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Thermal conductivity is an important macroscopic thermo-physical parameter due to its
significant effects on the temperature field distribution and heat flow magnitude in the
material at heat conduction equilibrium. However, because of the extremely complex pore
structure and disordered pore distribution, a well-accepted relationship between effective
thermal conductivity (ETC) and geometric structural parameters is still lack. In this study, a
novel fractal model with variation pore diameter is established systematically based on the
assumption that the rough elements of wall surface, pore size distribution and capillary
tortuosity follow the fractal scaling law. Thermal-electrical analogy is introduced to predict
the ETC of unsaturated geothermal media. The proposed model explicitly relates the ETC
to the microstructural parameters (relative roughness, porosity, fractal dimensions and
radius fluctuation amplitude) and fluid properties. The proposed model is validated by
comparing with existing experimental data. A parametric analysis is performed for
presenting the effects of the structural parameters and fluid properties on the ETC.
The results show that pore structure has significant effect on ETC of unsaturated
porous media. ETC gradually decreases with the increment of porosity, relative
roughness, and fractal dimensions. The present study improves the accuracy in
predicting ETC and sheds light on the heat transfer mechanisms of geothermal media.
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1 INTRODUCTION

Geothermal energy is a non-carbon source of renewable energy based on heat flux from the sub-
surface of the earth, a reliable and abundant energy source with great potential (Manzella et al., 2018;
Noorollahi et al., 2019; Soltani et al., 2021). The heat produced in the earth’s mantle is transferred via
convection and conduction, of which conduction is the most important process, with an average
global output of 1.4 × 1021 J/a (100 times the volcanic eruption, earthquake and hydrothermal
activity) (Clauser and Huenges, 1995; Mostafa et al., 2004). The heat conduction process in rock
depends on its fabric and can be estimated by the physical mechanisms of the basic transport
procedures within the distinct phases of rock media and thermal exchange in an interface (Miao T.
et al., 2016; Jia et al., 2019). The defining equation for effective thermal conductivity (ETC) is q =
-kT, where q is the heat flux, k is the effective thermal conductivity, and T is the temperature
gradient. This is known as Fourier’s Law for heat conduction (e.g., Cahill, 1990). As ETC is a
dominant parameter among all the thermal properties of rock, its accurate and efficient prediction is
essential. Therefore, it is very meaningful to conduct some in-depth studies to reveal its essential
features.
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Previous research demonstrated that ETC of heterogeneous
rock medium is not only affected by the intrinsic thermal
properties of each fluid phase, but also the complicated
relationship between the topology and geometry of pore
spaces and solid matrix (Ghanbarian and Daigle, 2016).
Extensive research has been conducted on ETC of porous
media to characterized heat transport through rock and many
predictive methods for ETC have been proposed. The ETC
models can be categorized into three groups according to the
principles and methods employed: 1) theoretical models, 2)
empirical models by experimental measurement, and 3)
mathematical models via numerical simulation. The theoretical
models have been developed via reasonable simplifications for
geometrical structures and transfer mechanisms. Various
analytical models have been proposed based on classical
mixing laws (Tong et al., 2009; Xia et al., 2019a; Lin et al.,
2021). Yang et al. (2016) developed a statistical second-order
two-scale method to predict heat transfer properties of
inhomogeneous random structures. Whereafter, they
established a novel three-scale homogenization algorithm to
predict heat transfer performance of porous media with
periodic configurations (Yang et al., 2018). However, the
existing theoretical models have the problem of low accuracy
because the complex pore and solid structures have been ignored.
In-situ testing is the most common method to characterized ETC
for shallow rocks and many empirical equations for predicting
ETC are obtained by regression analysis of experimental data.
Gao and Yu (2007) simplified the G-function of the ground
source heat pump and calculated the ETC of surrounding ground.
Kwon et al. (2011) investigated the influence of mineral
composition, porosity, and saturation on the ETC using the
transient flat surface source method. Although a large amount
of experimental data may be available, the reported results from
different experimental approached often differ significantly and
cannot reflect the transmission mechanism (Xia et al., 2019b).
With the development of computer technology, many numerical
methods have been proposed, such as finite element method (Li
et al., 2020), Monte Carlo method (Belova and Murch, 2004), and
lattice Boltzmann method (Gupta et al., 2006) to evaluate ETC of
porous media. However, these empirical ETC models composed
of experimental data and mathematical models usually contain
one or more empirical constants, sometimes lacking a clear
physical meaning.

It has been experimentally shown that porous media have
fractal scale characteristics such as random, scale invariance, and
self-affine. First proposed by Mandelbrot (1982), fractal geometry
exhibits evident advantages for addressing the complexity
structure of porous media, compared with Euclidean geometry
(Yu, 2008). Therefore, fractal theory has been successfully used to
study the ETC of porous media to account for the effect of
microstructure. Yu and Cheng (2002a) proposed a fractal particle
chain model for ETC of double dispersion porous media by
fractal and thermal-electrical analogy theory. However, scale
length of the porous media should be estimated, which can
cause inaccuracy. Jin et al. (2016) utilized the self-similar
Sierpinski carpet to model the pore structure of autoclaved
aerated concrete and built a two-phase fractal model to predict

ETC. Miao T. J. et al. (2016) derived an analytical expression for
ETC of dual-porosity media. The expression is found to be a
function of the fractal dimensions and the microstructural
parameters. Xu et al. (2019) determined the relation between
ETC and geometric structures of the fractal tree-like branched
model and the accuracy of the relationship was evaluated using
the experimental data and those calculated by former models.
Nevertheless, the effect of roughened surfaces on ETC has not
been incorporated by mentioned above models.

In recent years, many researchers began to investigate the
effects of rough morphology and wall-fluid interaction on
thermal characteristics (Cao et al., 2006; Chakraborty et al.,
2019; Qin et al., 2019; Motlagh and Kalteh, 2020). Chen and
Zhang (2014) conducted a molecular dynamics simulation of
ETC in rough nanochannels to investigate how surface
topography, which characterized by the fractal Cantor
structure, affects the thermal conductance at liquid-solid
interfaces. A novel and effective Gauss model was built to
characterize microchannels with roughness was proposed by
Guo et al. (2015), and the feasibility of the model was
evaluated using other typical models of both 2D and 3D
proposed in literature. Askari et al. (2017) incorporated
thermal contact resistance between a packing of grains with
rough surface into numerical simulation of heat conduction
under compressive pressure. The simulation results showed
that ETC is enhanced more in the grains with smoother
surfaces and lower Young’s modulus.

To the best of our knowledge, although there is
considerable research has been conducted on the ETC of
porous media with either numerical simulations or
experiments, these existing models usually contain
empirical constants and cannot account for microscopic
mechanism. ETC of porous media is strongly influenced by
the heterogeneity and randomness of the internal structure. In
this study, a new generalized ETC model is proposed based on
fractal theory for porous media with self-similar pore size and
roughness surface. The proposed fractal model is then
validated by published experimental data, and the effect of
various geometrical parameters and intrinsic thermal
properties are discussed in detail.

2 FRACTAL CHARACTERISTICS OF
THERMAL CONDUCTIVITY MODEL FOR
POROUS MEDIA
2.1 Fractal Characteristics for Rough
Surface
As is reported by Mandelbrot (1982), the cumulative size
distribution of the surfaces of porous media have the
characteristics of the fractal geometry with the self-similarity
and fractional dimensions, and follows the fractal scaling law
(Majumdar and Bhushan, 1991):

N(ε≥ δ) � (δmax/δ)D, (1)
where D is the fractal dimension for particles, δ is diameter, N is
the cumulative number of particles of size equal to and greater
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than δ, ε is the length scale. The number of particles whose sizes
lying in an infinitesimal range of δ and δ + dδ is

−dN � DδDmaxδ
−(D+1)dδ, (2)

and the probability density function for particles is (Yu and Li,
2001)

f(λ) � DδDminδ
−(D+1). (3)

In general, many researchers considered the rough elements as
cones and each cone has a constant ration ξ of height h to base
diameter d (Cai et al., 2010; Yang et al., 2014; Guo et al., 2015). In
this study, we assume that every cone does not overlap each other
(Figure 1). Moreover, the height of cones is also assumed to
follow the fractal scaling law Eq. 4. The relevant equations are
also applicable as long as the relevant symbols are properly
replaced by cone parameters (e.g. δmin and δmax are changed
by the minimum cone base diameter dmin and the max cone base
diameter dmax, respectively).

The base area fractal dimension, which is similar to that for
particles, and the same symbol D is used, can be expressed as (Yu
et al., 2009)

D � DE − lnφ/lnα, (4)
where DE is the Euclidean dimension (DE = 2 in 2D and DE = 3 in
3D), φ is the ratio of the total base area of rough elements to the
pore surface area. For the sake of simplicity, we define α = dmin/
dmax. Due to the normalization condition, Yu and Li (2001)
argued the fractal criterion holds approximately, when α ≤ 10–2.
The fractal dimension D lies within the range 0 ≤ D ≤ 2, as D = 0
means that there is no rough elements on a surface, and D = 2
corresponds to an extremely rough surface, which rough elements
covers the whole surface.

As shown in Figure 1, total base area of rough elements Ar and
the total volume of all rough elements Vr can be obtained by an
integration of all diameters from dmin to dmax:

Ar � −∫dmax

dmin

AidN � −∫dmax

dmin

πd2
i

4
dN � πDd2

max(1 − φ)
4(2 −D) , (5)

Vr � −∫dmax

dmin

VidN � −∫dmax

dmin

πd3
i

12
ξdN � πξd3

max(1 − α3−D)
12(3 −D) . (6)

Based on Eq. 5, the surface area of a capillary Acs can be
given as

Acs � Ar

φ
� πDd2

max(1 − φ)
4(2 −D)φ . (7)

Combing Eqs 7, 8, the average height of rough elements �h is
calculated by

�h � Vr

Acs
� ξφdmax(2 −D)(1 − α3−D)

3(3 −D)(1 − φ) . (8)

The porous media can be considered as a bundle of tortuous
capillaries with variable cross-section area (see Figure 2). Consistent
with the former derivation, the mean diameter λ distribution for a
capillary channel has a similar form with Eq. 2,

−dN � Dfλ
Df
maxλ

−(Df+1)dλ, (9)
where λmax is the maximum mean capillary diameter, Df is the
capillary fractal dimension, which can be expressed as

Df � DE − lnϕ
β
, (10)

where ϕ is the porosity, β = λmin/λmax and λmin is the minimum
mean capillary diameter. Hence, the relative roughness γ in a
single capillary can be written as

γ � 2�h
λ
. (11)

It is assumed that each capillary in porous media has identical
relative roughness. Thus, Eq. 11 can be rewritten as

FIGURE 1 | Schematic illustrations of the rough surface. (A) A real surface with random character; (B) A representative cone-like rough element.
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(hmax)λmin

(hmax)λ � λmin

λ
, (12)

where (hmax)λmin is the maximum height of rough element in
the minimum capillary and (hmax)λ is the maximum height of
rough element in a capillary which the diameter is λ.
Combining Eqs 8, 11, 12, the relative roughness can be
given as follows:

γ � 2φ(hmax)λmin
(2 −D)(1 − α3−D)

3λmin(3 −D)(1 − φ) . (13)

In Eq. 13, the relative roughness is described as an expression
of geometrical parameters and each parameter has a physical
meaning. The effective capillary diameter λe, which fluid can
occupy, is expressed as λe = (1 – γ) λ.

Fractal Model for Porous Media
Although porous media model has been studied extensively,
the complex geometric structure has been always simplified as
capillaries with a constant diameter (Liu et al., 2018; Xiao
et al., 2020), as shown in Figure 2B. However, the actual
porous structure has different pore size, including pores with
large diameter and throat with small diameter (Wang et al.,
2019; Chen et al., 2020). Therefore, we proposed a porous
media model with varying diameters (Figure 2C). In this
paper, the uniform capillary is improved into a capillary with
parallel, curved, and sinusoidal periodically constricted
boundary. The profile of the capillary can be represented
by Eq. 14

r(x) � �r(1 + asin
2π
W

x), (14)

where �r � λe/2 denotes the mean radius. Due to the tortuous
nature of actual porous media, the capillary length is not less than
L0 and can be obtained according to the capillary tortuosity (Yu
and Ping, 2002; Yu and Li, 2004),

Lt(λ) � λ1−DTLDT
0 , (15)

where Lt(λ) is the actual length of capillary,DT is the tortuosity fractal
dimension for capillary, which can describe the tortuous degree of the
capillary quantitatively. The value ofDT is in the scope 1<DT< 2 and
1<DT< 3 in 2D and 3D space, respectively.WhenDT = 1, it means a
straight capillary, while it corresponds to a highly tortuous capillary
that complete fills the space forDT = 2 (or 3). As the tortuosity fractal
is difficult to determine by experiment, the following approximate
formula is used in this paper (Wei et al., 2015).

DT ≈ (DE −Df + 1) + (DE −Df ) logDf − log(Df − 1)
logϕ

. (16)

Similarly with Eq. 5, integrate λ from λmin to λmax, the cross-
section area of porous media Ap can be obtained by

Ap � πDf(1 − ϕ)
4ϕ(2 −Df )λ

2
max. (17)

Assume the porous media is cylinder-shaped, the fractal
dimension characteristic length L0 is given as

L0 �
����
4Ap

π

√
�

���������
Df(1 − ϕ)
ϕ(2 −Df )

√
λmax. (18)

On the other hand, according to the periodicity of sinusoidal
profile, the volume Vsc of the single constricted capillary is
approximately expressed as

Vsc � ∫Lt

0
πr2(x)dx � Lt

W
∫W

0
π[�r(1 + asin

2π
W

x)2]dx
� π(1 − γ)2

8
LDT
0 λ3−DT(2 + a2). (19)

Fractal Model for Saturation
As we all know, the geothermal system may be two-phase before
production or may evolve into a two-phase system because of fluid
production. The fluid tends to flow without lateral mixing, and there
are no cross-currents perpendicular to the direction of flows, nor

FIGURE 2 | Schematic diagram of porousmedia. (A) 2D structure of porousmedia; (B)Cross-section of the capillary with a constant diameter; (C)Cross-section of
the capillary with sinusoidal periodically constricted boundary.
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eddies or swirls of fluid (Geankoplis et al., 2018). To force the
nonwetting phase to displace the wetting phase in capillary, the
extra pressure required to be greater than the capillary
pressure. Based on the Young-Laplace equation, the
capillary pressure can be estimated by pc = 4σcosθ/λ, where
σ is the interfacial tension, θ is the wetting angle of the liquid
on the surface of the capillary. The equation shows that the
smaller the capillary diameter, the greater the pressure. Thus,
there is a critical capillary diameter λc, at which leads the
capillary pressure equals to the extra pressure, for porous
media (Figure 3). The critical capillary diameter can be
estimated by λc = 4σcosθ/Δp, where Δp is the extra pressure.
When λ < λc, it means that the capillary pressure is greater than
the total extra pressure, and all the capillaries that meet the
condition are fully saturated with the wetting fluid. Contrarily,
the extra pressure breaks through the capillary pressure,
allowing the nonwetting phase to enter the capillary, the
capillary diameter will be λ ≥ λc. At this situation, all
corresponding capillaries are occupied by the
nonwetting phase.

Based on the above analysis, we assume that the orientation of
capillaries was approximately taken to be perpendicular to the
cross section of the porous media, and the capillary pressure is
dependent on themean diameter, regardless of the varying radius.
Then, the wetting fluid saturation on the cross section of the
porous media can be gotten as

Sw �
∫λc

λmin

VscdN

∫λmax

λmin

VscdN

� λ3−DT−Df
c − λ3−DT−Df

min

λ3−DT−Df
max − λ3−DT−Df

min

. (20)

The Critical Capillary Diameter λc Is Determined by

λc � [(1 − ϕ(3−DT−Df )/(2−Df ))Sw + ϕ(3−DT−Df )/(2−Df )] 1
3−DT−Df λmax. (21)

Fractal Model for Effective Thermal
Conductivity
The heat flow can be modelled by analogy to an electrical circuit
where heat flow is represented by current, temperatures are
represented by voltages, and thermal resistances are
represented by resistors (Swift et al., 2001). According to the
Fourier’s law (e.g., Nunziato, 1971; Cahill, 1990), the thermal
conductivity can be obtained (Fraisse et al., 2002)

dR � dx
Ack

� Lt

π�r2(1 + asin
2π
W

x)2

k

,
(22)

where k is the thermal conductivity, Ac is the cross-section area of
a single capillary. Since the actual length of a single capillary
satisfies Lt(λ) ≫ W, the thermal resistance can be obtained by
directly integrating Eq. 22

R(λ) � Lt

W
∫W

0

dx

π�r2(1 + asin
2π
W

x)2

k

� 2Lt

kπ2(1 − γ)2λ2 ∫2π

0

dx

(1 + asinx)2.

(23)
According to table of integrals (Gradshteyn and Ryzhik, 2014), the

definite integrals on the right-hand side of Eq. 23 can be calculated as

∫π

0

dx

(a + bcosx)n+1 � ∑n
k�0

(2n − 2k − 1)!!(2k − 1)!!
(n − k)!k! (a + b

a − b
)k

. (24)

Then the thermal resistance of a single channel filled with
nonwetting, and wetting phase can be respectively expressed as

Rnw(λ) � 4LDT
0

knwπ(1 − γ)2(1 − a2)3/2λDT+1, (25)

Rw(λ) � 4LDT
0

kwπ(1 − γ)2(1 − a2)3/2λDT+1, (26)

FIGURE 3 | A schematic diagram of fractal capillary bundle model of porous media. (A) 3D structure; (B) transverse view; (C) longitudinal view.
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where knw and kw are the thermal conductivity of nonwetting and
wetting phase, respectively. The total thermal conductivity for
each phase can be given as

1
Rnwt

� −∫λmax

λc

1
Rnw(λ) dN, (27)

1
Rwt

� −∫λc

λmin

1
Rw(λ) dN. (28)

Combining Eqs 9, 25–28, the total thermal resistance for
nonwetting Rnwt and wetting Rwt in capillary can be written as

Rnwt � 4LDT
0 (1 +DT −Df )

knwπ(1 − γ)2(1 − a2)3/2Dfλ
1+DT
max [1 − (λc/λmax)1+DT−Df ],

(29)
Rwt � 4LDT

0 (1 +DT −Df )
kwπ(1 − γ)2(1 − a2)3/2Dfλ

1+DT
max [(λc/λmax)1+DT−Df − (λmin/λmax)1+DT−Df ].

(30)
The solid phase thermal resistance of porous media can be

obtained as

Rs � L0(1 − ϕ)Aks, (31)

where ks is the thermal conductivity of solid phase. The total ETC
of porous media can be calculated as

ke � L0

Ap

1
Rt

+ ks � L0

Ap
( 1
Rnwt

+ 1
Rwt

+ 1
Rs
), (32)

where Rt is the total thermal resistance.
Substitution of Eqs 17, 29 and Eq. 33 into Eq. 32 obtains the

ETC of porous media,

ke � (1 − ϕ)ks + (1 − a2)3/2(1 − γ)2(2 −Df)ϕλDT−1
max

(1 +DT −Df )(1 − ϕ)LDT−1
0⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣knw − (knw − kw)( λc

λmax
)1+DT−Df

− kwϕ
1+DT−Df

2−Df
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (33)

It can be seen from Eq. 33 that the ETC is a function
of porosity, fractal dimensions for capillary and
tortuosity, relative roughness, characteristic length,
maximum capillary diameter, radius amplitude, and
wetting phase saturation. Each parameter in the proposed
theoretical model has a specific physical meaning and
can by determined by experiments. Consequently, it
is conveniently to estimate ETC of porous media with
this model.

3 MODEL VALIDATION AND COMPARISON

Method to Establish Parameters
In order to validate the proposed model, the parameters involved
in Eq. 33 should be obtained at first. In this study, they are
established as follows.

TABLE 1 | Properties of rock-forming minerals.

Albite Orthoclase Calcite Quartz Anhydrite

Thermal conductivity (W/m·K) 2.14 2.31 3.59 7.69 4.76
Density (kg/m3) 2.62 2.57 2.70 2.65 2.96

FIGURE 4 | The comparison between proposed model prediction and experimental data. (A) k_s/k_{nw} vs. k̂ *; (B) S_w vs. k̂ *.
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3.1.1 The Thermal Conductivity
The thermal conductivity of fluid can be calculated by several
comprehensive equations, which is mainly influenced by many
factors such as the density, temperature, pressure, and viscosity
(Tsilingiris, 2008; Zhou et al., 2016). Here, we adopted constant
nominal values to simplify the calculation: kw = 0.607W/(mK)
and knw = 0.026W/(mK) (Giraud et al., 2015).

The thermal conductivity of solid is dependent on mineral
particles of rocks and can be calculated using the following
expression (Tang et al., 2008):

ks � ∏n
i�1

kςii , (34)

where ki and ςi are the thermal conductivity and volume fraction
of i’th mineral. To obtain ςi, the following transform expression is
applied:

ςi � mi

ρi∑n

1
mi/ρi, (35)

where, mi is the mass fraction of i’th mineral, which can be get
from X-ray diffraction (XRD) analysis, ρi is the density of i’th
mineral. Besides, the properties of rock-forming minerals is also
presented in Table 1 according to Tang et al. (2008). In this study,
the thermal conductivity ks is calculated as: ks = 1.322W/(mK).

3.1.2 The Pore Structure Parameter
Because the maximum height of the rough element to the base
diameter should approximately satisfy 0.12 < ξ < 0.17 (Li, 2003), a
value of ξ = 0.15 is adopted in the following analysis, and
(hmax)λmin/λmin = 0.05 is set. The ratio of the total base area of
rough elements to the surface area of capillary φ = 0.2 is suggested
for simplification by Cai et al. (2014). In fractal geometry, box-
counting dimension is a way of determining the fractal dimension

of a set S in a Euclidean space Rn (Li et al., 2009). Based on cross-
section photograph imaged by scanning electron microscope,
box-counting dimension and real streamline through samples are
obtained to calculate capillary fractal dimension and tortuosity
fractal dimension (Yu, 2008; Xu, 2015). In this paper, we estimate
fractal dimensions using Eqs 4, 10, 16 for simplification. As a
statistically self-similar fractal object, the minimum size is much
less than the maximum size. According to the criterion for fractal
analysis, the scale ratio (α and β) is set to 10–3 by Yu and Cheng
(2002b). Furthermore, the relative roughness can be predicted by
geometric parameters according to Eq. 13.

Model Validation
Inserting geometric parameters, fractal dimensions, relative
roughness, saturation, and thermal conductivity of each phase
into Eq. 33, the ETC of samples can be obtained accordingly.
Figure 4A presents the comparison between the predicted ETC
(Sw = 1 in Eq. 33) and experimental data for two-phase saturated
porous media at the porosity of 0.4 (Prasad et al., 1989; Kooi,
2008; Kaviany, 2012). In order to eliminate the dimensional
effect, the dimensionless ETC is defined by k* = ke/knw. From
Figure 4A, it is clear that the proposed model prediction is in
good agreement with the experimental data, especially when the
dimensionless of thermal conductivity for solid is between 1
and 10.

Another comparison of dimensionless ETC between the
proposed model and experimental results of unsaturated
porous media by Jin et al. (2016) is shown in Figure 4B. It
must be pointed out that there is slightly overprediction at low
saturation and shows acceptable prediction at high saturation.
The experimental results have a critical saturation, which is
around 0.15 for this case. Under the critical saturation, the
dimensionless ETC increases rapidly with the increase of Sw.
However, the increase rate decreases significantly when Sw is
bigger than the critical saturation. We speculate that this might be
due to the connectivity of the wetting phase. At low saturation,
the wetting phase tends to be absorbed on the surface of pores and
cannot lead to a continuous path from the inlet to outlet. Thus, as
the increase of Sw, the wetting phase occupies more pores space
and creates conducting bridges between the pores, which can
enhance heat transfer sharply. However, a path of least resistance
for heat transfer is formed at relatively high Sw, wetting phase
becomes the main heat conduction medium. At this situation Sw
shows marginal effect. The proposed model fails out to catch this
phenomenon due to the capillary bundle model cannot represent
connectivity. Nonetheless, it is apparent that our model shows
reasonable prediction for ETC of saturated and unsaturated
porous media.

Comparison With Other Models
On the basis of the previous validation, we adopt the proposed
model and other models to calculated ETC for quartz sand and
also conducted a comparison of the predicted results with
experimental data in literature. Considering the large amount
of quartz existing in sand samples, ks = 7.5 W/(mK), as suggested
by Chen (2008). The average porosity of 0.4 is used in all the
models. Figure 5 plots the variations of the ETC with saturation

FIGURE 5 | Comparison of the present model with other models.

Frontiers in Earth Science | www.frontiersin.org March 2022 | Volume 10 | Article 7862907

Zeng et al. Effective Thermal Conductivity Model

https://www.frontiersin.org/journals/earth-science
www.frontiersin.org
https://www.frontiersin.org/journals/earth-science#articles


under constant porosity value. Also plotted in the figure are the
predictions by Chen’s series-parallel model (Chen, 2008) and Lu’s
medium theory model (Lu et al., 2007). It is obvious that the
Chen’s model and Lu’s model estimates almost evolve in the same
manner with saturation, and the present model mostly predicting
slightly larger values. When compared with the experimental
data, all of the other models underestimated the ETC. The
proposed model can certainly show better agreement than
other models.

4 SENSITIVITY ANALYSIS AND
DISCUSSION

The effect of some key parameters in the proposed ETCmodel are
discussed and, in this way, the understanding of the proposed
model can be improved. The default values of the parameters in
the following analysis are shown in Table 2.

Effects of Saturation
Figure 6 shows the relationship between the ETC and porosity
under different water saturation. The results confirm that the
ETC decreases significantly with increasing porosity. This is
attributed to the decrease of solid phase. Additionally, the
ETC will increase as Sw increases under large porosity. It is
important to note, that the evidence relies on the thermal
conductivity of wetting phase is much larger than that of the
nonwetting phase. However, the ETC at different saturations is
almost equal when the porosity is low (<~0.10). For deep

geothermal resources, even after a special reservoir rock
simulation process, the porosity is still very low. So
geothermal fluid has little effect on ETC at this situation.

Effects of Fractal Dimension
The effect of capillary fractal dimension Df on ETC under
difference water saturation at constant tortuosity fractal
dimension (DT = 1.5) is shown in Figure 6. As can be seen
from Figure 6, the ETC decreases obviously with the increment of
fractal dimension Df. The capillary fractal dimension describes
the complexity of pore structure, and it increases continuously as
the complicacy of pore increases. According to Eq. 10, a higher
fractal dimension means a higher pore size range. A widely pore
size distribution increases the contact area between geothermal
fluid and pore surface, which can weaken the thermal resistance
and according lower ETC. Although, the ETC decreases faster
under a higher saturation, the difference of ETC caused by
saturation disappears with the increase of fractal dimension.
The present results are consistent with the work by Shen et al.
(2020). They also demonstrate a lower ETC by increase of pore
fractal dimension.

Figure 8 shows the effect of tortuosity fractal dimension on the
ETC. Tortuosity fractal dimension has been used to quantify
tortuosity. The value of tortuosity fractal dimension in 2D for a
straight line is 1 and ranges up to 2 for a plane-filling curve. From the
figure we can see that the tortuosity fractal dimension can lower the
ETC. A possible explanation for thismight be that a higher tortuosity
fractal dimension means higher tortuosity, which directly increases
the flow path of geothermal fluids in porous media and reduces the

TABLE 2 | Default values of the parameters.

Parameters ks (W/m·K) kw (W/m·K) knw (W/m·K) γ a ϕ

Values 3.78 0.63 0.08 0.036 0.1 0.1

FIGURE 6 | The effect of porosity on the ETC.
FIGURE 7 | The effect of capillary fractal dimension on the ETC.
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distance of heat transport through tortuous capillaries, thus leading
to a decrease of ETC for porous media.

Effects of Structural Parameters
Figure 9 illustrates the influence of relative roughness on ETC at a
different saturation when the porosity equals 0.1. In Figure 8
there is a clear trend of decreasing ETC of porous media with the
increase of relative roughness. This relationship may partly be
explained by the increase of heat transfer in capillaries as the
decrease of surface area. In addition, the figure also shows that the
ETC increases with an increase in saturation, since higher
saturation indicates higher wetting volume fraction of higher
thermal conductivity, leading to a decrease in thermal resistance.

Figure 10 shows the effect of radius fluctuation amplitude on the
ECT, when capillary fractal dimension is Df = 1.8 and tortuosity
fractal dimension is DT = 1.2. Closer inspection of the figure shows
radius fluctuation amplitude has a significant influence on the ETC.
With the increase of radius fluctuation amplitude, the ETC decreases
slowly at the beginning. However, when the radius fluctuation
amplitude is large, the ETC decreases rapidly and reaches the
valley value. The capillary has a strong contraction as radius
fluctuation amplitude becomes larger, leading to an increase of
flow resistance for geothermal fluids to pass through the solid
region. As the fluid flow is obstructed by solid phase, the heat
transfer is also affected by the reduction of fluid-solid contact area.

5 CONCLUSION

This paper presents a generalized fractal model for effective thermal
conductivity of porous media based on the fractal geometry theory
and thermal-electrical analogy method. Through solving equations
and quantitative calculation, the analytical expression of ETC is
expressed as a function of porosity, relative roughness, radius
fluctuation amplitude, fractal dimensions for pore and tortuosity,
wetting phase saturation, and intrinsic thermal conductivities for
solid, wetting and nonwetting phase. Meanwhile, the analytical
expression for ETC is calculated and compared with experimental
data to prove the applicability of the theoretical model, and the
proposed model indicates a good agreement. It has found that the
relationship between ETC and relative roughness as well as radius
fluctuation amplitude depends on the saturation. Different saturation
results in a different variation rate. The results show that pore
structure has significant influence on ETC. The ETC of porous
media can decrease by the increase of porosity and fractal dimensions.

It should be noted that the present generalized model for ETC only
focused on the effect of pore structure, such as rough surface,
nonuniform pores and pore size distribution on the heat conduction

FIGURE 8 | The effect of tortuosity fractal dimension on the ETC.

FIGURE 9 | The effect of relative roughness on the ETC.

FIGURE 10 | The effect of radius fluctuation amplitude on the ETC.
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in porous media. The model can be improved by considering pore
network connectivity and wettability. As in two-phase flow,
connectivity, and wettability lead to extremely uneven spatial
distribution of wetting and nonwetting phases, which can impact
ETC heavily. Overall, the proposed model consists of geometric
parameters have specific physical meanings, which and sheds light
on the heat conduction mechanisms and provides guidelines for
geothermal exploitation and thermal storage engineering construction.
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GLOSSARY

a radius fluctuation amplitude

A area, m2

D fractal dimension

k Thermal conductivity, W/(m*K)

L length, m

N pore number

p capillary pressure, Pa

r radius of sinusoidal capillary, m

R thermal resistance, K/W

S saturation

V volume, m3

W wavelength of along the axis, m

Greek letters
α ratio of minimum to maximum base diameter

β ratio of minimum to maximum pore size

γ relative roughness

δ base diameter, m

ε length scale

σ surface tension, N/m

θ contact angle

φ ratio of base area of rough element to surface area of capillary

φ porosity

λ pore size

ξ ratio of height to base diameter

τ tortuosity

Subscripts
ave Averaged

c critical

cs capillary surface

e effective

E Euclidean

f fractal

min minimum

max maximum

nw nonwetting phase

p pore

s solid

sc single capillary

t total

T tortuosity

w wetting phase.
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