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The seepage calculation of unsaturated soil has always been an important subject in the
field of geotechnical engineering, and it greatly influences the stability of geotechnical
engineering. Currently, most of the unsaturated soil seepage calculation formulas consider
only the saturation. In fact, the seepage of the soil is also affected by other factors, such as
pore size. Therefore, considering the influence of void ratio in the seepage calculation of
unsaturated soil is worthy of further investigation. In this study, a seepage function of
unsaturated soil, which considers the influence of dry density and saturation, was
constructed and introduced into ABAQUS program. An engineering case was
calculated, and the difference between the results considering two variables and that
only considering saturation was compared and analyzed. The analysis of the results
indicates that this function can better characterize unsaturated seepage, and its
subprogram is applicable.
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1 INTRODUCTION

The study on seepage calculation of unsaturation soil is important in geotechnical engineering. Many
projects need to conduct unsaturated soil seepage calculation, such as foundation excavation,
hydropower dam engineering, and slope stability engineering. (Jennings and Burland, 1961;Fredrond
and Laharzo, 1997; Xie and Zhiyan, 2006; Han et al., 2016; Fan et al., 2019; Jiang et al., 2021). Many
researchers (Wang et al., 2013; Chen, 2014; Zhou et al., 2018; Shao et al., 2019; Xie et al., 2019; Liu
et al., 2020; Liu et al., 2020; Han et al., 2021; Huang et al., 2021; Kang et al., 2021; Lu et al., 2021; Sun
et al., 2021; Wang et al., 2021) have studied unsaturated seepage from different aspects. (Yu et al.,
2008; Han et al., 2018: Zhang et al., 2021) studied the stability of unsaturated soil slope under
unsteady seepage condition. Tang et al. (2002) and Xiong et al. (2005) explored the influence of
seepage on slope stability. Liu and others (Mao, 2003; Liu et al., 2005; Han et al., 2019; Liu et al., 2020;
Yao et al., 2021) examined the mechanism of slope instability when water level rises. Neuman (1973)
proposed a unified consideration of saturated and unsaturated seepage state, which has been
recognized by academia in seepage calculation. Fu and Jin (2008) and Fan et al. (2020)
proposed a saturated–unsaturated seepage model with the total head of porous media and
seepage field. Tao et al. (Han et al., 2018; Tao et al., 2019; Liu et al., 2020; Wang et al., 2021)
analyzed the influence of initial void ratio on permeability coefficient of unsaturated soil through
experiments and model calculation. Wu and Zhang, (2009) proposed a numerical analysis method
for one-dimensional coupling of seepage and deformation of elastic soil. Jia et al. (2007) and Liu et al.
(2021) derived the basic equation of unsteady seepage in unsaturated soil. Zhang et al. (2006, 2020)
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calculated the influence of water level decline on slope safety
factor under different slopes of soil–water characteristic curves.
Wu et al. (2009) proposed a general finite element method for
solving Richards equation of unsaturated seepage. Ma et al.
(2018) and Sheng et al. (2008) analyzed the influence of dry
density on permeability coefficient.

The aforementioned analysis shows that the existing seepage
calculation methods of unsaturated soil only consider the
variable of saturation. However, in the process of
permeability deformation of actual soil, unsaturated
permeability coefficient will be influenced by many factors,
such as the size of soil particles, the density, the pressure,
and the void ratio. Therefore, the factors should be
considered comprehensively to better calculate and simulate
the actual state of unsaturated seepage Liu et al. (2010). In this
study, a permeability function for unsaturated soil considering
bivariate of dry density and saturation was proposed. It was
introduced into the ABAQUS finite element program by
subprogram development. One engineering case was
calculated, and the difference between the results considering
two variables and that only considering saturation was
compared and analyzed. The analysis of the results indicates
that this function can better characterize unsaturated seepage,
and its subprogram is applicable.

2 BIVARIATE PERMEABILITY MODEL OF
UNSATURATION SOIL

2.1 Permeability Function of Unsaturated
Soil With Bivariate of Dry Density and
Saturation
The relationship between seepage coefficient and saturation of
samples under different wetting cycles is measured using an
improved water-gas motion measuring instrument developed
by institute of Geotechnical Engineering, Xi’an University of
Technology. The dry density of the samples ρd = 1.40–1.67 g/
cm3. The variation in relative permeability coefficient ratio (kr =
kw/ks) with saturation under different dry densities is
comprehensively analyzed by selecting a set of test data with
most humidifying cycles. The permeability function of
unsaturated soil considering bivariate of dry density and
saturation is derived, as shown in Equations 1–3:

kr � a · exp[b · Sb1 exp(b2 ·ρd)] (1)
ks � α · exp[β · ρd] (2)

kw/ks � kr � a · α · exp[b · Sb1 exp(b2 ·ρd) + β · ρd] (3)
where a and b and b1 and b2 and α and β are all parameters of
loess used in the test, and a = 4 × 10−5, b = 9.8385, b1 = 1182.2, b2
= −4.8569, α = 109, β = −12.757; ρd is dry density (g/cm3); S is
saturation of soil samples; kr is the ratio of permeability
coefficient; ks is the permeability coefficient of saturated soil
(×10−7 cm/s); kw is the seepage coefficient of unsaturated soil
(×10−7 cm/s, independent variables are density and saturation).

The model considers the influence of the change in both
saturation and dry density on the permeability coefficient in
seepage process. This calculation process is considered to be more
consistent with the stress state in seepage engineering.

2.2 Soil–Water Characteristic Curve
Zhang (2009) tested the soil–water characteristic curves of
unsaturated loess under different axial stress and lateral
confinement. The soil–water characteristic curves of measured
under no pressure are compared with that under a certain
consolidation pressure. The influence of initial density and
stress on the soil–water characteristic curve is qualitatively
analyzed. Through the verification of the test data in Huang
et al. (1994) and Huang et al. (1998) paper, a new model
considering the density change caused by stress is proposed,
namely the modified van-Genuchten model, as shown in
Equation 4:

Sw � {1 + [(e
a
)1

b · S]
n

}
b
n

(4)

where a is a parameter related to intake value; n is a soil parameter
related to the soil dehydration rate after the matric suction is
greater than the intake value; m is a parameter related to the
residual water content.

3 PROGRAM DEVELOPMENT OF
BIVARIATE MODEL

USDFLD is a subroutine module in ABAQUS. Its main function
is to change the field variable (FV) value at the material point
through the subroutine for altering the parameter value of the
material. The subroutine is based on the calculation principle of
Newton iterative method. Stress increment and state variables are
updated by the strain increment introduced by ABAQUS main
program, and the Jacobian matrix əΔσ/əΔε of the material is
given for calculation.

The USDFLD subroutine can define the custom field variable
as a function of time or of other available material point. The
material property is defined as a function of the field variable
related to the calculation solution (SDV). When USDFLD is
called, it must be defined by initial conditions, predefined field
variables, or initial field variables. In the process of calculation,
although the field variable has been defined by the initial
conditions, the one at the integral point is obtained by field
variable interpolation at the corresponding node, that is, the field
variable value of the node is interpolated to calculate the value at
the integral point. USDFLD only redefines the field variables at
the integration point. Therefore, we first deform the unsaturated
permeability function of two variables, namely, Equations 1, 3,
and obtain Equations 5, 6.

kw � a · exp(b · S) · α exp[b · Sb1 exp(b2ρd) − b · S + β · ρd] (5)
We define k′s � α · exp[b · Sb1 exp(b2ρd) − b · S + β · ρd], and

then Equation 6 can be derived:
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k′r � a · exp[b · S] (6)
where ks’ is equivalent saturated permeability coefficient, kr′ is
equivalent unsaturated soil relative permeability coefficient, and S
is saturation.

The equivalent saturated permeability coefficient ks′ is
expressed as a function of dry density and suction by
converting the aforementioned formulas. The equivalent
relative permeability coefficient kr’ is expressed as a function
of saturation. Given that the dry density ρd can be expressed by
the void ratio, the saturated permeability coefficient is also the
function of void ratio and saturation. In ABAQUS, only a custom
field variable is needed to realize the aforementioned function
because the saturated permeability coefficient can be directly
defined as a function of void ratio.

In Equation 5, the value of kw is not equal to the saturated
permeability coefficient when the saturation is 1. Therefore, the
function cannot be directly used to calculate the permeability
coefficient in the saturated region. The saturated permeability
coefficient should be calculated according to Equation 2
(ks � α · exp[β · ρd]) in the DATE LINE step of ABAQUS
when the saturation S = 1.

The field variable FV1 to S should be updated through the
USDFLD subroutine in the calculation process to realize the
variation in permeability coefficient with dry density and
saturation in the program. The redefinition of permeability
coefficient is realized.

The development of the bivariate model is realized by
programming in FORTRAN language. The bivariate
permeability function model of unsaturated soil is
successfully introduced into ABAQUS. The USDFLD
subroutine is as follows:

4 VERIFICATION BY AN ENGINEERING
EXAMPLE

4.1 Introduction of the Example
A homogeneous earth dam project in Xi’an is selected for modeling
calculation, and a two-dimensionalmodel is established. The Cambridge
model is used for calculation. This earth dam is shown in Figure 1.

The bottom of the dam is taken as the elevation of 0. The
height of the dam crest is 12.0 m, the width of the dam crest is
4.0 m, and the width of the dam bottom is 52.0 m. The upstream
slope and downstream slope are both 1:2.0.

FIGURE 1 | The schematic diagram of the homogeneous earth
dam model.

TABLE 1 | The definition data of equivalent saturated permeability coefficient ks′ and unsaturated soil relative permeability coefficient kr′

k9
s e T S k9

s e T S

Equivalent saturated permeability coefficient 1.075758E−7 0.901408 0 0.1 0.01E−7 0.73 0 0.6
1.47033E−7 0.875 0 0.2 0.009E−7 0.69 0 0.7
0.33E−7 0.824324 0 0.3 0.02E−7 0.646 0 0.8
0.096E−7 0.8 0 0.4 0.075E−7 0.607 0 0.9
0.03E−7 0.776316 0 0.5 0.33E−7 0.57 0 0.99
0.016E−7 0.753247 0 0.55 1.3E−5 0.57 0 1

k′
r S k′

r S
Unsaturated soil relative permeability coefficient 0.000107 0.1 0.039176 0.7

0.000286 0.2 0.104786 0.8
0.00075 0.3 0.280276 0.9
0.002047 0.4 0.67942 0.99
0.005476 0.5 0.742324 0.999
0.008956 0.55 0.749656 0.999999
0.014647 0.6 1 1
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The water level on upstream slope is 10 m, and the
downstream slope is considered without water. The seepage
boundaries are the bottom of the dam and the downstream.
The saturated permeability coefficient of the dam soil is
1.3E−5 m/s. The applicable range of dry density in Equation 5
is ρd = 1.40–1.67 g/cm3, which is converted to void ratio as e =
0.56–0.89. The initial void ratio value of this example is in
this range.

The FV can be updated at Gaussian integral points in
USDFLD. Thus, the unsaturated permeability function with
bivariate of saturation and dry density can be realized in
ABAQUS by assigning corresponding permeability coefficients
to different void ratios in this example.

The permeability coefficient of the dam is shown in Table 1.
The effect of temperature field is not considered in this paper, so
the values of temperature field all are 0 (can also be omitted).

The data in the original example (2009) is shown in Table 2,
and the soil–water characteristic curve is shown in Figure 2.

4.2 Calculation Schemes
The earth dam model is calculated under two schemes, under
constant permeability coefficient and permeability coefficient
varying with void ratio (dry density) and saturation.

Considering the change in the void ratio and saturation,
the influence of non-constant permeability coefficient on
seepage calculation is compared and analyzed. The results
of FV are further extracted for analysis to verify the
introduced of the bivariate function model subroutine for
seepage calculation.

4.3 Results and Analysis
The seepage paths are the same under the two calculation
schemes. The pore water pressure, saturation, and flow
velocity in the unsaturated region will be different in the
seepage process. Due to the different seepage calculation
model, the differences in pore water pressure and saturation
under two calculation schemes are emphatically compared.

4.3.1 Results and Analysis of Pore Water Pressure
Figure 3 shows the cloud pictures of pore water pressure
extracted after simulation calculation under the two schemes.
The maximum value of pore water pressure is located in the
upstream slope angle, and the minimum is located in the
downstream slope top. These findings reflect that the
downstream slope is unsaturated zone.

Figure 3 shows the approximate distribution trend of pore
water pressure, but the specific variation cannot be known.
Therefore, the pore water pressure data of each section node
are extracted for analysis, as shown in Figures 4, 5.

The Y coordinate in the figure represents the height direction
of the dam, and the X coordinate represents the width direction of
the dam.

TABLE 2 | Pore pressure and saturation of the soil–water characteristic curve

Pore pressure S Pore pressure S

−200 0.021544 −50 0.416869
−150 0.046416 −20 0.99
−100 0.1 0 1

FIGURE 2 | Soil–water characteristic curve.

FIGURE 3 | The pore water pressure cloud picture calculated under two schemes. (A) The pore water pressure cloud picture calculated under Scheme 1. (B) The
pore water pressure cloud picture calculated under Scheme 2.
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Figure 4A presents the variation in pore water pressure with Y
coordinate in the middle of the earth dam. Figure 4B shows the
variation in pore water pressure with Y coordinate in the
downstream slope. Figure 4C displays the variation in pore
water pressure with Y coordinate in the upstream slope.

Figure 4A shows that the pore water pressure in the middle
position of the dam varies linearly with the coordinate under
the two schemes. These pressures transit from saturation to
unsaturated zone at Y = 8 m. The pore water pressure
calculated by considering the change in void ratio is larger

than that calculated by constant void ratio. This feature is more
pronounced in unsaturated zone. In the unsaturated region,
the matrix suction calculated by Scheme 1 is smaller than that
calculated by Scheme 2. In addition, the zero pore pressure
position calculated by Scheme 2 is higher than that of
Scheme 1.

Figure 4B shows that the downstream of the dam is
completely unsaturated zone, and the pore water pressure
calculated considering the change in void ratio is greater than
that when the void ratio is constant in the region of 4–12 m.

FIGURE 4 | The curve of pore pressure with Y coordinate. (A) The curve of pore water pressure with Y coordinate in the middle of earth dam. (B) The curve of pore
water pressure with Y coordinate on downstream slope of earth dam. (C) The curve of pore pressure with Y coordinate on upstream slope of earth dam.

FIGURE 5 | The curve of pore pressure with X coordinate. (A) The curve of pore water pressure with X coordinate at Y = 8 m. (B) The curve of pore water pressure
with X coordinate at Y = 4 m.
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However, the opposite situation is observed in the region of
0–4 m. This result is due to that the permeability coefficient will
reduce when considering the void ratio change.

As shown in Figure 4C, the pore water pressure variation of
the two schemes is the same in the saturated region on the
upstream slope of the dam. However, the pore pressure calculated
considering the change in void ratio in the unsaturated region is
significantly greater than that considering it is constant. Analysis
shows that this finding is mainly due to that the permeability
coefficient in the unsaturated zone is smaller. This condition
results in that the infiltration line of the former is higher than that

of the latter. Thus, the pore water pressure increases significantly
in the unsaturated zone.

Figure 5 presents the curves of pore water pressure of dam cross
section with X and Y coordinates of 4 m and 8 m, respectively. The
curves show that the calculated pore water pressure considering the
change in void ratio is larger than that of constant void ratio. At the
downstream slope (i.e., X > 24m), the calculated pore pressure
considering the change in void ratio is smaller than that when the
void ratio is constant when Y = 4m.

The comprehensive analysis of the aforementioned figures
shows that the saturation line for seepage will change when the

FIGURE 6 | The saturation calculated under two schemes. (A) The saturation calculated without considering the change of void ratio. (B) The saturation calculated
considering void ratio change.

FIGURE 7 | The curve of saturation with Y coordinate. (A) The curve of saturation with Y coordinate in the middle of earth dam. (B) The curve of saturation with Y
coordinate on the slope downstream of earth dam. (C) The curve of saturation with Y coordinate on upstream slope of earth dam.
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influence of the change in void ratio on unsaturated permeability
coefficient is considered. Specifically, the calculation result of
saturation line shifts to the left as a whole compared with that of
Scheme 1 in the region of Y = 0–4 m. The saturation line will be
lower than that of Scheme 1 in the region of Y = 4–12 m. These
feature are more in line with the actual seepage process.

4.3.2 Results and Analysis of Saturation
Saturation is also an important index in the calculation and
analysis of unsaturated seepage. The saturation under different
schemes of the same section is extracted for comparative analysis
by referring to the section selected in pore water pressure.
Figure 6 shows the saturation cloud pictures under the two
schemes.

As shown in Figure 6, the wetting surface of the downstream
slope in Scheme 1 is obviously shifted to the left compared with
that in Scheme 2. The minimum saturation of Scheme 2 is on the
upper right side of the unsaturated zone, while it is at the foot of
the downstream slope of Scheme 1. The reason is that the void
ratio is linearly distributed along the dam height. Therefore, the
unsaturated permeability coefficient of Scheme 1 will be greatly
reduced at the bottom of the slope. The saturation line shifts to
the left accordingly. As a result, the saturation at the foot of the

downstream slope is smaller than that at the left and upper parts
of the downstream slope.

Figure 7 shows the curves of the saturation at the middle of the
dam and the downstream slope and the upstream slope under the
two schemes. Figure 8 presents the curves of the saturation of the
sections with Y = 4 m and Y = 8 m under the two schemes.

Figures 7, 8 show the comparison of saturation at each section.
The figures indicate that the saturation values under the two schemes
are equal in the saturated region, but a lag in the transition is
observed between the saturated and unsaturated regions. The feature
is most obvious in the downstream slope of the unsaturated region.
The change in saturation is similar to the change trend of pore water
pressure in Section 4.2.1. The saturation calculated by Scheme 1 is
larger than that of Scheme 2 in the unsaturated zone in the upper
part of the dam. The saturation of Scheme 2 is larger than that of
Scheme 1 in the unsaturated zone in the lower part of the dam
downstream. Analysis shows that this finding is due to that the
permeability coefficient will decrease considering the influence of dry
density (void ratio) on unsaturated permeability coefficient.

4.3.3 Results and Analysis of Seepage Velocity
The cloud pictures of seepage velocity under the two schemes are
shown in Figure 9.

FIGURE 8 | The curve of calculated saturation with X coordinate. (A) The curve of calculated saturation with X coordinate at Y=8 m. (B) The curve of calculated
saturation with X coordinate at Y=4 m.

FIGURE 9 | The flow velocity cloud picture calculated under two schemes. (A) The flow velocity cloud picture calculated under Scheme 1. (B) The flow velocity
cloud picture calculated under Scheme 2.
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FIGURE 10 | The curve of seepage velocity with Y coordinate. (A) The curve of seepage velocity with Y coordinate in the middle of dam body. (B) The curve of
seepage velocity with Y coordinate on the slope downstream of earth dam. (C) The curve of seepage velocity with Y coordinate on upstream slope of earth dam.

FIGURE 11 | The curve of seepage velocity with X coordinate. (A) The curve of seepage velocity with X coordinate at Y=4 m. (B) The curve of seepage velocity with
X coordinate at Y=8 m.

FIGURE 12 | The cloud picture of FV and saturation. (A) The FV cloud picture. (B) The saturation cloud picture.
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The data are extracted to draw the curves of the seepage
velocity and Y at the middle position of the dam X = 0, the
downstream slope and the upstream slope, and the relationship
between the seepage velocity and X at Y = 4 m and 8 m sections.
They are shown in Figures 10, 11.

Figure 10 shows that the seepage velocity considering the void
ratio’s change is significantly smaller than that under constant void
ratio. Figure 10A shows that the middle and lower parts of the
earth dam are saturated regions, and the upper part is unsaturated
regions. Therefore, a slight difference in unsaturated seepage
velocity is observed between the two schemes when Y < 8 m.

Figure 11 reveals a large difference in the seepage velocity
under the two schemes, and the maximum value reaches more
than one order of magnitude.

As shown in Figure 10B, the velocity is the same when Y < 10.0m.
However, the difference in permeability coefficient between the two
schemes increases sharply when Y > 10.0m. Figure 11A shows similar
laws. Specifically, the difference in seepage velocity is not largewhenY<
35m, but the permeability coefficients of the two are also quite different
when Y is greater than 35. As shown in Figure 11B, the difference is
also small when Y < 24m, while the difference is large when Y > 24m.

These results show that the seepage velocity of the two
schemes is quite different. This finding also verifies the change
rule of pore water pressure caused by the aforementioned change
in void ratio. In particular, the permeability coefficient of Scheme
1 is reduced compared with that of Scheme 2 due to the decrease
in seepage velocity, and the infiltration line will shift to the left
lower part in the process of seepage.

4.4 Verification of the Introduction of
Subroutines
The value of custom field variables can be extracted in the post-
processing module of ABAQUS. The FV and saturation values at
the integral point are extracted to verify whether the USDFLD
subroutine is used in seepage calculation. Figure 12 shows the FV
cloud picture and saturation cloud picture of this example model.

As shown in Figure 12, the cloud pictures of the field variable
FV1 and saturation are nearly the same in term of the distribution
law and order of magnitude. This finding means that the
USDFLD subroutine updates the saturation in the calculation
process, which also verifies that the subroutine is successfully
called in ABAQUS calculation. Therefore, the seepage calculation
can be conducted in finite element by using the seepage model
considering bivariate of void ratio (dry density) and saturation.

The void ratio is assumed to be linearly distributed along the
dam height, but the coupling between stress and seepage is not
fundamentally considered. In practical engineering, the void ratio
changes with stress, and the permeability coefficient of soil
decreases with the decrement in void ratio. Therefore, the
calculation results considering the change in void ratio in
Scheme 2 are more consistent with the actual situation.

5 CONCLUSION

In this study, the bivariate permeability function of unsaturated
soil is derived and introduced into ABAQUS program by
subroutine development. A homogeneous earth dam is
calculated for the verification of the model. The calculation
results are compared and analyzed. The unsaturated seepage
model considering bivariate of dry density and saturation can
be introduced into the finite element method.

1) After considering bivariate of dry density and saturation, the
calculated saturation is different from those without this
consideration with the decrease in permeability coefficient
of unsaturated soil.

2) The calculated saturation line considering bivariate of dry
density and saturation has a tendency to move left lower than
that without considering the influence of density on
permeability coefficient.

3) When considering bivariate of dry density and saturation, the
calculated pore water pressure in unsaturated region is smaller
than that of the unsaturated seepage calculated by the
traditional method.

4) The FV cloud picture is compared with the saturation cloud
picture by using the custom field variable function in
ABAQUS to verify that the subroutine is successfully called
during the ABAQUS calculation.

5) The unsaturated seepage model considering bivariate of dry
density and saturation can be introduced into the material
model of ABAQUS Finite Element.
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