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The hydraulic transport of solid materials is widely used in various industrial fields owing to
its high efficiency, low cost, and environmental friendliness, and it has received extensive
attention. However, the violent interaction between the liquid and solid phases during
transportationmakes the slurry flow strongly unsteady and heterogeneous, and it is difficult
to use the existing mathematical models describing the motion characteristics in the
hydraulic transport of slurry because of the limitations of a single theory or experimental
data basis. In this study, considering the randomness and uncertainty in the transportation
of solids, a spatio-temporal evolution model of the hydraulic transport characteristics of
particulate solids was established. This model is suitable for hydraulic transport in pressure
pipelines and open channels, and it can be used to analyze the influence of changes in the
motion and property parameters of the liquid–solid phase on the characteristics of the
temporal-spatial evolution of the slurry velocity and concentration distributions. The
rationality of the model was verified through laboratory experiments. Through an
interaction analysis of slurry components, this work explores the influence of the
transport of solids on the slurry motion and property parameters, fills the gap in the
evolution mechanism of the slurry velocity and concentration distributions in existing
models, and overcomes the limitation that layer-based models can only be used in
pressure pipelines. Therefore, it has important guiding significance for the engineering
design of particulate solid hydraulic transport.

Keywords: Solid hydraulic transport, spatio-temporal evolution model, unsteady and heterogeneous flow, liquid-
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INTRODUCTION

The hydraulic transport of solid materials has become the fourth largest transportation method, after
road, railway, and water transportation, because of its high efficiency, low cost, and environmental
friendliness (Ravelet et al., 2013; Pati et al., 2017). This transportation mode is flexible, and it includes
transport of materials in pressure pipelines (Orell, 2007; Ihle et al., 2014) and, under favorable terrain
conditions, in open channels (Kempe et al., 2014). The conveyed materials are various, including
fuels (natural gas hydrate, coal, etc.) (You and Liu, 2002), raw materials (metal or non-metallic
minerals, building materials, etc.) (Stanić et al., 2017), waste (power plant fly ash, metallurgical or
chemical mine tailings, etc.) (Patterson and Maloney, 2016; Pullum et al., 2018), and siltation
removed from rivers or reservoirs (Cuisinier et al., 2011; Muddle and Briggs, 2019). This mode is
widely applied in various industries and has broad prospects for development. During hydraulic
transport, solid particles are activated under the action of a lateral flow, and the flow is gradually
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transformed from a single-phase liquid to multiphase slurry
(Kaushal et al., 2002). This process is accompanied by mass,
momentum, and energy exchange between the liquid and solid
phases, and the slurry velocity and concentration distributions
also evolve gradually with transportation. This leads to strong
unsteadiness and heterogeneity of the slurry flow, and
significantly increases the difficulty of hydraulic transportation
engineering design. As for the transportation in a pressure
pipeline, under the influence of the non-uniformity of the
slurry concentration distribution, the momentum exchange
between the solid particles and the pipe wall is concentrated at
the bottom of the pipe, where the pipeline will be worn more
seriously (Xie et al., 2015). Thus, the pipeline should be rotated
regularly to improve its safety and economic performance. For
transportation in an open channel, under the influence of the
unsteady velocity distribution, the erosion intensity of the slurry
on the trough bed evolves gradually, and the slurry concentration
and velocity distributions should be closely monitored to ensure
the safety and reliability of the construction (Zhang et al., 2013).
Therefore, the temporal and spatial evolution of the
characteristics of particulate solid transportation affects the
stress state of particles (Yu et al., 2015), the ability of the fluid
to transport particles, and the variation in the hydraulic gradient
(Kaushal and Tomita, 2003). This is of great significance for the
optimal design of hydraulic transport systems.

To describe the characteristics of the slurry velocity and
concentration distributions in hydraulic transport, scholars
have carried out relevant laboratory/field experiments and
theoretical research. Mathematical models describing the
hydraulic transport characteristics of particulate solids have
been established, which can be divided into layer-based
theoretical models and empirical models (Hunt, 1954;
Karabelas, 1977; Roco and Balakrishnam, 1985; Wilson, 1987;
Pope, 2001; Matousek, 2002). The layered theoretical model can
be further divided into two- and three-layer models.

(1) Empirical Model
Based on the characterization model of a two-dimensional

slurry flow in an open channel of Hunt (1954), Karabelas (1977).
proposed a method to determine the slurry velocity and solid
concentration distributions in a horizontal pipeline by using the
dimensionless particle diffusion coefficient Kj. Empirical
expressions of Kj for different pipe diameters and material
particle diameters were established in combination with
laboratory experiments. Roco and Balakrishnam (1985)
established a constitutive equation for slurry motion through
laboratory experiments and applied the N–S equation to describe
the motion law of a high-concentration slurry during pipeline
transportation. The effects of liquid–liquid, solid–solid, and
liquid–solid interactions on the velocity and concentration
distributions of the slurry were analyzed, and the rationality of
the method was verified by laboratory experiments. Based on the
Prandtle mixing length theory (Pope, 2001), Wilson (1987)
developed a prediction model for the velocity and solid
concentration distributions of a slurry flow in an open channel
by analyzing the characteristics of the shear stress distribution of a
homogeneous slurry flow and modified the model by combining
it with laboratory tests to expand its application scope. Matousek

(2002) conducted laboratory experiments to study the slurry flow
in pipelines under different fluid and material particle
characteristics. By combining the experimental data of
constant-temperature flows of sand, shimmering, and coarse
coal slurry in industrial-scale pipelines, an empirical model of
the slurry motion and property parameters was obtained. On this
basis, a fixed-bed thickness prediction model for the formation of
particle transport in a pipeline was proposed.

(2) Two-Layer Model
Based on the liquid–solid pipe flow theory of Wilson (1987),

Levy and Mason (2000) divided the slurry drainage area in a
pressure pipeline into two parallel layers: a sedimentary bed with
a high solid concentration and a suspension layer with a low solid
concentration. By analyzing the conservation of mass between
layers and the conservation of momentum in each layer, the
distributions of bed thickness, solid concentration, and average
velocity along the pipeline under the condition of a uniform
particle size distribution were obtained. Kaushal and Tomita
(2002) carried out a simulation experiment of hydraulic
transportation of zinc tailing slurry in a horizontal pipe and
measured the slurry solid concentration distribution under
different particle sizes and flow velocities on the vertical plane.
Combined with the experimental data, the empirical model of
Karabelas (1977). for prediction of the particle concentration
distribution was modified, but this model is suitable for relatively
low-concentration slurry and can only calculate the velocity
distribution when the slurry is homogeneous, which limits its
application. Gillies et al. (2004) expanded the application scope of
the two-layer model through laboratory experiments and studied
the distribution of the motion parameters of high-concentration
slurry transport in a horizontal pipeline. Capecelatro,
J. (Capecelatro and Desjardins, 2013). considered the effects of
particle collision and liquid viscous shear force on the distribution
of the motion and property parameters in the suspension layer,
and established an Eulerian–Lagrangian model to simulate the
unsteady flow characteristics of a slurry in a horizontal pipeline.
The simulation results were verified by the laboratory data of
Roco and Balakrishnam (1985).

(3) Three-Layer Model
Based on the previous two-layer theoretical model, Doron and

Barnea (1993) proposed that the actual slurry flow should include
a transition zone, which is placed between the sedimentary bed
formed by the continuous deposition of particles at the bottom of
the pipeline and the suspension layer formed by the turbulent
diffusion of fluid. In the transition zone, the interaction between
the phases was intense, and the internal slurry had a large velocity
gradient and solid-phase concentration gradient. Nguyen and
Rahman (1996) established the mass and momentum
conservation equations corresponding to each layer and
pointed out that the velocity gradient and solid concentration
distribution of the transition layer slurry follow theWilson (1987)
distribution law. The model does not consider the changes in the
slurry properties and motion parameters with time and is a
steady-state flow model. Assuming that the velocity
distribution of the transition layer conforms to the logarithmic
distribution law, and the solid phase concentration obeys the
basic equation of convection and diffusion, Cho et al. (2002)
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considered the influence of slurry rheology, material size/
sphericity, pipeline geometry, and other factors and established
a three-layer steady-state model of slurry flow in an annular
space. The simulation results are in good agreement with the
experimental data of Nguyen and Rahman (1996). Based on a
three-layer steady-state model and two-layer unsteady-state
model, Guo et al. (2010) established a three-layer unsteady-
state model of slurry flow in an annular space, which
simplified the dynamic analysis process of slurry motion
parameters.

In summary, the empirical model is based on experiments to
determine key parameters such as the dimensionless particle
diffusion coefficient and slurry motion constitutive
relationship, and it establishes a semi-empirical equation
describing the slurry motion or uses experimental data to
perform a statistical regression on the velocity and
concentration distributions of the slurry transportation.
Therefore, the application range of the empirical model is
limited by the data coverage of the experimental
measurements. Thus, it can complete accurate calculations
when the engineering parameters meet the data coverage and
high measurement accuracy. The layer-based model is based on a
unified theoretical basis, and the research has good continuity. It
has gradually developed from a two-layer steady-state model to a
three-layer unsteady-state model, which can accurately predict
the solid hydraulic transport characteristics under different
working conditions. Among them, the steady-state model
focuses on describing the distribution state of the slurry
motion after full development of each layer of fluid, whereas
the unsteady-state model focuses on the dynamic development
process of each parameter. Therefore, the layer-based model can
describe the transport characteristics of each layer, but in essence,
each layer of fluid is artificially homogenized; that is, each layer of
fluid in the same section contains a liquid phase and solid phase
with uniform velocity. In that model, the mechanism of the
gradual evolution of slurry velocity and concentration
distributions caused by liquid–solid interaction is not
described, and the concentration distribution of each layer is
determined only based on the basic equation of convection
diffusion, without considering the influence of particle size
distribution. For that reason, its application is limited to
transportation in a pipeline, and there is relatively less
research on transportation in open channels, where the
randomness and uncertainty of particle movement in the
slurry will be more significant owing to the lack of pipe wall
constraints. The layered model should consider the influence of
multiple factors and be more inclusive and uniform.

In transportation engineering, the slurry contains a variety of
particle size gradations, and the transport characteristics are
significantly affected by the velocity and concentration
distributions of particles of different sizes. It is important to
explore the changes in the parameters of slurry motion and
physical properties in different positions during hydraulic
transportation to further understand the micro field of the
slurry motion and property characteristics (such as pipeline
wear-erosion intensity, energy loss, and particle motion
morphology). In this study, considering the randomness and

uncertainty of solid transportation, a spatio-temporal evolution
model for the hydraulic transport characteristics of particulate
solids was established. This model is suitable for hydraulic
transport in pressure pipelines and open channels, and it can
be used to analyze the influence of changes in the motion and
property parameters of the liquid–solid phase on the
characteristics of the temporal-spatial evolution of slurry
velocity and concentration distributions. The rationality of the
model was verified through laboratory experiments. Through an
interaction analysis of the slurry components, this work explores
the influence of solid transport on the slurry motion and property
parameters, fills the gap in the evolution mechanism of the
distributions of slurry velocity and concentration in existing
models, and overcomes the limitation that layer-based models
can only be used in pressure pipelines. This has important
guiding significance for the engineering design of particulate
solid hydraulic transport.

DISTURBANCE EFFECT OF PARTICLE
TRANSPORT ON THE TRANSITION LAYER
FLOW FIELD
In hydraulic transport, particles on the sedimentary bed flow
under the action of the liquid phase when the flow velocity is
sufficiently high, and they eventually settle in the sedimentary bed
under gravity. Such liquid–solid interactions lead to continuous
activation, sedimentation, and re-activation of the particle swarm
so that a transition layer is formed above the sedimentary bed
(Syamlal and O’Brien, 1987), which has an intense exchange of
mass and momentum between the liquid and solid phases. In the
upper part of the transition layer, the velocity approaches that of
the incoming flow and the concentration approaches zero,
whereas in the lower part, the velocity approaches zero and
the concentration approaches that of the sedimentary bed.
Under a constant inflow velocity, the variations in the
distribution of velocity and concentration in the transition
layer are due to the invasion of solid particles, and they
together lead to a variation in fluid mass flow in the transition
layer. Therefore, the variation in the thickness of the sedimentary
bed is related to the inhomogeneity of the mass flow distribution
of the fluid in the transition layer.

When the shear force in the transition layer is sufficient to
overcome the resistance of particles in the sedimentary bed, the
particles invade the transition layer and begin to migrate. At the
same time, the fluid clusters surrounding the particles in the
transition layer will also receive a reaction force from the solids,
which has a tendency to hinder the fluid movement. The reaction
force can only be balanced by the shear force and therefore, as the
solid particles in the transition layer continue to invade, the
internal flow shear force gradually splits into two parts (Anderson
and Haff, 1991):

τ � τl + τs (1)

where τ is the flow shear force of the transition layer, τs is the
solid–phase shear force, which is used to overcome the reaction
force from the material particles, and τl is the liquid phase shear
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force, which is derived from the velocity gradient of the transition
layer fluid and is used to overcome the resistance to movement of
particles in the sedimentary bed. Equation 1 shows that particle
intrusion causes a continuous change in τs and τl. With
continuous intrusion, the solid concentration in the transition
layer increases holistically, resulting in an increase in the reaction
force acting on the internal fluid, and then τs increases
accordingly. Therefore, under the condition of constant τ, τl
decreases accordingly, indicating that with an increase in solid
concentration in the transition layer, the power to activate
particles on the bed surface decreases, and the collision
frequency between the moving and stationary particles
increases. The momentum exchange caused by collision has a
significant influence on the motion state of the moving particles
themselves, but it is not sufficient to overcome the motion
resistance of the stationary particles on the bed surface (Owen,
1964). It can be concluded that the intrusion of particles in the
transition layer increases the solid concentration and reduces the
velocity gradient of the slurry, and the activation efficiency of the
stationary particles decreases accordingly. Such a negative
feedback mechanism causes the concentration and velocity
fields in the transition layer to converge to a steady state.
Therefore, the evolution of the slurry motion and property
parameters in the transition layer is related to the particle
motion state, and the characteristics of the spatio-temporal
evolution of particles can be obtained based on the analysis of
the particle transport characteristics.

The motion of particles in the transition layer conforms to the
parabolic trajectory (Syamlal and O’Brien, 1987), that is, the
particles decelerate first and then accelerate under the action of
viscous resistance and gravity in the vertical direction after
activation. Eventually, particles sink to the sedimentary bed
and collide with the stationary particles at the corresponding
position, and then embed in the sedimentary bed or rebound and
enter the transition layer again to start a new transportation. In
this section, the particle transport is divided into collision motion
between moving and static particles and parabolic motion in the
transition layer. By analyzing the stress state of a single particle
and the trend of distribution of the particle swarm momentum in
the two stages, the evolution laws of the slurry motion and
property parameters in the transition layer are finally obtained.

Collision Model
The model assumes that particles in the sedimentary bed and
transition layer are completely elastic spheres, so the energy loss
caused by the impact and collision between particles due to plastic
deformation can be ignored, the particle transport is limited in a
two-dimensional plane composed of gravity direction and flow
direction, and the influence of random disturbance is not
considered.

Based on the assumptions above, as shown in Figure 1, the
collision motion can be simplified as particle A in the transition
layer colliding with the stationary particle B on the sedimentary
bed at the collision angle α (the angle between the particle
movement direction and flow direction), and the contact angle
between A and B is β (the angle between the particle center line
and the flow direction). Mt0 is the momentum when particle A

collides with B. It can be decomposed into Mt0h and Mt0v along
the flow and gravity directions, where Mt0v is the momentum
accumulation of particle A along the gravity direction before
collision. Without considering the influence of parabolic motion
in the transition layer on the change of particle momentum, if the
transportation of particle Amaintains continuity, the momentum
of A in the gravity direction after collision should be greater than
Mt0v. Further, Mt0 can be decomposed into MtL and Mt1 along
the line of the particle center line and its vertical direction, where
MtL is the momentum component that will be transferred to
particle B after collision, and Mt1 is the initial momentum of
particle A after collision. Therefore, when the componentMt1v of
Mt1 along the gravity direction is greater thanMt0v, the continuity
of particle transport can be maintained. Although the two
decompositions above have the same dynamic significance,
they express the momentum distribution state before and after
particle collision with different emphases. Based on the above
analysis, it can be concluded that the essence of particle collision
lies in the momentum exchange and redistribution between
particles. The key to maintaining the continuity of particle
motion lies in the relative sizes of Mt1v and Mt0v. Based on
the geometric relationships between the components,

ΔMt1v
Mt0h

� Mt1v −Mt0v
Mt0h

� sin(β − α) cos β
cos α

− tan α (2)

According to Eq. 2, under a given collision angle α, the relative
sizes ofMt0v andMt1v are only related to the contact angle β, but
the value of β is constrained by the arrangement of particles on
the sedimentary bed. When there is no gap between particles on
the bed surface, the minimum contact angle βmin is obtained
when the particles are tangent to the adjacent particles C along
the direction of transport velocity. The maximum contact angle
βmax is obtained when the particle is tangent to the static particle
B along the velocity direction. According to the geometric
relationship between the particles, it can be concluded that

βmax � 90+ + α (3)

βmin � arcsin(1 − sin α) + α (4)

When there is a gap between particles, βmin decreases with an
increase in the gap distance. Under the condition that the moving
and static particles are spheres of the same size and the collision
angle α is given, the probability of the contact angle β between the
moving particles and the static particles on the bed will vary with
the size of the impact area. When β � α, the impact area of the
moving particles is the largest, and it corresponds to the large
circle of the static particles. According to the geometric
relationship, the collision area and β, α satisfy the following
relationship:

C � 2πR cos(β − α) (5)

where C is the collision area, and R is the radius of the particle
circle. Correspondingly, under the condition of a given collision
angle α, the larger the value of β is, the lower the probability of its
occurrence.

It can be observed from Figure 1 that when the moving
particle A collides with the stationary particle B on the bed
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surface, momentum exchange MtL is generated along the
direction of the line connecting the A and B centers. The size
of the residual momentum Mt1 determines whether the particles
can move sustainably, and its direction determines the direction
of transport speed. According to the geometric relations, the
direction α′ of Mt1 satisfies

α′ � β − 90+ (6)

Eq. 6 shows that α′ depends on contact angle β. When β is less
than 90°, the component Mt1v of Mt1 is opposite to gravity, and
particles can jump again after collision when Mt1v is sufficient to
overcome Mt0v. When β is greater than 90°, Mt1v is in the same
direction as gravity, which means that the transported particle A
will continue to collide with the stationary particle D after
contacting the stationary particle B. As the initial momentum
Mt0 causes momentum lossMtL along the direction of the central
line of A and B, the initial momentum of the secondary collision is
Mt1. According to the geometric relationship, the collision and
contact angles corresponding to the second collision can be
obtained as follows:

α′ � β − 90+ (7)

β′ � arcsin(1 − sin α′) + α′ (8)

where α′ and β′ are the collision and contact angles of the second
collision, respectively; whether the particles can jump again
depends on the relative size of Mt2V and Mt3V. According to
Eq. 2, the following can be concluded:

ΔMt1v
Mt0h

� sin(β − α)
cos α

[sin(β′ − α′) cos β′ − sin α′] (9)

Momentum Gain of Transported Particles During
Collision
According to Eqs 2, 9 (β > 90°), when the collision angle α varies from
∼0° to 25°, the momentum gain of particles with different contact
angles β can be calculated as shown in Figure 2. Under the condition
of a given collision angle α, the momentum gain of the transported
particles increases initially and then decreases as the contact angle β
increases, partly because the given α determines the value ofMt0v, and
the trends of themomentum gain of transported particles only depend
onMt1v, which is the vector difference betweenMt1 andMt1h.With an
increase in β, bothMt1 andMt1h increase. It can be concluded from the
calculations shown in Figure 2 that when β < 50°, with the increase in

FIGURE 1 | Momentum distribution of transported particles and static particles on the sedimentary bed.
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β, the increase in amplitude of Mt1 is greater than that of Mt1h, and
thus the momentum gain of particles increases with the increase in
contact angle β; when β > 50°, with the increase in β, the increase in
amplitude ofMt1 is less than that ofMt1h. Therefore, the momentum
gain of the particles decreases with an increase in the contact angle β.
When the contact angleβ is approximately 50°, themomentumgain of
the transported particles reaches amaximum. Further, under the given
contact angle β, the momentum gain of the transported particles
decreases with an increase in the collision angle α, and themomentum
gain is negative when α > 20°. This occurs because the increase in α
leads to an increase in Mt0v and a decrease in Mt1v under the given
condition of β, and finally to a decreased momentum gain of the
transported particles.

According to Figure 2, the momentum gain of single particles
with different contact angles β can be obtained when the collision
angle is α to determine the initial momentum and corresponding
collision angle at the next jump. However, the initial momentum
and contact angle of the transported particles contained in the
particle swarm vary, which means that the initial momentum and
the corresponding collision angle of particles at the next jump are
in accordance with a certain probability distribution for the particle
swarm. From Eq. 5, when the impact angle α is given, |β−α|
determines the size of the collision area. Therefore, with an increase
in contact angle β, the probability of its occurrence decreases.
Based on the weighted average method, the momentum gain
expectation of the particle swarm corresponding to different
impact angles α can be obtained as follows:

⎛⎜⎝ΔMt1v
Mt0h

⎞⎟⎠
α

�
∑120°
β�0°

[ΔMt1v
Mt0h

cos(β − α)]
∑120°
β�0°

cos(β − α) (10)

The calculation results are shown in Figure 3. The average
momentum gain of the particles decreases with an increase in the

collision angle α, which is consistent with the trend of the single-
particle momentum gain in Figure 2. In addition, it can be
concluded that the momentum change in the particle collision
process tends to converge to a fixed value. For example, when
particles collide with particles on a sedimentary bed with an
impact angle of 0°, as shown at point A in Figure 3, the
momentum gain generated during the collision process can be
obtained through the gain curve (marked by the black line).
Finally, the momentum obtained can reach the position of point
B, where the momentum will remain until it collides with the
particles on the bed. The collision angle corresponding to the next
collision can be obtained by the momentum ratio curve (marked
by the red line) to lead particles to reach point C if the momentum
loss due to fluid resistance is not taken into account in the
transport process. By analogy, the collision motion is actually
the convergence process of the particle momentum. When the
momentum of particles along the direction of gravity, Mt0v, is
large, the impact angle is large, and the corresponding negative
momentum gain leads to a decreasing trend. WhenMt0v is small,
the collision angle is small, and the corresponding positive
momentum gain leads to an increasing trend. It can be
concluded from Figure 3 that the variation in the average
momentum gain between positive and negative α makes the
particle transport not only persistent but also tends to
converge to the zero position of the ordinate of the average
momentum gain curve, and this trend is independent of the initial
momentum of the particles.

Asymptotic Behavior of the Momentum Probability
Distribution of Particle Swarm Before and After
Collision
Figure 2 shows the trend of the momentum gain of a single
particle under different collision angles α and corresponding
contact angles β. Combined with Figure 3, it can be observed
that the particle momentum tends to converge to a fixed value
under the condition that the momentum loss caused by fluid
resistance is not considered, and this trend is independent of the

FIGURE 2 | Distribution of momentum gain of transported particles with
different contact angles.

FIGURE 3 | Curves of average momentum gain and loss of particle
collision motion with α
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initial momentum of the particles. However, different particles
contained in the particle swarm correspond to different initial
momentums, that is, the initial momentum should follow a
certain probability distribution. Referring to the trend of
momentum of a single particle during the collision motion,
the momentum distribution of the particle swarm should also
converge with the transport process. In this section, the
asymptotic behavior of the momentum distribution of the
particle swarm in a collision motion is discussed.

From the average momentum gain curve in Figure 3, when the
particle momentum before collision is large, it tends to decrease
owing to the negative momentum gain during the collision
motion. Otherwise, it tends to increase, which ensures that
when the sample space of the particle swarm momentum is
given, the particle momentum does not jump out of the
sample space because the particle momentum is excessively
large or excessively small. Then, the sample space of the
particle swarm momentum can be assumed as follows:

Ω � [(Mt0v
Mt0h

)
1

,(Mt0v
Mt0h

)
2

, . . . ,(Mt0v
Mt0h

)
n

] (11)

The momentum probability distribution corresponding to the
particle swarm is

Xk � [(xk)1, (xk)2,/, (xk)n],∑n
i�1

(xk)i � 1 (12)

where k is the number of collisions, the probability distribution Xk

represents the instantaneous state that the particle swarm reaches
after k times of collision from the initial state, and (xk)i is the
proportion of particles with momentum (Mt0v/Mt0h)i, i ∈ [1, n]
in the whole particle swarm.

During the collision motion of the particle swarm, owing to the
difference inmomentum and contact angle β between particles, the
corresponding momentum gain is also different. For example, any
particle with momentum (Mt0v/Mt0h)i before collision may
convert to (Mt0v/Mt0h)j after collision, where the value of j
traverses 1–n when j takes different values corresponding to
different probabilities, which is defined as the transition
probability pij of the particle momentum from (Mt0v/Mt0h)i to(Mt0v/Mt0h)j through collision. From the arbitrariness of i and
the ergodicity of j, it can be concluded that the collision motion of
the particle swarm is essentially a conversion process of particles
with different initial momentums in the sample space Ω, which is
determined by the transfer probability matrix P:

P � ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝p11 p12 / p1n

p21 p22 / p2n

« « 1 «
pn1 pn2 / pnn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (13)

The momentum of the particles still traverses the entire
sample space after collision, but the corresponding probability
distribution is transferred to Xk+1, where the element (xk+1)j can
be obtained using the full probability formula:

Xk+1 � XkP (14)

The proportion of particles with momentum (Mt0v/Mt0h)j in
the particle swarm after collision (xk+1)j should be the sum
traversed through the sample space of the product of the
particle swarm momentum probability distribution (xk)i and
pij before collision. Eq. 14 shows that the transition between
adjacent states Xk and Xk+1 corresponding to the momentum
probability distribution before and after a particle swarm collision
is completely determined by the transfer probability matrix P. It
can be inferred from Eq. 14

Xk � X0P
k (15)

Equation 15 shows that the state of the particle swarm after
any collision depends only on the initial state X0 and the transfer
probability matrix P. Therefore, whether the momentum
distribution of the particle swarm converges with the transport
process depends on the asymptotic quality of Pk when the
collision number k approaches infinity.

According to Eq. 13, the i-th row element of the transfer
probability matrix P represents the probability of the given
particle momentum (Mt0v/Mt0h)i transferred to(Mt0v/Mt0h)j, j ∈ [1, n] after the collision. Because the value
of j traverses the sample space, the elements in matrix P
satisfy the following equation:⎧⎪⎨⎪⎩ ∑n

j�1
pij � 1

∀pij ∈ [0, 1]
(16)

For any m ∈ Np, m> 1, assuming That P̃ � Pm Satisfies the
above properties, then

∑n
j�1

(pm+1)ij � ∑n
a�1

∑n
b�1

P̃iaPab � ⎛⎝∑n
a�1

P̃ia
⎞⎠⎛⎝∑n

b�1
Pab

⎞⎠ � 1 (17)

Therefore, for any m ∈ Np, P̃ is also the transfer probability
matrix, which represents the momentum transfer probability
of the particle swarm from state X0 to Xm after m
collisions. Suppose that λ is any eigenvalue of the transfer
probability matrix P and Vλ is its corresponding eigenvector,
then P̃ satisfies

PmVλ � λmVλ (18)

Therefore, when m tends to infinity, if |λ| > 1, there must be
elements in λmVλ that tend to infinity, whereas ∀(pm)ij ∈ [0, 1]
PmVλ cannot tend to infinity. The two are contradictory, so any
eigenvalue of P satisfies the following conditions:

|λ|≤ 1 (19)

For the n-dimensional matrix PT, the eigenvalues are assumed
to be λ1, λ2, . . . , λn, and the corresponding eigenvectors are Vλ1,
Vλ2, . . . , Vλn, then⎧⎪⎪⎪⎨⎪⎪⎪⎩

(PT)mVT
λ1 � λm1 V

T
λ1(PT)mVT

λ2 � λm2 V
T
λ2

«(PT)mVT
λn � λmn V

T
λn

5

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Vλ1P

m � λm1 Vλ1

Vλ2P
m � λm2 Vλ2

«
VλnP

m � λmn Vλn

(20)
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Therefore, according to the linear correlation or independence
of such eigenvectors, the convergence conditions of the
momentum distribution of the particle swarm are discussed in
the following two cases:

① If the eigenvectors are linearly independent, then for any
initial state X0, there are constants c1, c2, . . . cn, satisfying

X0 � c1Vλ1 + c2Vλ2 +/ + cnVλn (21)

Combined with Eq. 20, it can be obtained

X0P
m � c1λ

m
1 Vλ1 + c2λ

m
2 Vλ2 +/ + cnλ

m
n Vλn (22)

From Eq. 16, the row sum of the P matrix is 1. Hence, λ � 1
must be one of its eigenvalues, assuming λ1 � 1, and then

lim
m→∞

X0P
m � ∑n

i�1
ciλ

m−1
i Vλi (23)

If and only if there is an eigenvalue λ � −1, the limit of the
above equation does not exist, and the present period changes.
When the eigenvalue of P does not contain λ � −1, then

lim
m→∞

X0P
m � c1λ1Vλ1 (24)

From Eq. 12, when m tends to infinity, the limit state of the
particle swarm momentum probability distribution must satisfy
the condition that the sum of each element is equal to 1, and thus
c1 in Eq. 23 is also uniquely determined.

② If the eigenvectors are linearly related, then Pmust contain
the eigenvalue λ � 0, and P is not full rank, assuming its rank is r;
then,

∃row ∈ [1, n], ci ∈ R0∀j ∈ [1, n], (PT
row)j � ∑n

i�1,i≠ row
ci(PT

i )j
(25)

where PT
row is the row vector formed by the ith row element of PT,

and (PT
row)j is the jth element of PT

row. Assuming thatVλ1,Vλ2, . . .
Vλr are the largest linearly independent groups of eigenvectors, it
can be obtained from Eq. 20

∀i ∈ [1, r]0 ∑n
j�1,j≠ row

(PT
row)j(Vλk)j � λk(Vλk)row (26)

Substituting Eq. 25 with Eq. 26, we Obtain

(Vλk)row � ∑n
i�1,i≠ row

ci(Vλk)i (27)

For any initial state X0 transferred to state X1 after collision,
the following conditions are satisfied:

XT
1 � PTXT

0 � ⎡⎢⎢⎣ ∑n
j�1,j≠ row

(PT
1 )j(XT

0 )j,/, ∑n
j�1,j≠ row

(PT
row)j(XT

0 )j,/,

∑n
j�1,j≠ row

(PT
n)j(XT

0 )j⎤⎥⎥⎦T (28)

Substituting Eq. 25 with Eq. 28, we obtain

(x1)row � ∑n
i�1,i≠ row

ci(x1)i (29)

where

(x1)i � ∑n
j�1

(PT
i )j(XT

0 )j (30)

Because the largest linearly independent group of eigenvectors
contains only r elements, that is, it can only linearly represent any
r-dimensional vector, let

X̃
T

1 � [(x1)1, (x1)2,/, (x1)r]T
Ṽλk � [(Vλk)1, (Vλk)2,/, (Vλk)r]T, k ∈ [1, r] (31)

then there are constants b1, b2, . . . bn, such that

X̃
T

1 � ∑r
i�1
biṼλi (32)

combining Eqs 27, 29, it can be obtained

∑r
i�1

biVλi �

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ∑r
i�1

bi(Vλi)1«∑r
i�1

bi(Vλi)r ∑r
i�1

bi(Vλi)row

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ∑r

i�1
bi(Vλi)1«∑r

i�1
bi(Vλi)r ∑n

j�1,j ≠ row
cj ∑r

i�1
bi(Vλi)j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ∑r
i�1

bi(Vλi)1«∑r
i�1

bi(Vλi)r ∑n
j�1,j≠ row

cj(x1)j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ (x1)1
«
(x1)r
(x1)row

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � XT
1

(33)

Equation 33 shows that when any r-dimensional
vector can be expressed linearly by the largest linearly
independent group of eigenvectors, state X1 can also
be linearly described by the largest linearly independent
group.

lim
m→∞

X0P
m � lim

m→∞
X1P

m−1 � ∑r
i�1

biλ
m−1
i Vλi (34)

From Eq. 19, the absolute value of any eigenvalue of P is
not greater than 1, so if and only if there is an eigenvalue λ �
−1, the limit of the above equation does not exist and the
present period changes. When the eigenvalue does not
contain −1, the above equation converges to

lim
m→∞

X0P
m � lim

m→∞
X1P

m−1 � b1λ1Vλ1 (35)

In summary, a sufficient condition for the momentum
distribution of the particle swarm to converge with the
progress of transport is that −1 is not an eigenvalue of the
transfer probability matrix P.

Stationary Probability Distribution of Particle Swarm
Momentum
Based on the above analysis, a sufficient condition is obtained
that the momentum distribution of the particle swarm
converges with the process of transport, but the stationary
probability distribution of the particle swarm where it
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eventually converges to is unclear. Equation 23 provides a
method to solve the stationary probability distribution, which
involves the power calculation of the transfer probability
matrix. Once the sample space of the particle swarm
momentum is large, the calculation becomes very
complicated. Moreover, compared with the stationary
probability distribution, which is a stable state, the particle
swarm state obtained by each matrix operation of Eq. 23 is in
an instantaneous state, and the transfer of momentum
distribution of the particle swarm has greater randomness
and unpredictability at this time. This means not only that
the method is cumbersome, but also that the intermediate
calculation results have no significance for the final stationary
probability distribution. Therefore, a more concise method is
required to solve the stationary probability distribution of the
particle swarm momentum.

If the momentum distribution of the particle swarm is
convergent and the stationary probability distribution is Xs

then, from Eq. 23, it can be concluded that

lim
m→∞

X0P
m � X0 lim

m→∞
Pm � Xs (36)

From Eq. 36, the initial state X0 and the stationary
probability distribution Xs are both definite quantities;
therefore, the transfer probability matrix Pm also
converges as the number of transitions increases. If it
converges to Q, then Q should satisfy for any initial state
X0 multiplied by it to obtain only the stationary probability
distribution Xs, so Q satisfies

Q � lim
m→∞

Pm � ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ q1 q2 / qn
q1 q2 / qn
« « 1 «
q1 q2 / qn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (37)

Equation 37 shows that the elements in each column of Q
have the same value, and the stationary probability distribution X
is obtained as follows:

Xs � X0Q � ( q1 ∑n
i�1

(x0)i q2 ∑n
i�1

(x0)i/qn ∑n
i�1

(x0)i)
� ( q1 q2 / qn ) (38)

Therefore, only matrix Q is required, and the stationary
probability distribution Xs can be uniquely determined. It can
be obtained from Eq. 38

Q � ( lim
m→∞

Pm−1) · P � Q · P0Xs � XsP (39)

The stationary probability distribution Xs can be obtained by
solving Eq. 39.

① Existence of solutions to Eq. 39
It can Be obtained from Eq. 16 that

P · 1 � 10(P − I) · 1 � 0 (40)

Therefore, the equation (P − I)X � 0 has a nonzero solution,
whichmeans that the coefficient matrix (P - I) is not full rank, and
Eq. 39 is equivalent to

(PT − I)XT
s � 0 (41)

As the coefficient matrix (PT-I) is not full rank, it can be
known that Eq. 39 must have a non-zero solution.

② Probability meaning of the solution of Eq. 39
At each moment in the collision motion, the momentum

distribution of the particle swarm is transferred to the given
sample space. The proportion (xk+1)j of particles with momentum(Mt0v/Mt0h)j, j ∈ [1, n] in state Xk+1 at any moment is
transferred from the collision of particles with different
momentums in the particle swarm at the previous moment; then,

(xk+1)j � ∑n
i

(xk)ipij (42)

Equation 42 shows that the component (xk+1)j in state Xk+1

represents the expectation that the momentum of the particle
swarm at the last moment transfers to (Mt0v/Mt0h)j after the
collision.When the particle swarm reaches the stationary stateXs,
the momentum distribution no longer changes with the collision,
indicating that the expectation of the momentum transfer of the
particle swarm to (Mt0v/Mt0h)j between adjacent moments is
equal to the expectation of the transfer of momentum from(Mt0v/Mt0h)j to other momentum. This means that the
momentum of any given particle in the swarm transferred to
other values through collisions will inevitably return to the initial
value after several collisions to ensure the stationary state.
Therefore, the elements in Xs are related to the number of
transition steps. If Tmij is the number of transition steps
required for the particle to reach (Mt0v/Mt0h)j from
momentum (Mt0v/Mt0h)i for the first time, then

E(Tmij) � E[E(Tmij|x1)] � 1 · Pij + ∑
k≠ j

[1 + E(Tmkj)]Pik

� 1 + ∑
k≠ j

E(Tmkj)Pik

(43)

where x1 is the momentum reached by the particle after a
collision. The particle may reach (Mt0v/Mt0h)j after one
collision, then Tmij � 1 is satisfied at this time, and the
corresponding probability is pij. Conversely, if the particle does
not reach (Mt0v/Mt0h)j after one collision but reaches(Mt0v/Mt0h)k, then Tmij � 1 + E(Tmkj) is satisfied under
such conditions, and the corresponding probability is pik.
Finally, the expectation of the transfer steps is obtained as

E(Tmij) + PijE(Tmjj) � 1 +∑
k

PikE(Tmkj) (44)

Both sides of the equation are multiplied by (xs)i at the same
time, and summed with i as the independent variable; then,∑

i

(xs)iE(Tmij) + E(Tmjj)∑
i

(xs)iPij

� ∑
i

(xs)i +∑
k

E(Tmkj) ·⎛⎝∑
i

(xs)iPik
⎞⎠ (45)

By combining Eqs 42, 12, the following can be obtained:
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(xs)j � 1

E(Tmjj) (46)

Therefore, the probability meaning of the solution of Eq. 39 is
the reciprocal of the average number of collisions required for the
particle momentum (Mt0v/Mt0h)j to return to the initial value
after collision and momentum transfer at a certain moment.

Parabola Model
After completing the collision motion between particles and
momentum exchange, the parabolic motion in the transition
layer begins. As shown in Figure 1, the parabolic motion of the
particles is divided into two stages: upward and downward. In the
upward stage, the particles decelerate along the gravity direction
under the action of gravity G and fluid resistance FDy. When they
reach the highest point P, the corresponding vertical velocity v↑ � 0;
in the downward stage, the directions of G and FDy are opposite,
and the maximum vertical velocity is reached when the particles
are about to collide with the static particles in the sedimentary bed.
It can be observed that the parabolic motion also contains frequent
stress interactions and momentum exchange between the liquid
and solid. In this section, we analyze the stress state of the particles
in the transition layer, the dynamic model of the particle parabolic
motion, and the corresponding transfer probability matrix. On this
basis, the trend and convergence of momentum in the parabolic
motion of particle swarms are discussed.

As shown in Figure 5, during the upward stage of the particles,
the changes in velocity satisfy

m
dv↑
dt

� −mg − 1
2
ρfACDv

2
↑ (47)

where ρf is the density of seawater, A is the particle cross-sectional
area, v is the particle movement speed, and CD is the drag
coefficient with dimension 1, which is a function of the
Reynolds number, Re, of the particle movement.

The momentum of the particle swarm gradually converges to a
stable state as the collision progresses, and the corresponding Re
should also converge under the given conditions of flow velocity
and particle diameter. As shown in Figure 4, the Re probability
distribution of the particle swarm at the steady state can be obtained
according to Figure 4, and combined with the change curve of the
drag coefficient CD with Re (Syamlal and O’Brien, 1987). As shown
in Figure 4, when Re is small, the transport medium is in laminar
flow state. At this time, the particle settlement resistance is mainly
viscous force, and CD has a linear relationship with Re; With the
increase of Re value, the movement of transport medium is
gradually transformed into turbulence. At this time, the viscous
force and turbulent resistance received by particle settlement can
not be ignored, and CD has a curve relationship with Re; When the
value of Re increases to a certain extent, the transport medium is in
the turbulent region. At this time, the viscous resistance of particle
settlement can be ignored, andCD remains constant with the change
of Re. The fluctuation range of the value of the particle swarm CD is
negligible. Therefore, it can be considered that CD remains constant
during the parabolic motion, and its size can be measured by the
terminal velocity of the particle settling:

CD � 2mg

ρfAv
2
t

(48)

where vt is the terminal velocity. Substituting Eq. 48 into Eq. 47,
we obtain

− 1

1 + (v↑/vt)2 d(v↑vt) � d( t

vt/g
) (49)

Integrating both sides of Eq. 49, and taking the particle motion
state at the highest point P as the boundary condition, that is, t � 0
and v↑ � 0 are satisfied, the motion equation of the particle
upward stage can be obtained:

v↑
vt

� tan( − t

vt/g
) (50)

The motion equation of particles in the downward stage is as
follows:

v↓
vt

� 1 − 2

1 + exp( 2t
vt/g

) (51)

Equations 50, 51 indicate that when the particle motion
velocity v and the corresponding time t are normalized by the
end-settlement velocity vt, the change in the dimensionless velocity
v/vt with dimensionless time t

vt/g
is determined by the above

equation. Taking the combined Eq. 48, vt is only related to the
particle size under a constant CD. Therefore, the motion law of the
particles is uniquely determined under the given distribution of
particle size. Figure 5 shows the variation of v/vt with t

vt/g
, where

the velocity of the particles rapidly drops to 0 during the ascending
process, and then slowly rises to vt during the descending process.
When the particlemoves at the initial velocity v0/vt � 3 (point A in
Figure 5), the corresponding time t0

vt/g
can be obtained from Eq. 50,

and the path lengths of the particles rising and falling are equal,
indicating that the shadow area in the corresponding figure is

FIGURE 4 | Fluctuation range of CD and probability distribution of Re
during particle parabolic motion.
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equal. Combining Eqs 50, 51, the corresponding time when the
particles fall to the bed (point B in Figure 5) can be obtained as
follows:

∫0

A

v↑
vt
d( t

vt/g
) � ∫B

0

v↓
vt
d( t

vt/g
) (52)

Equation 52 is substituted into Eq. 51 to obtain the velocity
v1/vt when the particles fall to the bed, and then the next parabolic
motion starts with v1/vt as the initial velocity (point C in Figure 5)
and cycles in turns. It can be concluded from the path of gain and
loss of particle momentum shown in Figure 5 that although the
variation of particle momentum ΔvAB/vt and ΔvCD/vt decreases
with the increase in motion time, the momentum gain during
parabolic motion is negative. This means that without considering
the momentum gain brought by the collision process, the particle
momentum will gradually converge to zero, and the continuity of
particle transport will no longer be satisfied.

Disturbance of Particles Transport on
Transition Layer Flow Field
In this section, the particle swarm velocity distribution profile
is obtained by analyzing the change law of the momentum of
the particles during the transport process. Moreover, we
considered the interaction between the fluid in the
transition layer and the particles on the bed, and the mass
of the particles flowing into the transition layer per unit time
was obtained. Finally, on this basis, the disturbance law of
particle transport in the flow field of the transition layer is
discussed.

The transport of particles essentially alternates between the
collision motion and the parabolic motion, that is, the particles
begin the parabolic motion in the transition layer after the

collision motion with the bed surface, and the change law of
particle swarm momentum should satisfy

X1 � X0PR (53)

where P and R are the transfer probability matrix of the
momentum change in the collision motion and the parabolic
motion of the particle swarm, and the matrix S � PR obtained
by the multiplication of the two is also the transfer
probability matrix according to Eq. 16, which corresponds to
the change in momentum of the particle swarm in the transport
process.

When the particle moves to the highest point during the
parabolic motion, the velocity along the gravity direction
reaches the minimum value, which indicates that the
particles stay at this position for the longest time. The
velocity v→ of particles in the flow direction at this
position can then be taken as the value of the velocity
profile in the transport process of the particle swarm,
which can be obtained by traversing the particle swarm
momentum sample space, as shown in Figure 6. The
particle swarm velocity increases with increasing elevation,
but the increasing speed gradually slows down. This is because
with an increase in v→ the fluid resistance of particles along
the flow direction decreases gradually, that is, the velocity of
particles remains constant until v→ increases to the flow
velocity. When the transition layer fluid accelerates the
particles, it will also be subject to the reaction of particles,
which causes the original flow field to evolve with the
transport process. According to the conservation of the
fluid mass in the transition layer, the following can be
obtained:

ṽ(y) � 1
1 + IPF

vf(y) + IPF

1 + IPF
v→ (y) (54)

where ṽ(y) is the liquid–solid mixing velocity of the fluid at the
corresponding y position in the transition layer, and IPF is the
activation probability function of the static particles in the
sedimentary bed, which is defined as the mass of the particles
in the sedimentary bed that can be activated by the unit mass of
the transition layer fluid velocity distribution vf. This is related to
the shear force of the transition layer fluid τa, τw, and the
dimension is 1. In Eq. 57, both vf(y) and v→ (y) are known
quantities; therefore, when the probability function IPF is
obtained, the variation law of the transition layer flow field
distribution can be obtained.

EVOLUTION OF PROPERTY AND MOTION
CHARACTERISTICS OF SLURRY DURING
HYDRAULIC TRANSPORTATION
The transportation of particles leads to the continuous evolution of
the property and motion characteristics of the slurry, and the
convergence of the momentum distribution with the
transportation process indicates that the evolution of the
velocity distribution, solid concentration distribution, mass flow

FIGURE 5 | Curve of parabolic motion speed with time and transfer path
of particle momentum.
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distribution, and bed thickness of the transition layer should also
be stable during hydraulic transport. In this section, according to
the analysis of the mass and momentum exchange between the
transition layer and the sedimentary bed in the transportation, the
trend of velocity and solid concentration distributions in the
transition layer is obtained, and on this basis, the characteristics
of the evolution of the sedimentary bed geometry are explored.

Continuity Equation of Slurry in Transition
Layer
Particles in the sedimentary bed begin to move under the action
of the transition layer fluid, and the mass of the activated particles
is related to the mass flow rate of the transition layer fluid. The
activation probability function can be expressed as follows
(Syamlal and O’Brien, 1987):

M � ∫δ

0
ρvTdy · IPF (55)

where T is the movement period of particles, M is the mass of
particles invading the transition layer during T, and IPF is the
activation probability function of the particle, which can be
expressed as (Sauermann et al., 2001)

IPF � n(τl0
τt

) − 1 (56)

where τl0 is the liquid-phase shear force at the junction of the
sedimentary bed and the transition layer. τt is the critical starting
stress of material particles, and its calculation method can be
referred to (Ahmed, 2001). When τl0 > τt, then n > 1, and when
τl0 < τt, then n � 1. Equation 56 shows that when and only when
τl0 > τt, particles will be activated in the sedimentary bed, and the
activation efficiency of these particles depends on the trend of n.
Based on the Taylor expansion and Eq. 55, the following equation
can be obtained:

M � ∫δ

0
ρvTdy · c(τl0

τt
− 1) (57)

where c � zn
z(τl0/τt)

∣∣∣∣∣∣∣∣τl0/τt�1, and it can be considered as the

contribution of factors other than the liquid shear stress
to the activation of particles in the sedimentary bed, which
characterizes the erosion intensity of the transition layer on
the sedimentary bed and can be obtained through laboratory
experiments or numerical simulation (Syamlal and O’Brien,
1987).

Taking the micro-element control volume in the transition
layer as the research object, based on the law of conservation of
mass, it can be concluded that

z

zt
(∫δ

0
ρdy) + z

zx
(∫δ

0
ρvdy) � ∫δ

0

ρv

l
dy · c(τl0

τt
− 1) (58)

where ρ is the fluid density of the transition layer, v is the fluid
velocity, l is the average transport distance of the particles,
and δ is the thickness of the transition layer. According to the
stress state of the micro-element control volume, the
expression of τl0 can be obtained using the momentum
theorem as follows:

τl0 � τ0 − ∫δ

0

ρsv

l(y)Δv(y)dy (59)

The equation is based on the assumption that the flow
velocity is uniform and time-invariant, where Δv(y) is the
difference between the horizontal component of the
downward velocity and upward velocity during particle
transport at position y, l(y) is the horizontal distance of
particles at position y from upward to downward, and τ0
is the flow shear force of the fluid at the interface between the
transition layer and the sedimentary bed. Based on the
assumption that the slurry satisfies Newton’s shear law,
the following conclusions can be drawn:

τ0 � μ
dv

dy

∣∣∣∣∣∣∣∣y�0 (60)

where μ is the viscosity of the slurry in the transition layer, which
is affected by the concentration of solid particles (Einstein, 1906):

μ � (1 + 2.5Cv|y�0)μ0 (61)

where μ0 is the viscosity of the slurry without solid particles,
and Cv is the volume concentration of the solid phase in the
transition layer. Equation 58 shows that the change in fluid
mass in the micro-element control body depends on the mass
flow gradient in the flow direction and the invasion rate of
particles in the sedimentary bed, and its trend is related to the
distribution of the velocity field and solid concentration in the
transition layer during transportation. Therefore, the
characteristics of the evolution of the slurry properties and
motion parameters depend on these two important
parameters.

FIGURE 6 | Profile of particle swarm velocity distribution and diagram of
momentum distribution.
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Characteristics of the Evolution of Flow
Field and Solid Concentration Distributions
in the Transition Layer
Based on the boundary conditions above, the velocity distribution
in the transition layer can be assumed to be a polynomial
distribution with five unknowns:

v(x, y, 0) � U[2(y
δ
) − 2(y

δ
)3

+ (y
δ
)4] (62)

The concentration distribution of the solid phase can be
expressed as follows:

Cv(x, y, 0) � 0 (63)

The flow field and solid concentration distributions in the
transition layer gradually evolve with the transportation process.
Based on the principle of mass conservation, the evolution of the
solid concentration can be expressed as follows:

Cv(x, y, t + Δt) � Cv(x, y, t + Δt)
+ ∫δ

0
ρ(x, t)v(x, y, t)dy · IPF ·MR(y)∫δ

0
ρpv(x, y, t)dy

(64)

The evolution of the flow field distribution is expressed as
follows:

v(x, y, t + Δt) � ((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((∫δ

0
ρ(x, t)v(x, y, t)dy · IPF ·MR(y) · v→ (y) + ρ(x, t)v(x, y, t) · v(x, y, t)∫δ

0
ρ(x, t)v(x, y, t)dy · IPF ·MR(y) + ρ(x, t)v(x, y, t)

√√
(65)

whereMR(y) is the mass proportion of particles at the y position
in the transition layer to the total mass of activated particles in Δt,
as shown in Figure 14. In conclusion, on the basis of solving Eqs.
64, 65 to obtain the slurry movement law in the transition layer,
the variation law of fluid mass flow can be analyzed using the
continuous Eq. 58.

Model Solving Process
The solution of the mass conservation equation of the transition
layer fluid is directly related to the characteristics of the
evolution of the property parameters and motion parameters
of the slurry; therefore, the solution of Eq. 58 must be
accompanied by the real-time solution of the flow field and
solid concentration distributions of the transition layer.
Equation 58 contains three unknowns: slurry density ρ,
velocity v, and liquid phase shear force τl0, and Eq. 59
describes the decisive factors of τl0:

TVP
zQ

zt
+ zQ

zx
� Q

ls
· (1 − Q

Qs
) (66)

where Qs is the saturated mass flow rate:

Qs � (τ − τt)l
〈Δv〉 (67)

TVP, 〈Δv〉, and ls are process parameters:

TVP � ∫δ

0
ρvdy∫δ

0
ρdy

, 〈Δv〉 � ∫δ

0
ρpv · Δv(y)dy∫δ

0
ρvdy

, ls � lτt
c(τ − τt) (68)

Equation 66 shows that the trend of the fluid mass flow rate in
the transition layer is consistent with the trend of the solid-phase
shear stress τs. The inflow of particles in the transition layer
increases the mass flow rate, and the momentum exchange
between the liquid and solid phases is more intense. However,
it also leads to a decrease in the mass source term on the right side
of Eq. 66 and a decrease in the liquid phase shear force τl, thus
weakening the growth rate of the mass flow rate and the solid
phase shear force τs. QS corresponds to the flow shear force τ,
which describes the carrying capacity of solid particles of the
transition layer from the perspective of mass exchange and
momentum exchange, respectively, and the evolution of Q and
τs describes the negative feedback mechanism of the mass change
in the transition layer from the qualitative and quantitative
perspectives, respectively.

Definite Conditions for Solution of Slurry Motion
Parameters in the Transition Layer
① Slurry mass flow.

At the initial time of transportation, there are no particles in
the transition layer; therefore, analogous to the velocity
distribution of the boundary layer (White and Corfield, 2006),
the initial conditions of mass flow in the transition layer are
satisfied:

Q(0, x) � 4.088
(((((((
ρlvfμ0x

√
(69)

The change in the mass flow rate of the transition layer fluid at
the inlet is equal to the mass of the particles flowing in time
step Δt:

Q(t + Δt, 0) � Q(t, 0) + ∫δ

0
Q(t, 0) · IPF · Δt ·MR(y)

· v→ (y)dy (70)

② Momentum distribution of particles.
The stress of the static particles in the sedimentary bed at the

initial time satisfies the following requirements:

mp
dv↑
dt

� 1
2
CLAρlU

2 − G (71)

mp
dv→

dt
� 1
2
CDAρlU

2 (72)

where G is the floating weight of the particles, mp is the weight of
the particles, A is the cross-sectional area of the particles, CL is the
lifting force coefficient, and CD is the drag force coefficient. The
simultaneous Eqs 71, 72 show that the momentum of the particle
swarm at the initial time satisfies the following equation:

(Mt0v
Mt0h

)
k

∣∣∣∣∣∣∣∣∣t�0 � CL

CD
− 4dpg(ρp − ρl)

3CDρlU
2

(73)
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Equation 73 shows that the momentum distribution of the
particle swarm at the activating moment depends on the particle
size distribution:

X0 � ( x0(dp)1 / x0(dp)k / x0(dp)n ) (74)

The momentum evolution of the particle swarm in the
transportation is consistent with the following:

Xt � X0S
t (75)

Definite Conditions of Slurry Physical Parameters
After injection, the particles move along the flow direction for a
certain distance and then deposit to the bottom of the pipeline or
open channel. The transport distances of particles with different
particle sizes along the flow direction are different, and thus they
deposit at different positions. It is assumed that the particle size
distribution of the material can be ranked from large to small as( (dp)1 / (dp)k / (dp)n ), and then the morphology
distribution of the sedimentary bed can be expressed as
(Syamlal and O’Brien, 1987)

Δi � xi+1 − xi (76)

wi �
((((((
6Vi

Δi tan θ

√
(77)

hi �
((((((((
3Vi tan θ

8Δi

√
(78)

where Δi is the thickness of the sedimentary unit, xi and xi+1 are
the horizontal transport distances of particles with adjacent
particle sizes, wi is the width of the sedimentary unit, hi is the
height of the sedimentary unit, Vi is the proportion of the volume
of material particles with particle size (dp)i to the total volume of
material, and θ is the accumulation angle, which is determined by
laboratory experiments.

LABORATORY EXPERIMENT OF
HYDRAULIC TRANSPORT

Laboratory experiments on slurry motion and changes in
physical parameters during hydraulic transport were carried
out. Based on the similarity criterion, a consistent relationship
between the experimental parameters and engineering
conditions was ensured, and the evolution law of the
transition layer motion parameters and the change law of
the sedimentary bed physical parameters were explored.
Combined with the experimental measurement results and
model calculation results, the rationality of this model was
verified.

Experimental Device
As shown in Figure 7, in this experiment, a centrifugal pump
injected water into the plexiglass open channel through an
injection pipeline to form a strong water flow. The particles
flowed homogeneously through the sand–water mixing tank at
the injection point, and the flow speed and direction stability were
controlled through the rectifier plate and guide grid group to
simulate the stable flow situation in the process of trough
transportation accurately. An acoustic Doppler velocimeter
was set up in the open channel to monitor the variation in
velocity at different positions during transportation in real time.
The acoustic doppler velocimeter measures the three-
dimensional velocity of X, Y and Z. Y is perpendicular to the
X direction, and X and Y are in the same plane, Z is vertical
upward. The three directions comply with the right-hand rule.
The four “legs” of the flow meter are data acquisition points in
four different directions (x, y, z) at the measurement position to
measure the flow velocity and direction at the corresponding
position, in which the red rectangle represents the x-axis. The
evolution of the sedimentary bed was observed by a high-speed
camera in real time.

FIGURE 7 | Diagram of hydraulic transport simulation device.
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Experimental Parameters
The scale of real hydraulic transportation is large, so it is
impossible to restore the experimental simulation of
transportation process 1:1 in the laboratory. Therefore, the
hydraulic transport simulation experiment must be carried out
through the appropriate similarity criterion. As mentioned above,
in the process of hydraulic transport, whether in the macro
evolution of the geometry of the sedimentary bed and the flow
field in the transition layer, or in the micro collision and parabola
movement of the particle swarm, the gravity is always the key
factor affecting its motion form. Therefore, the Froude number
similarity criterion is selected here. According to the Froude
similarity criterion,

Fr � v2m
gmlm

� v2t
gtlt

(79)

Where vm and vt represent the transport medium velocity
under laboratory simulation conditions and real hydraulic
conveying conditions respectively, m/s, lm and lt represent the
scale size under laboratory experiment and real conditions
respectively, m, gm and gt represent the gravitational
acceleration under laboratory experiment and real conditions
respectively. The parameters of the hydraulic transport
simulation experiment were designed as Table 1.

Description of Experimental Phenomena
Observe the process from particle return to stopping upward
return. At 1 min, there is basically no rock debris return. At
2 min, the particle concentration increases, and then returns
stably. A sharp fan-shaped sedimentary bed is formed at the
bottom of the flume along the ocean current direction. The
deposition positions of particles with different particle sizes
are different, and the geometric shape of the deposition unit
formed by material particles with corresponding particle sizes is
in accordance with Equation 76 (77).

Driven by the water flow, the material particles on the surface of
the sedimentary bed begin to move and invade the transition layer
against the resistance and resistance torque. The amount of invasion
is controlled by Eq. 57. The moving particles climb over the upper
surface of the paved sand layer after parabolic motion (50) (51) and
collision motion (15). The sedimentary bed begins to evolve slowly
as a whole, and the evolution law conforms to Eq. 58.

After 10min of particle upward return process, all transported
particles have entered the water tank. Keep the water velocity

constant, observe themigration and deposition process of particles,
and record the results every 5 min. In order to clearly observe the
range of particle migration and deposition, the top view of the
experimental process is shown in Figure 8.

When the particles stop returning, the sediment is in the shape
of a sharp fan. Under the action of water flow, the tip of the
sedimentary bed slowly disappears, the sand layer is a small sand
dune along the width of the flume, and the sedimentary bed is
accumulated in a horseshoe shape as a whole.

Comparative Analysis of Experimental
Results and Model Calculation
Taking the simulation and experimental parameters listed in Table 1,
the model calculation and experimental results are compared, as
shown in Figure 9, where the color bar represents the height of the
deposition bed. It can be observed that both of them show that the
sedimentary bed presents, in general, a horseshoe-shaped
accumulation, which indicates that the change in the
morphological distribution of the sedimentary bed is affected by
the transport of particles at the leading edge and the accumulation
of particles at the tail, and the morphology evolution is that the
particles in the front position are transported to the middle and rear
positions of the sedimentary bed under the action of the liquid phase.
It can be concluded that the intense parabolic and collisionmotions of
the particles in the transition layer are accompanied by the
synchronous evolution of the morphological distribution of the
sedimentary bed, which ensures the continuity of particle
transportation.

Table 2 presents the comparison between the experimental and
model calculation data, and it can be observed that the maximum
relative error is nomore than 4%, which proves the rationality of the
model. The velocity distribution of the transition layer is shown in
Figure 10, where the continuous curve is the model calculation
result of the velocity distribution in the transition layer, and the
discrete points are the finite velocity points in the transition layer
measured by acoustic Doppler velocimeter. It can be observed that
the invasion of particles changes the original flow field distribution
in the transition layer, and the change range of the velocity profile is
different at different positions, but the influence area is
mainly concentrated between positions A and B, which indicates
that the particle transport is concentrated in this position. The
continuous curve in Figure 10 represents the calculated data of the
model, and the discrete points represent the measured data. It can
be observed that the two have good consistency.

ANALYSIS OF EVOLUTION OF SLURRY
PROPERTYANDMOTIONPARAMETERS IN
HYDRAULIC TRANSPORTATION
The upper limit of the velocity distribution in the transition layer is
determined by the incoming velocity u, and the change in velocity
distribution directly affects the distribution of flow shear force τ in
the transition layer. Thus, the incoming velocity u represents the
power of particle activation to a certain extent. According toEq. 56,
the particles invade the transition layer from the sedimentary bed

TABLE 1 | Parameters of hydraulic transport simulation experiment.

Simulation variables Simulation
parameters

Experimental
parameters

Width of open channel (m) 50 0.5
Flow velocity (m/s) 0.3 0.03
Flow direction Single direction Single direction
Average particle size (mm) 5 0.05
Particle density (g/cm3) 2.7 2.7
Solid concentration of injected
slurry (%)

12 12

Injection rate (m/s) 0.119 0.012
Time (s) 1,200 1,200
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FIGURE 9 | Comparison of experimental and model calculation results of sedimentary bed morphology distribution.

FIGURE 8 | Top view of the experimental process.

TABLE 2 | Comparison of experimental data and model calculation data of sedimentary bed morphology distribution.

Morphological parameters of sedimentary bed Length range/m Width range/m Coverage/m2

Experimental data 34–88 0–20 726.8
Model calculation data 34.5–85.9 0–19.6 700.7
Relative error of this model 2.4% 2.0% 3.6%
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FIGURE 10 | Comparison of experimental and model calculation data of slurry velocity distribution.

FIGURE 11 | Variation of velocity distribution in the transition layer with flow velocity.
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when τl0 > τt, and τt depends on the particle property parameters.
In conclusion, the relationship between the flow motion
parameters and the particle property parameters is the key
factor affecting the particle motion state, which directly leads to
a change in the particle invasion strength, determines the non-
uniformity of fluid mass flow in the transition layer, and affects the
evolution of the distribution of the sedimentary bed. In this section,
based on the model, the characteristics of the evolution of slurry
property andmotion parameters in hydraulic transportation under
different incoming flow velocitiesU and the distribution of particle
size dp are simulated and calculated.

Characteristics of the Evolution of Slurry
Property and Motion Parameters
Evolution of Flow Field and Solid Concentration in the
Transition Layer
Pure water was used as the transport medium, flow velocity u �
0.3 m/s, particle density ρ � 2,751 kg/m3, and the particle size
distribution satisfies the normal distribution dp∼N (5, 0.5), the total
transportation volume is TTV � 75 m (Ihle et al., 2014). As can be

observed, there is a difference in velocity distribution between the
particle swarm and liquid phase during transportation, which tends
to reduce the fluid velocity in the transition layer as a whole. The
weakening range is related to the solid concentration at different
positions on the sedimentary bed surface. The minimum value of
the slurry velocity is obtained at position A in the figure, which
corresponds to themaximumvalue of the solid concentration at this
position. The solid content in the transition layer increases
continuously during transportation, but the concentration
distribution maintains the same change trend with time. This
indicates that the transport of intrusive particles can reach the
stationary state in a short time, and the velocity distribution has the
same change response. The influence of particle motion on the flow
field in the transition layer is limited to position B, which indicates
that the range of particle motion is limited to the B position under
the given flow motion parameters and solid property parameters.

Evolution of Mass Flux in the Transition Layer
According to the mass conservation Eq. 66, the variation in
the mass flow rate in the transition layer depends on the
transportation zQ/zx along the flow direction and the

FIGURE 12 | Variation of sedimentary bed morphology distribution with flow velocity.
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invasion of particles in the sedimentary bed, which are affected by
the flow field distribution in the transition layer. At the same time,
the invasion of solid particles leads to the movement of particles
in the sedimentary bed. Hence, the evolution of mass flux in the
transition layer is a complex process affected by multiple factors.
It can be observed that the areas with severe mass flow changes
are concentrated at the front edge of the sedimentary bed, whose
extent is the most dramatic in the interval of 0–300 s. This is
because the transition layer does not contain particles at the initial
moment. According to Eq. 69, position A has the largest mass
flow gradient, and therefore the mass flow increase rate is the
highest during the initial time interval and reaches the peak value
at t � 300 s. However, at the same time, it can be found that the
particle intrusion reduces the overall velocity distribution at this
location, and the activation efficiency of particles decreases
accordingly. Therefore, at t � 300 s, the highest point of the
mass flow rate gradually shifts to other locations. Position B at the

front edge of the sedimentary bed was a pure liquid phase after
the injection was completed; therefore, the increase rate in solid
phase concentration was the slowest. Therefore, this position
gradually becomes the highest point of mass flow increase rate
and reaches saturation at t � 800 s, which indicates that the
amount of activated particles per unit time at this location is equal
to the outflow along the flow direction, until the thickness of the
sedimentary bed at this location approaches zero.

Influence of Flow Velocity on Slurry
Property and Motion Parameters
Figure 11 shows the evolution of the velocity distribution in the
transition layer under different flow velocities. It can be
observed that with the increase in flow velocity, the
influence of particle invasion on the original velocity field
gradually decreases, which indicates that the flow velocity

FIGURE 13 | Variation of velocity distribution in the transition layer with particle size distribution.
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can reflect the hydraulic energy of the transport medium to a
certain extent. With the increase in flow velocity, the activation
ability of the transition layer with respect to the particles in the
sedimentary bed increases, and the thickness of the
sedimentary bed decreases as a whole, which is consistent
with the trend of the distribution of the sedimentary bed in
Figure 12.

Influence of Particle Size Distribution on
Property and Motion Parameters of Slurry
Figure 13 shows the evolution of the bed morphology
distribution for different particle size distributions. As can
be observed, the bed thickness increases with an increase in
the average particle diameter. However, according to
Figure 14, the velocity distribution of the transition layer
does not respond to the change in particle size, which indicates
that the morphological change of the sedimentary bed is
simply caused by the change in the initial deposition
position caused by the change in particle size distribution,

and the change in particle size distribution has little effect on
the transport of the transport medium.

CONCLUSION

1) Based on the analysis of the stress state of a single particle
and the momentum distribution of the particle swarm, and
considering the randomness and uncertainty of particle
motion during transportation, a layered model of slurry
hydraulic transportation suitable for transportation in
pressure pipelines and open channels is established.
Compared with the laboratory experiment data, the
maximum error of the model calculation is less than 5%,
which proves the rationality of the model calculation.

2) The movement of particles during transportation can be
divided into two stages: parabolic motion and collision
motion, and the momentum distribution of particles in
the two stages converges to a stationary state with
transportation.

FIGURE 14 | Variation of sedimentary bed morphology distribution with particle size distribution.
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3) The transition layer disturbs the stress state of the
particles on the surface of the sedimentary bed, which
leads to secondary transportation of particles. The
particles intruding into the transition layer disturb the
flow field in the transition layer, which causes the
distribution of the deposit bed, and the flow field in
the transition layer evolves gradually with
transportation. The convergence of the particle swarm
momentum ensures a stationary state in the evolution
process.

4) The property and motion characteristics of the slurry during
transportation were simulated and calculated using the
proposed model. With an increase in the incoming flow
velocity, the shape distribution of the sedimentary bed
decreased as a whole, and the extent of disturbance of the
flow field in the transition layer decreased as a whole, whereas
with an increase in the particle size, the shape distribution of
the sedimentary bed showed an overall expansion trend, and
the extent of disturbance of the flow field in the transition
layer remained basically unchanged.
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