothness of different strata of the
same GTP may be different and that there may be sub-GTPs
in the strata; therefore, the smoothing condition is not satisfied, as
shown in Figure 5.

(3) The distance between adjacent boreholes is too long, and the
distribution of boreholes is uneven.

A commonly encountered situation is when the distance
between two adjacent boreholes is too long. The cross-bedding
distance is much shorter than the bedding direction. At the same
time, the boreholes are usually unevenly distributed and need
interpolation.

THE GTP GEOMETRIC SMOOTHNESS

Aiming at the geometric characteristics of the GTP, automatic
refinement of the model was proposed in this paper. It is
necessary to solve three main key problems. First, it is
necessary to establish an accuracy standard to measure
whether the current GTP model needs interpolation. Second,
as is known, not all the model areas require interpolation; this is a
local method and is faster than spatial interpolation, so the area
should be calculated. Finally, the adaptive smoothness
interpolation method should be studied to finish the process.

In this paper, an adaptive GTP interpolation method is
proposed, and the key is to evaluate the areas where the
model needs interpolation. To determine whether
interpolation is required, several key factors need to be
considered. First, whether the surface connection between each
stratum changes smoothly when the boreholes are not dense

enough; second, whether the building scheme can not only meet
the 3D Delaunay rule but also satisfy the smooth transition of all
strata at the same time and solve the discontinuity problem; third,
whether the optimal building method can improve the GTP shape
and accuracy. These issues are infrequently studied in research on
the traditional GTP method, which also restricts the application
of the GTP method.

The Definition of the GTP Smoothness
The method of building the GTP model directly based on
borehole sampling data uses a GTP as the voxel to connect
adjacent boreholes. Therefore, the two boreholes are connected
in a straight line, and the stratigraphic plane fluctuates greatly. In
the area with a large distance between the boreholes, the change
between the two GTPs is not smooth, and the expression accuracy
is not sufficient, meaning that it cannot reflect the real stratum
change. The GTP smoothness can be defined as the change in the
elevation of the GTP stratum surface relative to the surrounding
area, and the calculation of the elevation smoothness of the GTP
stratum surface is the key to realizing adaptive interpolation. For
example, the angle calculated by two tangent derivatives of three
consecutive points in the curve can be used to express the surface
curvature and smoothness, and it can be used to evaluate the
geometric changes of this curve, which can be seen as the
smoothness. The rate of change is the degree of smoothness.
Similarly, on a curved surface in the TIN, the change degree of
two triangular surfaces can express the undulation, or the surface
smoothness. Therefore, smoothing can be extended to the GTP
interpolation evaluation through curve and surface expressions.
For a 3D geological model, the smoothness and continuity of the
surface is an important way to measure accuracy. Among the
methods of discrete point interpolation, kriging interpolation
uses a semivariogram to measure the weight that needs to be
interpolated, and the spline function uses the derivative to
calculate continuously. For 3D geological surfaces, the
undulation rate of the surface can also be used to measure the
model geometric fineness, but because the GTPmodel is based on
boreholes, the top and bottom surfaces of the GTP model are
related. The traditional method of building the GTP model is
based on the top surface, which cannot simultaneously consider
the accuracy of the top surface and the bottom surface; thus, this
approach needs to be improved. This paper proposes a GTP
interpolation method based on the smoothness of the top and
bottom surfaces.

Specific evaluation factors for GTP smoothness include the
following:

(1) The elevations of the top surface and bottom surface among
the adjacent GTPs in each stratum change smoothly.

(2) The satisfaction degree with the 2D and 3D Delaunay rule of
the GTP is evaluated. First, the satisfaction degree with the
2D Delaunay law of the triangle could be projected on the
suitable plane on the top and bottom surfaces. Then, the 3D
Delaunay rule of the tetrahedron is used to subdivide
the GTP.

(3) The length difference between the borehole length and the
height of the GTP is considered.
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The calculation method of the GTP smoothness is
introduced in this paper from the geometric curvature of
the surface in computer geometric modeling. The Gaussian
curvature of the surface used in the 3D computer aided design
(CAD) software is employed as the main breakthrough point
(Grafarend et al., 2014; Hayashi et al., 2021), and the Gaussian
curvature is implemented at a certain point on the surface
curvature, which refers to the product of the two principal
curvatures at this point. The vertices on the surface are
mapped to the center of the unit sphere, and the endpoint
of the normal also should be mapped to the sphere, showing
that a correlation is established between the points on the
surface and the points on the certain sphere, which is called the
spherical representation of the surface, or Gaussian mapping.
The geometric meaning of Gaussian curvature is the limit of
the area on the sphere or the local area of the surface, and it
shows that the Gaussian curvature does reflect the local
curvature of the surface. It is the main basis for analyzing
the quality and smoothing of the surface. When the Gaussian
curvature of the surface changes relatively quickly, the surface
changes are relatively large, and the smoothness of the surface
is low. The principal curvature represents an infinite number
of orthogonal curvatures at a certain point on a curved surface,
where there is a curve that makes the curvature extremely
large, which is defined as the sum of the maximum curvature
Kmax. The curvature perpendicular to the maximal curvature
surfaces is the minimum. In the minimum curvature Kmin, K is
expressed as the ratio of the second basic type and the first
basic type of the surface, which is dependent on the point (u, v)
of the surface z = r (u, v), as shown in Figure 6. The tangent

direction function du/dv at this point is called the normal
curvature K of the surface, it is along the tangent direction du/
dv at this point, as shown in Figure 7. The Gaussian curvature
reflects the degree of curvature of the current point and it is
defined and calculated as Eqs 1, 2:

K � LN −M2

EG − F2

� 1

(EG − F2) [(ru, rv, ruu)(ru, rv, rvv) − (ru, rv, ruv)2]
� KmaxpKmin (1)

K � 1
4(EG − F2) [E(EvGv − 2FuGv + G2

u) + F(EuGv − EvGu

− 2EvFv + 4EuFv − 2FuGu) + G(EuGu − 2EuFv + E2
v)

− 2(EG − F2)(Evv − 2Fuv + Guu)] and E

� rurv, G � rvrv (2)
K is the partial differential of the surface. E, F, and G are the

first invariants of the curved surface, while L, M, and N are the
second invariants of the curved surface.

Using the positive and negative properties of Gaussian
curvature, the structure of the surface adjacent to a point can
easily be studied. The Gaussian curvature K > 0 is an ellipse point,
K < 0 is a hyperbolic point, andK = 0 is a plane or parabolic point.
Gaussian curvature is the intrinsic quantity of the surface; it is
only related to the first basic type of the surface but is unrelated to
the coordinate axes and the parameterized representation.

Therefore, in 3D CAD software, Gaussian curvature analysis is
used to analyze the surface modeling. When the Gaussian
curvature of the surface changes relatively quickly, it indicates
that the internal change of the surface is relatively large, which
means that the smoothness of the surface is lower. If the Gaussian
curvatures of adjacent surfaces are considerably different across a
shared boundary, then the surfaces are not continuous. This is
usually called curvature discontinuity, indicating that the
connection of the two surfaces is not smooth.

For the Gaussian curvature of a triangular surface, the
calculation function is that 2π subtracts the sum of the angles
θi of the point Ni(v) corresponding to the neighborhood
triangles, and then it can be divided by the corresponding
surface area A(v), the calculation method of the K(v)is shown
as Eq. 3, for the scenario in Figure 8A:

FIGURE 6 | A 3D point curvature on the triangular surface, the red arrows are the normals of the curve and the triangle.

FIGURE 7 | The surface curve expression in 3D space.
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K(v) � 1
A(v)

⎛⎝2π −∑
vi ∈ Ni(v)

θi⎞⎠ (3)

The Gaussian curvature can reflect the local undulation degree
of the surface. The Gaussian curvature Nvi could be calculated
using the Taubin method (Taubin, 1995) by the area of the
weighted sum. Then, the smoothness Ntop−GTP of GTP can be
defined from the top and bottom surfaces with Eq. 4:

Ntop−GTP � max(Nvi, 1≤ i≤ 3) (4)
Whether a GTP is smooth and fine determines how it needs to

be subdivided and interpolated, which depends on the top surface
curvature N1, the bottom surface curvature N2, and the
compliance with the 3D Delaunay rule, which is measured by
G3, and the weights of the corresponding GTPs are set as w1, w2,
w3. Then, the overall smoothness of a single GTP can be
calculated using Eqs 5, 6:

NGTP � hi∑1−nh
(Ni

top · wi
top +Ni

bottom · wi
bottom + G3w3) (5)

G3 � 1
max{|(v2 − v1)|, |(v3 − v2)|, |(v3 − v1)|} (6)

where n is the number of strata, h is the vertical height of the
current GTP, and i is the current stratum from all the iterated
strata of this GTP (0 < i < n), as shown in Figure 8B.

GTP Model Smoothness Calculation
The interpolation method for the whole GTP model is as follows:

The interpolation calculation of a single GTP is mainly used to
evaluate the smoothness and continuity between a GTP and
adjacent GTPs, and whether it is required needs to be
determined. For the smoothness calculation, the interpolation
threshold needs to be set. When the threshold is met, the
curvature calculation is automatically performed. Then, the
adaptive interpolation calculation for the 3D geological model
can be realized. The key to adaptive interpolation is the
calculation method for the smoothness of each GTP. The
process is divided into three steps. The weight value needs to
be determined first, which is used as the GTP smoothness to
determine whether the GTP needs to be interpolated, subdivided,

and interpolation. Subdivision depends on the result of the GTP
curvature defined in the last section. If it is greater than the
calculation threshold, the subdivision will be performed;
otherwise, the GTP will be maintained, as shown in Figure 8C:

(1) Gaussian curvature calculation iteratively occurs from the
top surface and bottom surface of the GTP

The curvature calculation starts from the edge of the GTP
model by iterating through all the GTPs according to their
topological relationship. According to the definition of the
curvature of the GTP, the Gaussian curvature of the top
surface of the GTP can be calculated, which is recorded and
stored in the GTP data object. The calculation method first
iteratively calculates the curvature of the top and bottom
surfaces of all GTPs. Then, the Gaussian curvature is
considered, and the GTP curvature of each stratum of the
sub-GTPs are calculated iteratively.

(2) Smoothness is calculated iteratively

All the GTP smoothness values could be calculated iteratively
according to the definition of the GTP smoothness. According to
the requirements of geological modeling accuracy, the
interpolation classification threshold of each GTP should be
preset, the different interpolation parameters are chosen for
their suitability to different fineness levels, and the subdivision
times and strategy of a GTP should be reasonably set to meet
practical needs.

(3) Geological structure preprocessing

Before creating an accurate virtual borehole, it is necessary to
preprocess the geological structural boundary. An uneven and
discontinuous boundary of the geological structure cannot
participate in interpolation and calculation because it needs to
be marked in advance. These structures include sudden changes
in the smoothness of the fault plane and the internal structure of
an unconforming stratum, which need to be constrained and
partitioned in advance. Smooth interpolation is performed within
each partition, which cannot include different media. These
special structures need to be calculated separately; they include

FIGURE 8 | (A): The Gaussian curvature calculation of the triangular surface. (B) The GTP smoothness. (C) The GTP smoothness calculation method, where the
red GTP is the currently considered GTP.
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both sides of the fault, the inner edge of the missing stratum, and
the internal structures, such as pinch offs and lenses.

VIRTUAL BOREHOLE DESIGN FOR
INTERPOLATION

Methodology
In the previous section, the calculation method of GTP
smoothness is studied. According to the threshold and the
fineness requirements control of the model, the area that
needs to be interpolated can be determined through iterative
calculation. The GTP model refinement method based on
fineness control is also seen as the model interpolation
method. The interpolation method first needs to comply with
the existing GTP data structure; boreholes are used as the main
data source to build the model, and then the model interpolation
can be completed. This method is usually adopted when there is
no actual drilling data available from existing research. A virtual
borehole is added to the constrained boundary of the GTPmodel.
The virtual and actual boreholes have the same geological media,
and the stratigraphic elevation of the virtual borehole can be
calculated by the actual borehole, which can ensure that the
stratum properties (and assignment logic) are similar to those of
the surrounding boreholes. The constraint conditions, such as
uneven changes in a stratum due to faults and folds, are
considered to ensure that the transition between virtual
boreholes and real boreholes is natural, and this is consistent
with the actual geological structure. Therefore, this article also
chooses the virtual borehole method to solve the smoothing
problem and fulfill the accuracy requirement. This is mainly
realized by inserting virtual boreholes in key positions. The
specific process includes the following steps:

(1) Whether a virtual borehole needs to be inserted could be
determined.

(2) The insertion method of the virtual borehole position should
be designed, following the GTP subdivision method.

(3) The stratigraphic point elevation in each virtual borehole
could be calculated.

The design of the virtual borehole position plays a vital role in
the interpolation process. First, for the current GTP, the adjacent
GTPs index can be calculated iteratively. Then, the internal
topological relationship of the GTPs can be used to quickly
find the shared edges, shared faces and adjacent edges, as well
as the faces between the GTPs, for fast calculation.

The design method and workflow are as follows:

(1) The calculation precision w is set.

According to the smoothness of the overall 3D geological
model, a determination of whether each GTP requires
interpolation is made.

(2) The virtual borehole position could be determined according
to the subdivision number and calculation method.

According to the predetermined smoothness, if the GTP needs
to be interpolated, the appropriate calculation method of the new
borehole position should be determined, which means that
different smoothnesses need different calculation methods. The
number of virtual boreholes will be discussed in Section 4.2 (GTP
subdivision method), and the borehole calculation method will be
discussed in detail in Section 4.3 (Virtual borehole calculation
method). Then, the new borehole position is calculated if
interpolation is necessary. The direction of the inserted
borehole is usually parallel to the boreholes of the current
GTP model.

(3) The stratigraphic elevation calculation of the inserted virtual
borehole should be performed.

The virtual borehole calculation is mainly aimed at the
elevation calculation of the intersection point between the
borehole and the stratum surface, as discussed in Section 4.3
(Virtual borehole calculation method), and the equal division
method is mainly used.

(4) The special geological structure boundary is preprocessed.

For special geological structures, such as faults and folds, it is
necessary to follow the basic GTP processing method that the
virtual boreholes may be inserted on the boundary location to
complete the special structure processing (Maxelon et al., 2009;
Royse, 2010).

GTP Subdivision Method
According to the smoothness calculated in the previous section,
the usual method for one or several surrounding GTPs requires
multiple subdivisions to achieve smoothing and refinement of the
GTP model. The top and bottom of the GTP are realized, and the
number of specific subdivisions is related to the deviation of the
threshold. Moreover, the subdivision method and the
corresponding smoothness are closely related to the
interpolation method. Assuming that the threshold of NGTP is
set to N, the number of corresponding subdivided GTPs is n, and
the obtained precision is c. As each precision choice is different to
determine for the best method, a comparison table of accuracy
and selected method can be developed. The parameters could be
preset according to the detailed model and interpolation accuracy
requirement. The relationship between the accuracy, smoothness,
subdivided GTPs and the subdivision methods are shown in
Table 1:

The iterative internal decomposition method is suitable for a
case of high smoothness. When the smoothness does not meet the
threshold requirement, the difference is not much larger at the
same time, and the current GTP can be directly split once or twice
to obtain the result. The center point of the decomposition
(virtual borehole position) selection and calculation is the key
factor. The shape of the existing GTP should be considered. If the
error is not sufficiently great, the point could be inserted at the
gravity center of the triangle, so that the same GTP will be broken
into three sub-GTPs. The surface can be smoother on the top and
bottom surfaces. The advantage of this internal decomposition
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method is that smooth interpolation can be achieved without
changing the existing built GTP model. Triangle subdivision can
be performed with different methods.

To meet the interpolation requirements, multiple subdivisions
are performed by inserting virtual boreholes in the internal GTP
or sub-GTPs based on the iterative internal decomposition
method, as shown in Figure 12. However, in extreme cases,
the subsequent interpolation process may produce GTPs of poor
quality, which usually include long and narrow triangles; in this
situation, GTP model optimization and rebuilding are needed.

If the smoothness requirement is still not met after one
subdivision, multiple subdivisions are needed. The subdivision
method should be run adoptedly with multiple virtual borehole
insertions; therefore, the method of inserting the borehole should
be refer to the building method of the uniformly subdivided
triangle. The position calculation methods of the quadratic and
cubic subdivisions are discussed in Sections 4.2, 4.3.

According to the requirements of the 3D Delaunay rule, the
minimum difference between the internal angle and the optimal
angle is where the tetrahedral subdivision of the GTP is performed. In
several schemes of inserting new boreholes, the conformity of the 3D
Delaunay rule for each quadrilateral is determined, and finally, the
best plan is chosen by comparing different solutions.

Virtual Borehole Calculation Method
The calculation method of virtual boreholes mainly considers the top
position. In the previous section, the methods for obtaining the
number and position of the inserted virtual borehole are discussed,
but each stratigraphic elevation value also needs to be calculated. A
new stratigraphic elevation calculation of the virtual borehole is
proposed by implementing the Bernstein-Bézier quadratic triangle
(BBQT)method (Li, 2011;Weber et al., 2011). This method is similar
to the triangulate extension from the spline curve to spline surface,
this method is suitable with the local surface interpolation without
other data, so the calculation speed is faster than the spatial
interpolation method, and the accuracy is stable. In particular,
there is no need to change the existing model, and all the
interpolation points are on the triangulate surface. The N- degree
triangle has number of (n+1) (n+2)/2 control points of v1,2 . . . ,n, the
three sides of the triangle should be divided into n equal parts. The
BBQT triangle could be built by connecting the control points as
Figure 9, the TIN could be built through iterating all triangles. This is
called the control grid or Bézier grid. Then, according to the
Bernstein-Bézier polynomial theory, the n degree Bernstein
polynomials Bn

i,j,k are linearly independent and they form a
complete n-degree polynomial, as shown in Eq. 7. Thus, it is also
called the Bernstein basis functions a Pn, and this could meet the unit
decomposition requirements, the λ1, λ2, λ3 are the volume coordinate

of any point, and i, j, and k are the iterative sequence numbers of the
three vertices:

Bn
i,j,k(λ1, λ2, λ3) �

n!

i!j!k!
λi1λ

j
2λ

k
3, i + j + k � n,∑

i+j+k�n B
n
i,j,k �

� (λ1 + λ2 + λ3)n � 1 (7)
The row vector composed of all Bernstein polynomials of

degree n is denoted as Eqs 8,9:

B1 � [B1
1,0,0 B1

0,1,0 B1
0,0,1 ] � [ λ1 λ2 λ3 ] (8)

B2 � [B2
2,0,0 B

2
1,1,0 B

2
1,0,1 B

2
0,2,0 B

2
0,1,1 B

2
0,0,2]

� [λ21 2λ1λ2 2λ1λ3 λ22 2λ2λ3 λ23] (9)
Then, it could be converted to the Cartesian coordinate

system, because any n variable quadratic polynomial, as Eq. 10:

TABLE 1 | The relationship between the accuracy, smoothness, number of subdivided GTPs and the subdivision method.

Interpolation accuracy Corresponding smoothness Interpolation threshold Number
of subdivided GTPs

Subdivision method

C1 S1 N1 n1 3D Delaunay rules

C2 S2 N2 n2 Iterative internal decomposition method

C3 S3 N3 n3 Triangular Bernstein–Bézier method

FIGURE 9 | The BBQT division method, the control points and the
control grid.
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f(x, y) � ∑
i+j≤ n

ai,jx
iyj � f(λ1, λ2, λ3)

� ∑
i+j+k�n bi,j,kB

n
i,j,k(λ1, λ2, λ3) � Bnfb (10)

The geometric meaning of the BBQT division method is
shown in Figure 9. As in the above method, the stratigraphic
point of each virtual borehole could be obtained, and all the
virtual boreholes could be calculated iteratively through this
method.

ADAPTIVE GTP SMOOTHNESS
INTERPOLATION GEOMODELING
METHODOLOGY
For the GTP voxel, the top and bottom surfaces are both triangles.
Each stratigraphic surface is a TIN surface composed of the top
and bottom surfaces of the GTP. The degree of undulation and
the thickness of the strata are also collectively determined by the
top and bottom surfaces. Each triangle in the TIN is adjacent to
several triangles, the Gaussian curvature of the three vertices of
the triangle on the top surface of each GTP is calculated
correspondingly, and the maximum Gaussian curvature value
should be selected as the GTP smoothness, which could measure
the undulation and determine whether interpolation is required,
as shown in Figure 10. The mainly key factor of the adaptive
smoothness interpolation is as following:

The traditional GTP building method needs to consider
constraint conditions. The constraints refer to faults, caves,
boundaries, etc., and the relevant GTPs must be marked to
provide a control parameter for iterative interpolation. The
GTP that needs interpolation cannot cross the constraint
boundary; that is, its smoothness cannot be calculated with the

surrounding GTPs outside the boundary. Then, the GTPmodel is
finished by building the interpolation unit iteratively.

Then, the smoothness of each GTP is calculated, the GTPs that
do not meet the smoothness standard are recorded, and the GTP
subdivision method and virtual borehole interpolation
calculation are performed. After one subdivision, the
smoothness of the current GTP should be recalculated to
determine whether it needs to be subdivided. This iteration
will stop when the smoothness threshold set by the
interpolation is met, and the adaptive interpolation of the
model will be completed at that time.

Adaptive GTP Smoothness Interpolation
Geomodelling
The adaptive interpolation method of the GTP model is the focus
of this work. It is different from the traditional uniform geometric
subdivision method. This research method focuses on the
inclusion of adaptive interpolation for the GTP voxel
geological model, and this process provides the same accuracy
with a small amount of data. The key to this process is to obtain
the GTP smoothness, which is a criterion for adding a virtual
borehole. If the smoothness is greater than the given setting value,
an appropriate number of virtual boreholes can be inserted;
otherwise, it will not be performed, and the process is iterated
until the entire interpolation process is completed. The following
is a step by step description, as shown in Figure 10:

(1) GTP geological model building

As discussed in the second section, the GTP geometric model
was built based on the original boreholes. The method is designed
to determine all of the boreholes with the same number of strata,

FIGURE 10 | The GTP model interpolation flow and adaptive GTP smoothness interpolation geomodelling methodology.
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then Delaunay triangulation based on the top surface points is
performed, and the TIN should be extended downward to obtain
the GTP model of all strata. For complex geological models, there
are usually many unconformities, including lenses, missing strata,
and faults. It is also necessary to retain the GTP of the missing
stratum.

(2) GTP smoothness calculation

According to the smoothness research scheme proposed in
previous studies, the smoothness of a GTP can be calculated. The
smoothness of the three vertices of the top surface of the GTP
could be used to obtain the smoothness of a single GTP, and then
GTPs of other strata could be built by the same three boreholes
following the order from top to bottom. The GTP smoothness
should be calculated and stored.

(3) Adaptive GTP division by adding a virtual borehole

First, the preset threshold to end interpolation is
determined. This value is set to a reasonable value
according to the accuracy requirements of the model, the
amount of data, and the calculation time. The smoothness
needs to be obtained based on multiple experiments. Whether
the preset threshold is exceeded can then be determined; if it is
greater than the threshold, a new virtual borehole inside
the current GTP can be added. There are two solutions
that can be attempted for the virtual borehole location.
The preferred position is the center or gravity center of the
GTP. In the second attempt, multiple boreholes are added,
referring to the triangular Bernstein-Bézier subdivision
method. Virtual boreholes can be inserted at the
subdivision node position using the existing spline surface
to obtain the elevation value.

(4) Iterative interpolation process

The smoothness of the interpolated initial GTP is recalculated.
If it is still greater than the threshold, steps 2) and 3) should be
repeated until the requirements are met, and the interpolation
process of the entire geological model is completed. Finally, a
highly accurate 3D geological model can be obtained.

GTP Model Optimization Rebuilding
After the last section, a smooth and fine GTP voxel model can be
obtained, or the newly added borehole may generate some
deformed GTPs, which need to be optimized and rebuilt. In
addition, the GTP interpolation method used is the virtual
borehole insertion method added to the center, and thus, there
is no smoothing process for the boundary of the unconformity
stratum, and optimization and reconstruction are also needed.
The specific research plans for the two cases are as follows:

(1) Deformed GTP optimization method

According to the assignment of virtual borehole stratum, the
value assignment method is based on the stratigraphic point of

each stratum, but the GTP voxel is a volume model, and the
stratum is a solid unit. The upper and lower strata are separated
from the assignment method, which may cause a deformative
GTP. The rebuilding method checks the topological relationship
of each voxel. If there is a topological error, for example, it is
known that the bottom elevation of the GTP in the same stratum
is higher than the top surface. Therefore, it is necessary to study
optimization methods, such as the geometric subdivision method
in geometry and the reconstruction method.

(2) Boundary GTP rebuilding method

The boundary rebuilding of the GTP model of the missing
strata is necessary. During the interpolation process in the last
section, the unconformity boundary is still the same as before the
interpolation, the accuracy is not high enough, and the
discontinuity changes suddenly. Thus, the GTP on the
boundary optimization is needed, and new borehole points are
added in the middle to ensure that the stratigraphic boundary is
smooth and a closed polyline. The rebuilding method could insert
virtual boreholes to the boundary, the virtual borehole number
and position could be calculated using the spline curve method
(Notaroõ, 2013), this is shown as Figure 11.

APPLICATION AND EXAMPLE

We attempt to verify the feasibility and accuracy of the
adaptive GTP interpolation method proposed in this paper.
The research area is geological exploration data from Dalian,
Liaoning Province, China. The 3D geological model could
provide auxiliary decision-making and mining analysis for
economic geology, urban construction, and underground
engineering design, so the proposed method is of great
significance to the economic geological analysis of the
study area. In this case, the geological structure and
economic value of minerals in the study area is the most
concerned, it is necessary to build a 3D geological model to
understand the spatial distribution of various elements in the
subsurface, this could provide many supports to the economic
geology through spatial analysis and calculation. To simplify
the problem, only part of the areas data is selected, and there
are a total of 41 boreholes, as shown in Figure 12A. 6 strata
were detected, 488 GTPs were built according to the boreholes
through traditional GTP modeling method, as shown in
Figure 12B. Based on the GTP adaptive interpolation
framework and process mentioned in the article, the
traditional GTP model was built first. The initial GTP is
understood according to the drilling exploration data, the
section data, and the regional knowledge, 138 virtual
boreholes were designed as shown in Figure 13A. The GTP
geometric modeling method is used to build a GTP
stratigraphic model, with a total of 586 independent GTPs,
as shown in Figure 13B. This also describes all the
stratigraphic and geometric constraints in as much detail as
possible. There are unsmoothed regions in the model,
including the unsmoothed between two GTPs and the
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different strata of the same GTP that cannot meet the
smoothness requirements, and the smooth interpolation of
the GTP needs to be considered.

First, the interpolation smoothness parameter is preset. The
calculated smoothness results suggest that 12 GTPs need to be
interpolated twice and that 5 GTPs need to be interpolated

FIGURE 11 | The boundary optimization method. (A): The original model on the boundary of the missing strata, (B): The new model on the boundary after
interpolation with virtual borehole (red color point).

FIGURE 12 | (A): The triangular surface built by using the data from the original 41 borehole, (B): The GTP model built from the classic method.

FIGURE 13 | (A): The 138 virtual boreholes by the adaptive GTP interpolation method, (B): The adaptive GTP interpolation method based on 41 borehole data.
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multiple times. Among them, 32 GTPs are used in the center
point decomposition method, and 13 GTPs are used in the
subtriangular decomposition method. After multiple
interpolations, the model smoothness meets the requirements.
Compared with the previous interpolation, the smoothness is
improved, and the adjacent GTPs and the boreholes are
excessively smooth. At the same time, the geometric shapes of
the GTPs are better, which proves that the Delaunay triangle rule
is satisfied.

In addition, the accuracy of the adaptive interpolation can be
proven by cross-validation. A total of 200 borehole sample points
are excluded to validate the interpolation value using the
proposed method. The horizontal axis is the interpolation
value, the vertical axis is the sample value, the trendline is y =
x, and the cross-validation result is shown in Figure 14.

CONCLUSION

As known for its simplicity and high efficiency, the GTP
geological model designed for the borehole data structure is
usually widely used, and the GTP model accuracy usually
determines the borehole sample density. However, in the
traditional GTP modeling method, the adjacent borehole
distance is much greater than the stratigraphic thickness, and
the GTP model is not sufficient for precise analysis. Thus, GTP
interpolation approaches for improving model accuracy must be
studied urgently, as the lack of an appropriate approach limits the
widespread application of the GTP modeling method.

To solve these problems, first, the GTP geometric
smoothness standard was proposed to measure the GTP
model accuracy, which is used to evaluate whether and
where the GTP voxel model needs interpolation; second,
adaptive GTP subdivision using the virtual borehole
method was discussed in depth under the condition of GTP
smoothness control and was used to obtain a high-accuracy
GTP model without changing the existing GTP geometric
voxel data structure. In summary, the GTP model adaptive
interpolation framework based on GTP smoothness was
established in this paper, and high-quality results were
achieved through engineering application case verification.

In future work, the virtual borehole calculation method during
the GTP interpolation process could be improved; as a result,
fewer parameter settings would allow the user to finish the
interpolation by automation, which could be an important
point of GTP model interpolation in the future.
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