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A new gravimetric geoid model, the KW-FLGM2021, is developed for Kuwait in this study.
This new geoid model is driven by a combination of the XGM2019e-combined global
geopotential model (GGM), terrestrial gravity, and the SRTM 3 global digital elevation
model with a spatial resolution of three arc seconds. The KW-FLGM2021 has been
computed by using the technique of Least Squares Collocation (LSC) with Remove-
Compute-Restore (RCR) procedure. To evaluate the external accuracy of the KW-
FLGM2021 gravimetric geoid model, GPS/leveling data were used. As a result of this
evaluation, the residual of geoid heights obtained from the KW-FLGM2021 geoid model is
2.2 cm. The KW-FLGM2021 is possible to be recommended as the first accurate geoid
model for Kuwait.
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INTRODUCTION

The geoid is an important surface to use in geomatics, geophysics, geodesy, and several Earth
sciences. In geodesy, it plays an important role as a fundamental datum of the heights (Sansò and
Sideris, 2013). As a result of the widespread and fast usage of the Global Navigation Satellite Systems
(GNSSs), they have been revolutionized in the fields of geomatics and navigation, and replaced the
classical methods of mapping. In particular, GNSS offers accurate geodetic measurements in
significantly less time. GNSS is a 3-D system that provides ellipsoidal heights relative to the
ellipsoid surface. Unfortunately, ellipsoidal heights are just a geometrical quantity, and its conversion
to orthometric height using the geoid model is widely used in almost all day-to-day applications
requiring height information (Torge and Müller, 2012; Sansò and Sideris, 2013).

The geoid heights can be obtained by subtracting the ellipsoidal and orthometric heights. In turn,
the ellipsoidal and geoidal heights may be used to estimate the orthometric height. A high-resolution
geoid should be determined to be able to deal with GNSS height accuracy levels that allow the
orthometric height to be derived by integrating Geoid and GNSS (Hofmann-Wellenhof and Moritz,
2006). The computation of regional gravimetric geoids has increased in recent years (Huang and
Véronneau, 2013; Zaki, 2015; Zaki, 2018; Matsuo and Kuroishi, 2020; Saadon et al., 2021; Varga et al.,
2021; Zaki and Mogren, 2021). Geoid determination theory and methods have been improved
(Moritz, 1978; Forsberg and Sideris, 1993; Sjöberg, 2003; Ellmann and Vaníček, 2007; Shen and Han,
2013); the availability of accurate and high-resolution digital elevation and digital bathymetry models
(Hennig et al., 2001; Olson et al., 2014), the computation of accurate global geopotential models
(Pavlis, 2008; Förste et al., 2015; Zingerle et al., 2020), the prospect of fitting the gravimetric geoid
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model with the GNSS/leveling and using diverse data efficiently
are themajor factors that made the computation of accurate geoid
model possible (Erol, 2007; Kaloop et al., 2018; Kaloop et al.,
2020; Kaloop et al., 2021).

For Kuwait state, there are no previous studies to calculate the
gravimetric geoid. So, the major goal of this research is to develop
a high-resolution geoid for Kuwait, which will enable the country
to obtain accurate orthometric heights from GNSS observation
instead of the time and effort-consuming slow-spirit leveling
process.

DATA

Terrestrial Gravity Data
Kuwait has constructed a national gravity network consisting of
93 stations spaced 10–15 km apart. Figure 1 shows the
distribution of these points. The values of the free air
anomalies (FA) range between −36.93 mGal and 2.04 mGal
with an average and a standard deviation (STD) of −17.03 and
8.69 mGal, respectively. The full details about the terrestrial
gravity data are described in El-Ashquer et al., (2020). The
accuracy of observed gravity is about 0.22 mGa l on STD,
according to comparisons with different surveying campaigns
(El-Ashquer et al., 2020).

GPS/Leveling Stations
In this study, 83 GPS/leveling stations are used. The distribution
of these GPS/leveling stations is shown in Figure 2. The
benchmark GPS coordinates were determined using the static

and rapid-static measurement methods and the ITRF2008 datum
using dual-frequency GPS devices. The horizontal and vertical
accuracy are around 1 and 1.5 cm, respectively (El-Ashquer et al.,
2020).

Through the use of high-precision spirit leveling, the
orthometric heights of the 83 stations were connected to the
vertical datum of the Kuwait Public Work Department (Kuwait
PWD). The accuracy of the orthometric heights is approximately

FIGURE 1 | The terrestrial gravity data distribution in Kuwait.

FIGURE 2 | The GPS/leveling points in Kuwait.
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1.0 cm. The GPS/leveling-based geoid heights range between
−18.54 and −10.95 m with an average value of −15.45 m and
an STD of 1.51 m. More details about the GPS/leveling station are
described in El-Ashquer et al., (2020).

Digital Elevation Model
Kuwait has a smooth topography and a slightly uneven desert.
The slopes of lands are gradually from the Arabian Gulf in the
east to the southwest and west. The southwestern corner heights
reach 300 m above sea level. In Kuwait, there are small hills
spread all over the country.

The digital elevation model (DEM) reflects the topographic
features of the Earth in a digital format. A significant gravitational
signal is produced by the topographic masses, and this signal
dominates the gravitational spectrum in shorter wavelengths.
Before any modeling method, the gravitational field can be
smoothed by removing the contribution of topography.
Approximately 2 and 34% of the signals of geoid heights and
gravity anomaly components are present in short wavelengths, that
is, high frequencies from harmonic degrees 360 to 36,000, so that
the topographic effects play a significant role (Schwarz, 1984).

The accuracy of the DEM is of paramount importance in
geoidal computation because the errors in the DEM are
propagated in geoidal models during the calculation of the
free-air gravity anomalies, as well as afterward in the
computation of the topographical effect. In the current study,
over areas of land, SRTM3arc v4.1 with a resolution of around
90 m (Hennig et al., 2001) was used. Over marine areas, the
bathymetric model with a 15″ resolution was used from
SRTM15arc plus (Olson et al., 2014). SRTM15arc plus was
griding to 3″ in the Arabian Gulf and combined with the
SRTM3 (Figure 3). The created DEM has been evaluated by
using the orthometric heights in the GPS/leveling stations. As a
result of these comparisons, the differences had a minimum,

maximum, mean, and STD of −3.41, 13.84, 2.38, and 2.56 m,
respectively.

Global Geopotential Model
In this research, the XGM2019e GGM (Zingerle et al., 2020) up to
degree 2,190 is used. XGM2019e is a combined global geopotential
model up to degree and order (d/o) 5,540, corresponding to a
resolution of 2′ (∼4 km). The sources of data in XGM2019e include
the GOCO06s (Kvas et al., 2019) up to d/o 300 and ground gravity
anomalies from the US National Geospatial-Intelligence Agency
(NGA), with resolution 15′, identical to XGM2016 (Pail et al.,
2018) and enhanced with topographic gravity information from
EARTH2014 (Rexer et al., 2017). In the offshore, gravity data are
derived from the DTU13 satellite altimetric model (Andersen et al.,
2013) with 1′ spatial resolution. Up to d/o 719 (15′), the gravity
solution is performed by the combination between satellite and
ground gravity grid from the NGA. Beyond d/o 719, the gravity
solution is determined from EARTH2014 and DTU13.

In Zingerle et al. (2020), XGM2019e shows a slightly enhanced
behavior in the comparison with other models such as EIGEN6c4
(Förste et al., 2015) and EGM2008 (Pavlis, 2008) in the spectral
assessment for the band up to d/o 719. Global validation of the
GNSS/leveling data indicates that the XGM2019e can be
considered more reliable and consistent with existing high-
degree global geopotential models (Zingerle et al., 2020).

METHODOLOGY AND THEORETICAL
BACKGROUND

The computation of the new geoid model for Kuwait is based on the
Remove-Compute-Restore technique (RCR) (Torge and Müller,
2012). The RCR technique decomposed the gravity signals into
three parts: long, medium, and short wavelength. The long-
wavelength components are obtained from the GGM, and the
medium wavelength is derived from gravity information captured
from terrestrial, shipborne, and airborne, as well as some satellite
gravity missions. The components of the short wavelength are
mostly the products from the topography of the Earth, which are
usually derived fromDEM(Hofmann-Wellenhof andMoritz, 2006).

The “remove” step for geoid determination in the RCR
includes the elimination of the GGM and topographic
contribution from the observed anomalies as Eq. 1 (Hofmann-
Wellenhof and Moritz, 2006):

Δgres � ΔgFA − ΔgGGM − ΔgRTM (1)

where Δgres is the residual gravity anomaly; ΔgFA is the free-air
gravity anomaly; ΔgGGM is the gravity anomaly which represents
the long-wavelength component from the GGM as Eq. 2, and
ΔgRTM is the topography-reduced gravity anomaly. In this study
the topographic effect computation method is based on the
residual terrain model (RTM) as Eq. 3 (Forsberg, 1984).

ΔgGGM � GM

r2
∑∞
n�2

(n − 1)(a
r
)n∑n

m�0
(�Cnm cosmλ

+ �Snm sinmλ)�Pnm(cos θ) (2)FIGURE 3 | The 3″ × 3″ DEM for Kuwait.
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where GM denotes the geocentric gravitation constant, a is the
ellipsoid semi-major, λ is the geodetic longitude, r is the
geocentric radius, n is the degree, m is the order, �Cnm and
�Snm are the fully normalized potential cosine and sine
coefficients, �Pnm denotes the fully normalized associated
Legendre functions, �Pnm denotes the fully normalized
associated Legendre functions, and θ is the angular polar distance.

In the planar approximation, the RTM gravitational effect can
be computed as the formula stated in Forsberg, (1984):

ΔgRTM � 2πGρ(hP − href) − G∫∫
E

∫
H

href

ρ(x, y, z)(hP − z)
[(xP − x)2 + (yP − y)2 + (hP − z)2]32 dxdydz (3)

where G is known as the gravitational constant, href represents
the height of the smoothed DEM, E is the planar projection, h is
the height of the DEM, ρ(x, y, z) is the mean density of the Earth
crust, that is, 2.67 gmΔcm−3, x, y, and z are the Cartesian
coordinates, and xP, yP, and hP are the computational point’s
coordinates and height on which the RTM is evaluated.

The “compute” step is computing the residual height anomaly
(ξres) from the residual gravity anomaly (Δgres) with the least-
squares collocation (LSC) method (Moritz, 1978) by applying the
formula which can be written as follows:

ζres � Cζres ΔgresC
−1
Δgres ΔgresΔgres (4)

where Cζres Δgres . is the matrix of residual height anomalies’ cross-
covariance and the residual gravity anomalies
[(Δgres), CΔgres Δgres] is the residual gravity anomalies’
empirical auto-covariance matrix.

The empirical auto-covariance function can be written as:

covΔgresΔgres(ψik) � 1
Nik

∑Nik

i,k

Δgres(φi, λi)Δgres(φk, λk) (5)

where Nik is the number of the pairs for each interval and ψik is
the spherical distance between pairs. So, Δgres has been
considered in order to calculate the isotropic empirical
covariance function by the EMPCOV subroutine of the
GRAVSOFT (Forsberg and Tscherning, 2008). In the
empirical estimation process of the isotropic covariance
function, the spherical distance ψik is chosen with the
condition that:

ψik − (Δψ/2)<ψik <ψik + (Δψ/2)
Equation 6

The agreement between the empirical and analytical covariance
functions illustrated the statistical homogeneity of the residual
gravity anomaly distribution used in this study. The latter
covariance function is required to carry out the calculations using
the LSC technique, in which the required auto and cross-covariance
functions are obtained from the analytically modeled local
covariance function, which is stated as follows (Tscherning, 2013):

cov(T(I), T(K) � α ∑Nmax

n�2
σ2n( R2

E

rIrK
)

n+1
Pn(cosψik)

+ ∑∞
n�Nmax+1

( A

(n − 1)(n − 2)(n − 4))(
R2
B

rIrK
)

n+1
Pn(cosψik) (7)

where T is the anomalous gravity potential (obtained from
the error degree variances of the applied GGM, which in our
case is XGM2019) at two points I and K, which are separated
by a spherical distance ψik and rI, rK are the distances of the
two points from the geo-center, RE is the mean Earth’s
radius, RB is the radius of Bjerhammar sphere, σ2n is the
error degree variance, and Pn(cosψik) denotes the Legendre
polynomial of degree n. The covariance parameters α (scale
parameter), A (a constant parameter in units of (m/s )4), and
RB are calculated using an iterative non-linear adjustment
based on the Δgres and its empirical covariance function,
which is utilized as input for the collocation process
(Knudsen, 1987).

The height anomaly is restored in the ‘restore’ phase of the
geoid and is expressed as Eq. 8:

ξ � ξGGM + ξres + ξRTM (8)

where ξ is the gravimetric quasi-geoid model and ξGGM is the
GGM-derived quasi-geoid height in Eq. 9 (Hofmann-Wellenhof
and Moritz, 2006):

ξGGM � GM

γ r
∑∞
n�2

(a
r
)n∑n

m�0
(�Cnm cosmλ

+ �Snm sinmλ)�Pnm(cos θ) (9)

where γ is the normal gravity.
ξres is the residual geoid height from Eq. 4, and ξRTM is the

effect due to the topographic reduction which can be
computed as Eq. 10 (Forsberg, 1984; Sansò and Sideris,
2013):

ξRTM � G

γ
∫∫
E

∫ h

href

ρ(x, y, z)
[ (xP − x)2 + (yP − y)2 + (hP − z)2]12 dx dy dz

(10)

The final step to compute the gravimetric geoid is
the conversion of geoid height anomaly to
geoid undulation, which can be done by adding a
contribution from the Bouguer anomaly as (Moritz, 1978;
Forsberg, 1984):

N ≈ ξ + ΔgB

�γ
H (11)

whereN represents the geoid height, ξ is the height anomaly, ΔgB

denotes the Bouguer gravity anomaly, �γ is the mean normal
gravity, and H is the orthometric height.

In the following sections, the numerical results to compute the
gravimetric geoid are discussed in detail.
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RESULT AND DISCUSSION

The Remove-Compute-Restore
The geoid model for Kuwait was calculated using the technique
described in Section 3. Table 1 displays the estimated statistical
values of the ΔgFA and Δgres. Removing the effects of the long
wavelengths has been fulfilled by removing the effect of the
reference GGM XGM2019e up to d/o 2,190, from the ΔgFA
data. The contribution of topography (ΔgRTM) has been
calculated with the TC program (Forsberg and Tscherning,
2008) using the RTM model, at a radius of 100 km of the
running point (Forsberg, 1984). A constant density value has
been accounted for the topography equivalent to ρ � 2.67 gcm−3.

Removing the component of the long-wavelength (ΔgGGM)
from the ΔgFA results in significant smoothing, as seen by a
decrease in standard deviations (STD) from 8.69 mGal to
3.24 mGal (about 62%). The smoothing is observed after
removing the short-wavelength components of the gravity
signal from the local topography, a slight refinement of the
STD from 3.24 mGal to 2.78 mGal.

Several trials have been performed to estimate the best fitting
between the empirical and analytical covariance functions for
Δgres . By using different spherical distance Δψ, the EMPCOV
program (Forsberg and Tscherning, 2008) is used to compute the
values which make the best fitting with covariance model value in
the COVFIT program (Forsberg and Tscherning, 2008). As
shown in Figure 4, the fitting between empirical auto-
covariance functions (red line) and covariance function model
for the reduced values obtained with XGM2019 is plotted up to
degree 2,190 (blue line) (Tscherning and Rapp, 1974) at Δψ .
10 arc-minutes is the best fitting value.

The best fit covariance model has the following parameters
estimated by using the COVFIT program: (AA) is error degree
variance scale factor of 0.0194, depth to the Bjerhammer sphere �
−6.418 km, that is, (RE − RB), and (VARG) is the variance of
gravity anomalies at zero altitudes is 6.65 mGa l2. The residual
height anomalies were calculated using these estimated
parameters on a 6′ × 6′ grid from Δgres by using the
GEOCOL program (Forsberg and Tscherning, 2008).

The compute step in the RCR procedure was then followed by
the restore step. Following that, the impact of both eliminated
components, that is, the long (ζGGM) coming from GGM
XGM2019 at (d/o) 2,190 and topographic short-wavelength
component (ζRTM), was then restored and added to the ζres at
the computation points of prediction on a 6′ × 6′ mesh grid to
compute the height anomaly ζ values as Eq. 8.

Figure 5 depicts the many estimated components used to
recreate the gravimetric geoid/quasigeoid model. Figure 5A
illustrates the residual height anomalies ζres , whereas
Figure 5B demonstrates that the estimated error of the
calculations of ζres ranges from 0.5 to 1.1 cm, with mean
values of roughly 1.01 cm and a standard deviation of 0.14 cm.

The reference geoid model makes the most significant
contribution to the gravimetric geoid model, and the ζGGM is
obtained from XGM2019 GGM at d/o 2,190 as shown in
Figure 5C. Figure 5D represents the height anomalies

restored from the topography effect ζRTM, which range from
−13.7 to −0.7 cm with a mean of about –8.93 cm and a standard
deviation of 1.83 cm.

Figure 5E shows the gravimetric quasigeoid model KW-
LQGM2021. The geoid/quasigeoid separation shown in
Figure 5F is at level −0.3 cm for the majority of Kuwait land,
increasing to -1.1 cm on the western boundary.

Finally, the gravimetric quasigeoid model KW-LQGM2021 is
converted to the geoid model KW-LGM2021 as given in Figure 6
based on Eq. 11 by adding the geoid/quasigeoid separation
(Figure 5F) to the model KW-LQGM2021 (Figure 5E).
Table 2 shows the statistics of the quasigeoid model KW-
LQGM2021, geoid/quasigeoid separation, and the geoid model
KW-LGM2021.

Fitting of the Gravimetric GeoidModelsWith
the National Vertical Datum
At first, it is important to understand the difference between
gravimetric geoid and GPS\leveling heights. The former geoid
heights are considered a surface that is solely related to
gravimetric data and has no practical geodetic application in
the MSL-based vertical reference system because it is not
connected to local or national height networks.

The fitted geoid model is a gravimetric geoid model that has
been fitted (adjusted) to a local vertical height system. Between
the ellipsoidal and orthometric heights, the fitted geoid surface is

FIGURE 4 | Fitted empirical and analytical covariance functions for the
Δgres at a spherical distance of 10 arc minutes.

TABLE 1 | Statistics of residual gravity anomalies (mGal).

Anomaly Min Max Mean St. dev

ΔgFA −36.93 2.05 −17.03 8.69
ΔgFA − ΔgGGM −15.13 13.99 0.75 3.24
ΔgFA − ΔgGGM − ΔgRTM −4.83 13.32 0.94 2.78
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used as a transformation surface. As a result, the fitted geoid will
always be tied to a specific vertical datum, such as a national local
vertical datum based on mean sea level (MSL).

FIGURE 5 | (continued)FIGURE 5 | (A) The residual height anomalies (cm). (B) The estimated
error of residual height anomalies (cm). (C) The XGM2019 height anomalies at
d/o 2,190 (m). (D) The RTM effects on height anomalies ζRTM (cm). (E) The
gravimetric quasigeoid model (m). (F) The geoid-to-quasigeoid
separation (cm).
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In this study, 83 GPS/leveling stations associated with the
national local vertical datum of Kuwait state were employed by
running the FITGEOID module of the GRAVSOFT software to
reduce the datum shift between the derived gravimetric geoid
model and the Kuwait national vertical datum (Forsberg and
Tscherning, 2008).

As a result, the improved fitted geoid was achieved by utilizing
a four-parameter Helmert similarity transformation model to
reduce the trend surface’s datum shift between gravimetric geoid
models and GPS/leveling stations, as shown in Table 3. The geoid
accuracies after trend reduction (Figure 7) have been lowered
from 24.4 to 8.20 cm (as shown by the standard deviation of the
results).

To remove the residual differences, only 68 GPS/leveling
stations were used to fit the geoid by using LSC (see,
Figure 8). The remaining 15 GPS/leveling stations (see,
Figure 9) are used to evaluate the final geoid model.

Table 4 shows the comparisons between the final geoid
with the 68 GPS/leveling data; the results show a very
good fitting process with 0.00 and 0.003 m for mean and
STD, respectively.

As shown in Table 5, the external accuracy of the final geoid
KW-FLGM2021 with the 15 GPS/leveling points was extremely
good, with a minimum, maximum, mean, and standard deviation
of −0.038, 0.031, 0.003, and 0.022 m, respectively. For

TABLE 3 | Statistics of the differences between the Ngravimetric geoid and
NGPS/leveling (m).

Statistics Min Max Mean Std

Geoid difference (No trend removal) −1.804 0.654 −0.871 0.244
Geoid difference (4 parameter trend removal) −0.331 0.185 0.00 0.082

TABLE 2 | Statistics of the height anomalies, geoid-to-quasigeoid separation, and
geoid heights (m).

Statistics Min Max Mean Std

Gravimetric quasigeoid model KW-
LQGM2021

−16.859 −10.293 −13.797 1.843

Geoid-to-quasigeoid separation −0.011 −0.001 −0.003 0.003
Gravimetric geoid model KW-
LGM2021

−16.858 −10.304 −13.801 1.839

FIGURE 6 | The gravimetric geoid model KW-LGM2021 (m).

FIGURE 7 | The differences between the geoid model and GPS/leveling
after 4-parameter trend remove.

FIGURE 8 | The fitted gravimetric geoid model KW-FLGM2021 after
removing the bias (m).
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comparison, the agreement between GPS/leveling benchmarks
and the XGM2019e at d/o 5,540 (without fitting) is stated as well.

The KW-FLGM2021 model outperforms the XGM2019
model by a ratio of roughly 2.2. This underlines that the
KW-FLGM2021 model improves geoid heights by roughly
55% over Kuwait in comparison to XEGM2019. Furthermore,
the KW-FLGM2021 model has the lowest mean geoid
inaccuracy of 0.3 cm. The discrepancies between the 15 check

GPS/leveling stations and XGM2019 produce mean values of
about 89.5 cm.

CONCLUSION

In this study, a model for gravimetric geoid KW-FLGM2021 for
Kuwait state has been computed using the XGM2019e up to d/o
2,190, terrestrial gravity, and SRTM3. The RCR method, with RTM
topographic reduction and LSC, is used to compute the geoidmodel.

The study of the KW-FLGM2021 utilizing GNSS/leveling data
found that the accuracy of geoid heights from the standard
deviation of geoid height discrepancies is about 8.2 cm after
using the four-parameter transformation model. Only 68 GPS/
leveling stations were used to fit the geoid using LSC to eliminate
residual discrepancies, and the remaining 15 GPS/leveling
stations were utilized to validate the final geoid model. With
an STD of 2.2 cm, the exterior accuracy of the final geoid KW-
FLGM2021 with the 15 GPS/leveling points was exceptionally
good. Overall, the KW-FLGM2021 model is recommended for
use in Kuwait as a vertical reference system for leveling
measurements (orthometric heights).
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