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Modelling particulate systems with the Discrete Element Method (DEM) is an
established practice, both in the representation and analysis of natural
phenomena and in scale-up and optimization of industrial processes. Since
the method allows tracking individual particles, each element can possess
geometrical, physical, mechanical or chemical surface properties different
from those of the other particles. One example is a polydisperse particulate
system, i.e., characterized by a size distribution, opposed to the idealized
monodisperse case. In conventional DEM, a softer particle stiffness is
commonly adopted to reduce the computational time. It might happen that
artificially soft particles, when colliding against a wall boundary, exhibit such large,
unrealistic overlap that they “pass through” the wall and exit the domain. In the
case of highly polydisperse systems, this often occurs when fine particles are
pushed against the wall by coarse particles with masses several orders of
magnitude larger. In the manuscript, a novel method is proposed, named
thick wall, to allow the particles in contact with the walls to experience
relatively large overlaps without ending up ejected out the domain. In
particular, a careful way to calculate the particle-wall overlap and force unit
vector can accommodate normal displacements larger than the maximum
usually allowed, i.e., typically the particle radius, thereby preventing particles
from being expelled from the domain. First, critical velocities for which single
particles and pairs of fine/coarse particle escape the domain are analytically
characterized using the linear and the Hertz models. The thick wall concept is
then introduced and its effect on the maximum critical velocity is demonstrated
with both contact models. Finally, application to pharmaceutical powder
composed of carrier (coarse) and active pharmaceutical ingredient (API) (fine)
particles in a shaken capsule prove this to be an example of vulnerability to the
phenomenon of fine particle ejection and to significantly benefit from the thick
wall modification.
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1 Introduction

Particulate material processing often involves dealing with some
degree of polydispersity, e.g., the particle size inherently follows a
distribution, or the process requires particles of different sizes to be
mixed for improved efficiency. Despite the importance of powder
sampling and preparation, sieving and other classification processes
are always imperfect. In binary or multi-solid mixtures small-size
particles arise naturally, which may then exhibit segregation and
final product inhomogeneity. Also, fines may be generated by
abrasion of coarse brittle materials. If the small particles are
sufficiently fine, they are subjected to adhesive forces and are
often found attached to coarser particles, potentially detaching as
a result of collisions with the containing walls or by the shearing
action of a fluid stream. Examples include formation of dust during
bulk solids handling (Schulz et al., 2022; Schulz et al., 2023), the
deaggregation of active pharmaceutical ingredient (API) powder
from coarser carrier particles in dry powder inhalation devices
(Sharma and Setia, 2019; Chaurasiya and Zhao, 2020; Spahn
et al., 2022), the production of active material with a layer of
conducting material (e.g., carbon black) during dry mixing in
battery electrodes manufacturing (Lischka et al., 2024), the use of
solid flow-aids to improve powder flowability or to track powder
mixing (Fulchini et al., 2017; Karde et al., 2023; Khala et al., 2023)
and the improvement of powder bed homogeneity in additive
manufacturing of ceramic materials by using bimodal particle
size distribution (Sofia et al., 2018; Schmidt and Peukert, 2022).

The Discrete Element Method (DEM), also in combination with
computational fluid dynamics (CFD-DEM), is commonly utilized to
model the behavior of granular materials, due to its versatility in
dealing with very different flow regimes, packing density and
dispersion of particle properties (Golshan et al., 2020; Kieckhefen
et al., 2020). DEM has been successfully used to study the
segregation of particles differing in size and density in fluidized
beds (Di Renzo et al., 2011; Peng et al., 2016), the mixing of
electrically charged API and carrier particles for inhalation in a
vibrating container (Yang et al., 2015), the mixing of binary particle
beds in a rotating drum (Huang and Nakagawa, 2023), the size
segregation during powder spreading for additive manufacturing
using laser powder bed fusion (Shaheen et al., 2021), the detachment
of API from carrier particles in dry powder inhalers (Cui and
Sommerfeld, 2015; Tong et al., 2017; Ariane et al., 2018; Alfano
et al., 2021a; Alfano et al., 2022a; Alfano et al., 2022b).

Particles trajectories are solved for each solid element, including
during interparticle contacts and impacts with walls, by considering
the compression and rebounding stages. Indeed, contact forces are
generally modelled using the soft-sphere model, which assumes the
particles to keep their spherical shape and bases the force
computation upon the calculation of the particle overlap. Linear
spring-dashpot or Hertzian-type spring with some dissipation
mechanisms is adopted in the direction normal to the contact
plane, with similar mechanical models plus surface sliding in the
tangential direction (Zhu and Yu, 2006; Zhu et al., 2007). In a
collision, the material parameters like the normal spring stiffness or
(Young’s) modulus of elasticity primarily determine the particle
maximum deformation and the contact duration, the latter being
responsible also for the maximum integration time-step (Kruggel-
Emden et al., 2010). The realistic interparticle or particle-wall

contact time is orders of magnitude smaller than the typical
characteristic processing times. So, very commonly, softer than
realistic stiffness constants are set, even two or more orders of
magnitude smaller. Systematic ways to reduce the stiffness have been
proposed to minimize its influence on the intended simulated
quantities (Hærvig et al., 2017; Washino et al., 2018; Washino
et al., 2024; He et al., 2021). For cohesionless particles, the
differences in the contact dynamics does not affect, if not
marginally, the kinematics (Thornton et al., 2011), so for
moderate to granular flows with little inertial effects the
evolution of the particles trajectories is unaffected (see e.g., in
Kuo et al., 2002; Grima and Wypych, 2011). For cohesive
particles, special treatments have been proposed, such as in
(Washino et al., 2018; Washino et al., 2024). On the other hand,
the larger integration time-step and reduced simulation time greatly
benefit the feasibility of the intended DEM study. In addition to
particle stiffness, the number of particles is another parameter
significantly affecting the computational time required in DEM
simulations. Depending on the algorithm used, the computational
time may have a quadratic (worst case) or quasi-linear (best-case)
dependence on the number of particles. Strongly polydisperse
systems are often characterized by a high number of fine
particles, thus significantly impacting computation times.

Given the particle properties, a reduced material stiffness can be
computed that allows for the quickest simulations of the particle
flow without incurring in excessive particle overlap. The maximum
overlap depends on the impact velocity, so conditions may arise
leading to localized high overlaps. In monodisperse particle systems,
the critical velocity leading to overlaps comparable to the particle
radius are very rarely encountered. However, simulations of
polydisperse systems are much more vulnerable in this regard. It
will be shown in the following subsections that in the case of particle
of significantly different sizes, the expected interparticle or particle-
wall overlap becomes overly exaggerated at much lower impact
velocities, up to the point that particles can cross the wall boundaries
and leave the geometric domain. An obvious solution would be to
use a larger value of the material stiffness, so that the maximum
overlap decreases to acceptable values. The required increase can be
rather significant, with the consequence that the contact duration
decreases correspondingly, and the required smaller time-step leads
to much higher simulation times.

The objective of this work is to characterize the conditions of size
difference, material properties and operating conditions leading to
the above-referenced unrealistic overlap and to propose and test a
robust calculation method to overcome such limits, without
sacrificing the advantageous increased time-step. The first part,
characterization of the conditions for unrealistic overlaps, will
help understand and predict what particulate systems (e.g., highly
polydisperse, or cohesive fine-on-coarse particle systems) may
exhibit vulnerability to the phenomenon. So, the conditions
leading to the unfavorable phenomenon are discussed and
characterized first analytically for mono- and poly-disperse
systems, in terms of critical impact velocity (the maximum
velocity before particle crossing the wall occurs) as a function of
size difference and material properties. Then, a modified and more
robust calculation of the overlap is proposed, which aims to prevent
particles from crossing the boundaries even when high overlaps are
expected, yet without requiring changes in the integration time-step.
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Such a solution would prevent the onset of fine particles ejection out
of the system, at essentially no additional computational cost.
Expected limitations of the solution are discussed. Finally, an
application of the DEM-CFD model to the flow of a fine-coarse
pharmaceutical mixture in a capsule is presented and discussed,
comparing the results of the conventional method with those of the
proposed method.

2 DEM model of contacts with walls

We start by recalling the basic elements of the contact model in
DEM simulations. The collision of two perfectly spherical particles
and of one particle with a flat wall are considered for simplicity,
although the subsequent treatment is amenable to other particle or
wall shapes without significant changes. Also, for the sake of
simplicity, only normal elastic contact will be considered in the

mathematical derivation. This will include both linear spring and
Hertzian contact models. For an analytical treatment of the elastic-
dissipative contacts the interested reader is referred to Antypov and
Elliott (2011).

In soft-sphere DEM simulations, the particles are modelled in
their motion as rigid (i.e., non-deformable) spheres and walls as rigid
flat surfaces. When the distance of the particle center from the wall is
less than the particle radius, a contact is identified. The spherical shape
is also used to compute the particle deformation during the collision,
measuring it as the particle to surface or inter-particle overlap
(Figure 1). According to the displacement-driven formulation, at
each time instant, the elastic repulsive force is computed from the
overlap, by means of geometrical and stiffness material parameters,
followed by integration of Newton’s second law of dynamics for the
new velocity and new position, ready for the next time integration.
Such scheme allows tracking the instantaneous particle positions,
deformation (overlap), velocity and forces during the collisions.

FIGURE 1
Particle in contact with a wall (A) or with another particle (B); comparison between actually deformed contacting shapes and DEM-modelled
undeformed representation, showing the overlap concept.

FIGURE 2
Collisions giving rise to very high modelled overlap, showing the wall contact force with a red arrow and the overlap with a blue line. (A) high-speed
impact of a single particle against a wall shownwith actual deformation (left) and undeformed DEMmodel (right); (B)wall impact of two particles with the
coarse one (2) strongly pushing, through its inertia, the fine one (1) towards the wall. Under certain high-loading conditions (as depicted for the
undeformed two spheres), the calculated overlap “reverses” (see accompanying text) and the wall force is directed towards the wall rather than
against it. Deformations are exaggerated for illustration purposes.
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As anticipated, we are concerned with the possibility that
particles undergo excessive overlaps, with the somewhat
unexpected result that they may definitely cross the wall
boundaries. As will be shown for the particles with different
sizes, this phenomenon has severe consequences, much more
often in the case of particle-wall collisions (Figure 2) than in
particle-particle collisions. There are two reasons for that: 1) the
inter-particle contact overlap must reach the sum of the two radii
(R1 + R2) in order for the particles to cross each other and, nomatter
what the force value becomes, 2) the particles remain inside the
domain. On the other hand, for particle-wall contacts, the particle to
wall critical overlap is the particle radius (R) and, once it is
overcome, the particle undergoes a reversed overlap, getting
repulsed in the other direction, i.e., further across the wall (see
the blue overlap and the wall force as red arrows in Figure 2), until
escaping the simulation domain and then becoming unrecoverable.
In the classical algorithm, this is essentially due to the calculation
formula for the overlap and the reversal of the normal unit vector
pointing from the particle center to the wall surface, whose versus
change as soon as the particle center moves beyond the wall surface.

In a typical implementation with the linear spring model, the
elastic force is expressed by F � −kδen, in which k is the normal
spring stiffness constant, δ is the overlap and the unit vector is
en � d

|d|, where d is the distance vector pointing from the particle
center to the closest point on the wall surface. The overlap is
calculated, along the normal vector connecting the particle center
and the wall closest point, by δ � R − |d| and R is the particle
radius (Figure 3).

For the purpose of this study, contact conditions can be
distinguished in two cases: common, low-overlap contacts, in
which the deformation is relatively low; the distance vector
points toward the wall, the overlap represents the actual total
deformation, and the resulting force is wall repulsive (Figure 3A);
very high deformation case, in which the particle center overcomes
the wall surface; the overlap does not represent the total deformation

and the distance vector points towards the internal domain, with the
consequence that the force is wall attractive (Figure 3B). The second
case is equivalent to a reversed wall contact (Figure 3C): the unit
vector changes direction, and so does the force, and the overlap
corresponds to the deformation of a wall on the other side of the
domain; since the process diverges the particle will end up ejected.

Therefore, the focus of what follows will be on particle-wall
contacts and the relevant critical conditions. Conditions leading to
the critical point where the undeformed overlap reaches the particle
radius are analytically derived for the case of a single particle
impacting a flat wall and for a coarse/fine two-particle system
impacting a flat wall (Figure 2). Both cases are investigated
assuming a linear spring model and the Hertzian contact theory.

2.1 Single particle contact: linear
spring model

Key results for the current analysis are the evolution of the particle
overlap and the collision duration, which will be discussed below for
the different cases. As anticipated, the focus will be on the purely
elastic force in the wall normal direction, neglecting the effects of other
contact forces (e.g., plastic or viscoelastic components). Gravity force
is neglected as well, since it is several orders of magnitude smaller than
contact forces for the particle sizes considered in this study.

Assuming that a particle approaches the wall with an initial
velocity v0 and the analysis starts from the moment when it touches
the wall (δ0 � 0), the following linear ODE governs the dynamics for
all the contact duration:

d2δ

dt2
+ ω2δ � 0 (1)

in which ω � ����
k/m

√
is the oscillation pulsation, and m � ρ 4

3 πR
3 is

the particle mass and ρ its density. As discussed in more detail in Di
Maio and Di Renzo (2004), the solution is

FIGURE 3
Schematic representation of the variables involved in the calculation of thewall normal force (see accompanying text for the variables’ definition and
role in the contact model formulas). (A) Common low overlap conditions; (B) very high deformation case, with wrong calculation of the overlap and unit
vector; (C) reversed wall contact conditions equivalent to scheme (B).
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δ t( ) � v0
ω
sin ωt( ) (2)

and the collision duration is τ � π/ω. Since the contact is a perfect
sinusoidal oscillation, the maximum overlap occurs at half of the
oscillation duration, i.e.,

δmax � v0
ω

(3)

Before proceeding further, it is useful to adopt a dimensionless
formulation, so that general relationships will be more easily
identified. The following variable changes are set:

δ* � δ

R
; t* � t

τ
(4)

The ODE can be re-expressed in the following terms:

d2δ*
dt*2

+ π2δ* � 0 (5)

and the initial conditions are δ0* � 0 and dδ*
dt* � π v0

Rω.
A characteristic dimensionless number can be defined, which is

named here “impact number” In:

In � v0
Rω

(6)

The dimensionless solution of Eq. 5 is

δ* t*( ) � In sin πt*( ) (7)
and δ *

max � In.

2.1.1 Linear model—critical impact conditions
The critical condition for our analysis is attained when the

overlap reaches the particle radius, i.e., the critical, maximum
overlap allowed before particle crossing the wall occurs, using the
conventional calculation method described above. At that stage, the
normal vector pointing from the particle center to the wall closest
point reverses direction, and the overlap starts becoming computed
in the opposite direction (Figure 3). As a result of this change, the
repulsive force becomes directed in the opposite direction and the
particle is accelerated towards the other side of the wall, i.e., it gets
ejected out of the domain. It is noteworthy that no reduction in the
time-step or change in the integration algorithm can solve this
specific issue, as it is inherent in the approximation of undeformed
bodies (spherical particles and flat walls), and unrelated to numerical
accuracy of the integration scheme. Only using stiffer materials can
mitigate the occurrence of particle ejection, but it comes at the cost
of longer simulation times.

Analytically, this critical condition is easy to determine, by
simply setting δmax � R or δ *

max � 1. The combination of
parameters leading to the critical condition is expressed by

Inc � v0c
Rω

� 1 (8)

The critical impact velocity v0c can be derived from Eq. 8 and
expressed as a function of the geometrical, physical and mechanical
properties of the particles:

v0c,L � Rω � R

��
k

m

√
�

�����
3
4

k

πρR

√
(9)

where the subscript L denotes the linear model.
Given the particle and wall properties, Eq. 9 allows determining

the maximum impact velocity that a wall can withstand without
letting the particle trespass it. Note that the purely elastic collision is
the most extreme case since there is the minimum critical normal
impact velocity and the maximum overlap. By introducing the
contributions of dissipative forces, the maximum overlap
decreases and the critical velocity increases.

Values for the critical impact velocity are shown in Figure 4 as a
function of different combinations of typical values of the relevant
properties (radius, density, stiffness). A higher rigidity, with a larger
stiffness constant value, leads to a higher critical velocity, with a
slope 0.5 on the log-log plot (Figures 4A,B). The values for a light
small particle, for example, R � 5 μm and ρ � 800 kg/m3, lays well
above 100 m/s even for the smallest value of the stiffness constant
(k � 500N/m). Heavier particles, for example, with density typical
of metals (ρ> 7000 kg/m3) show a critical velocity above 100 m/s for
stiffness constant k> 2000N/m. For particles of 1 mm of diameter
(R � 500 μm) the possibility to pass through the wall is observed at
velocities ranging from below 10 m/s for heavy particles and spring
stiffness lower than 2000 N/m, to above 100 m/s for lighter particles
with a spring stiffness higher than 20,000 N/m (Figure 4B). The
analysis in terms of the particle radius shows a decrease of the critical
velocity with a slope −0.5 on the log-log plot. With a spring stiffness
k � 1000N/m, the critical velocities are in the range 10–200 m/s
(Figure 4C). By increasing the spring stiffness to 10,000 N/m the
critical velocity increases to v0c > 100m/s for the heaviest particle
considered with radius R< 30 μm or with radius up to 100 μm,
provided the density is similar to that of glass (ρ ≈ 2500 kg/m3) or
lower (Figure 4D).

It is interesting to derive the relations for the critical impact
velocity if the elastic stiffness is related to the real material
properties, like the Young’s modulus of elasticity E. This
parameter appears in the Hertz theory of the elastic contact
between a spherical particle and a wall, which shows a non-linear
dependence of the elastic repulsive force on the macroscopic
displacement (i.e., the overlap). Considering the expression of the
force as a function of the overlap in Hertz’s theory (see Eq. 12
below), an equivalently linear spring stiffness is kLH � 4

3E
��
R

√ �
δ

√
. If a

reference value for the overlap equal to the particle radius—relevant
to the very high deformation cases considered here—is adopted, a
relation between the spring stiffness kLH and the Young’s modulus is
obtained as

kLH � 4
3
ER (10)

This can be substituted into Eq. 9 to give the following variant of
the critical impact velocity expression

v0c,L �
���
E

πρ

√
(11)

The interesting result is that the critical velocity becomes
independent of the particle radius and changes only with the
material modulus of elasticity and the particle density. As a
curiosity, it is worth noting that vs �

���
E/ρ

√
is the velocity of one-

dimensional compressive waves in the solid, so the critical velocity
happens to be related to this physically well-defined material
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parameter by a proportionality factor 1/
��
π

√
. The specific factor

depends on the particular choice of the reference overlap adopted
in deriving Eq. 10. However, the independence of the radius is
obtained irrespective of this choice.

2.2 Single particle contact: Hertz model

The full consideration of mechanical normal stress-strain
relation during a contact of homogeneous sphere with a flat wall
was derived by Hertz and later extended to contacts between
particles of different sizes and properties (Johnson, 1987). The
well-known macroscopic elastic force-displacement relationship is

F � 4
3
E

��
R

√
δ

3
2 (12)

The corresponding ODE governing the transient motion
becomes non-linear

d2δ

dt2
+ E

ρπR5/2
δ

3
2 � 0 (13)

and cannot be easily solved analytically even for the purely elastic case.
A few results are available (see e.g., Maw et al., 1976), such as the
collision duration and the maximum displacement, which are sufficient
for our purpose. In particular, the maximum displacement is

δmax � 15
16

m��
R

√
E
v20( )2

5

(14)

By expressing the particle mass as function of the density and
size, the maximum dimensionless overlap is easily obtained as

δ *
max � δmax

R
� 5

4
π
ρ

E
v20( )2

5

(15)

Interestingly, inside the parenthesis in Eq. 15, the square of the
impact velocity v0 is multiplied by a factor in which the square of the

FIGURE 4
Critical velocity as a function of the elastic spring stiffness and particle density for radius R � 5μm (A) and R � 500μm (B) and as a function of the
particle radius and density for spring stiffness k � 1000N/m (C) and k � 10000N/m (D).
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critical velocity using the linear model and the stiffness defined in
terms of the Young’s modulus v0c,L � ����

E/πρ
√

(Eq. 11) appears.

2.2.1 Hertz model—critical impact conditions
Following the results of the Hertz theory of elastic contact

applied to a collision, the critical condition, i.e., δ *
max � 1, can be

found from Eq. 15 as

v0c,H �
����
4
5

E

πρ

√
(16)

where the subscript H denotes the Hertz model.
It is worth noting that the critical velocity is independent of the

particle radius, but changes only with the material density and
Young’s modulus.

Figure 5 shows the plots of the critical velocity according to the
Hertz theory as a function of typical values of the Young’s modulus
for a range of density values. Values above 200 m/s are easily
obtained provided that the Young’s modulus is higher than
1 GPa, as typical of many solid materials. For stiffer systems, like
steel (E ≈ 200GPa), the critical velocity is well above 2000 m/s. On
the other extreme, even for very deformable solids, for example, with
E � 0.01GPa, the critical velocity is always of the orders of tens of
meters per second. All such velocity values can be considered rather
high, such that impacts at velocities approaching the critical values
can only be observed, if any, in fast flows.

Also, it turns out slightly different from the value obtained with
the linear model, even when the linear spring stiffness was related to
the Young’s modulus (Eq. 10). In particular, the ratio of the critical
velocities obtained with the two models is v0c,H

v0c,L
�

�
4
5

√
≈ 0.89.

3 DEM model of fine-coarse
particle collision

In Section 2, the critical velocity leading to the particle center
passing through the wall was calculated using the linear and the

Hertz model. It is observed that the resulting velocities are generally
high. In the present Section, cases in which relatively fine particles
are pushed towards the wall by relatively coarser particles and the
corresponding critical velocities are investigated. Like above, the
analysis will be conducted separately using the linear model and the
Hertz theory. The reference configuration is as depicted in
Figure 2B, in which the particle close to the wall is denoted by
1 and the other one pushing it is denoted by 2.

3.1 Fine-coarse contact: linear spring model

For simplicity, it will be assumed that the two particles 1 (fine) and
2 (coarse) move integral with one another, as if they are kept together
by a strong adhesive force. The analysis will be substantially valid also
for the case in which the particle 1 moves parallel to the wall (e.g.,
rolling on it) and the particle 2 hits it perpendicularly, pushing it
against the wall. The two particles will be assumed to have the same
density, as the generalization to the case of different densities is trivial.

Under these assumptions, the inertia of both particles is to be
repulsed by the containing walls, while the maximum allowed
penetration equals the radius of particle 1, if such particle is to
remain inside the boundary. The equation governing the motion of
the colliding body is the same as in Section 2.1, but with different
parameters. The oscillation pulsation becomes ω12 ������������
k1/(m1 +m2)

√
, which for similar density solids leads

to ω12 �
�����������������
k1/(43 πρ1(R3

1 + R3
2))

√
The collision duration is τ12 � π/ω12. The maximum allowed

overlap is R1. So, the dimensionless variable will be considered
as follows

δ* � δ

R1
; t* � t

τ12
(17)

The dimensionless impact number is

In12 � v0 12
R1ω12

(18)

and, as before, the solution for the highest value of the dimensionless
displacement is δ12, max

* � In12.

3.1.1 Linear model—critical impact conditions
The critical condition for a fine-coarse contact is achieved when

the highest overlap reaches the radius of particle 1, i.e., when the
dimensionless overlap is In12 � 1. Similar to the case of a single
particle, the critical velocity can be computed by

In12c � v0c12
R1ω12

� 1 (19)

yielding

v0c12,L � R1

�������������
3
4

k1
πρ1 R3

1 + R3
2( )

√
�

�������������
3
4

k1
πρ1R1 1 + q3( )

√
(20)

in which the particle size ratio q � R2/R1 has been introduced. The
expression in Eq. 20 allows examining the critical velocity for any
combination of the four parameters, k1, R1, ρ1 and q.

It is interesting to compare the critical velocity value for the fine-
coarse contact with that of a single particle contact, as their ratio
depends only on the particle size ratio

FIGURE 5
Critical velocity according to the Hertz contact model as a
function of the Young’s modulus of elasticity and particle density.
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v0c12,L
v0c,L

� 1�����
1 + q3

√ (21)

Figure 6 shows the plot of the critical velocity ratio of the fine-
coarse contact over single particle contact as a function of the
particle size ratio q, where 1 denotes the particle touching the
wall and 2 the particle pushing the other one. It is observed that
for low particle size ratio, the ratio of velocities is essentially unity.
Only when q approaches 1 does the velocity for the two-(equal-)size
critical velocity become noticeably smaller than the single particle
case. This is obvious, as the sum of masses of two equal particles
leads to a different inertial behavior of the contact bodies. Indeed, for
q< 1 the pushing particle is smaller than the particle in contact and
the critical velocity of the latter is essentially unaffected by the (less
massive) pushing one. For coarser pushing particles (q> 1), the
decrease in critical velocity is much more evident. As the size ratio
increases, the ratio of critical velocity follows a—3/2 sloped asymptote.
This means that at a size ratio q � 5 the critical velocity decreases by
about one order ofmagnitude with respect to the single particle case. If
the size ratio is 10, the critical velocity drops down to 3% of the value
without the pushing particle and for q � 20 it drops by about two
orders of magnitude.

In some of the applications discussed in Section 1, the particle
size ratio can reach up to 50, which corresponds to a decrease of the
critical velocity to less than 0.3% of the single particle critical value,
or even more.

Similar to the case for a single particle, let us use the definition of
the contact stiffness in terms of the Young’s modulus (Eq. 10). The
corresponding variant of the critical impact velocity is

v0c12,LH �
����������

E1

πρ1 1 + q3( )
√

(22)

which yields the same decrease of the critical velocity ratio as that
plotted in Figure 6. As noted earlier, the result in terms of the
mechanical parameter E1 is independent of the absolute particle radius.

3.2 Fine-coarse contact: Hertz model

The same approach used in the linear model is adopted here, by
substituting the mass of the single particle with the total mass,
m1 +m2, and the maximum overlap as the radius of the particle 1.

The analytical expression of the maximum overlap is

δ12, max � 15
16

m1 +m2��
R1

√
E1

v20( )2
5

(23)

The dimensionless form of such overlap can be expresses as

δ12, max
* � δ12, max

R1
� 5

4
πρ1
E1

1 + q3( )v20[ ]2
5

(24)

3.2.1 Hertz model: critical impact conditions
The critical velocity at which the overlap reaches the radius of

the particle contacting the wall (1) as a function of the relevant
variables is obtained by setting δ12, max

* � 1, yielding

v0c12,H �
�����������
4
5

E1

πρ1 1 + q3( )
√

(25)

By comparing the obtained value with that of a single particle,
one obtains

v0c12,H
v0c,H

� 1�����
1 + q3

√ (26)

exactly like in the linear model case. This indicates that a decrease in
the critical velocity by one or two orders of magnitude for size ratio
q � 5 or 20, respectively, is observed irrespective of the model
considered.

4 A thick wall concept for particle-
wall contacts

Under the conditions discussing above for the fine-coarse
contact, the probability for the finer particles to be pushed out of
the domain by the coarse particles is rather high, even in flows at
moderate velocities. This evidently leads to reconsider the
importance of a robust treatment of the wall contacts, if the
objective is to avoid the risk of having fine particles ejected by
coarse particles.

4.1 Robust solution of the normal contact

A simple modification of the overlap calculation is proposed, by
conceptually adding a sort of solid “thickness” to the wall. In Section
2, we briefly discussed the conventional implementation of the
particle-wall normal contact force. The key steps are the
expression of the wall force exerted on the particle as a function
of the overlap and the unit vector and the calculation of these last
two variables. They are discussed here in relation to Figure 7 where a
high-deformation contact is schematically shown with the variables
involved in the conventional calculation of the force (Figure 7A) and

FIGURE 6
Critical impact velocity ratio (fine-coarse case over single particle
contact), calculated according to the linear contact model as a
function of the particle size ratio.

Frontiers in Chemical Engineering frontiersin.org08

Alfano et al. 10.3389/fceng.2024.1362466

https://www.frontiersin.org/journals/chemical-engineering
https://www.frontiersin.org
https://doi.org/10.3389/fceng.2024.1362466


in the calculation proposed according to the thick wall
concept (Figure 7B).

The wall normal force is expressed by

F � −kδen (27)
The (scalar) overlap and the unit vector for the direction are

computed, respectively, by

δ � R− | d| (28)
en � d

d| | (29)

in which d represents the distance vector pointing from the particle
center to the closest point on the wall surface.

As introduced in Section 2.1, when the particle center (with its
undeformed spherical shape) goes beyond the wall surface, the
distance vector d changes direction with respect to the wall and
so does the unit vector en defining the force direction. In addition,
the value of the overlap computed by Eq. 28 is smaller than the actual
deformation, which should be bigger rather than smaller than the
radius R (see Figure 7B). Therefore, we propose to modify the two
calculations as follows:

δ � R + sign d · n( ) | d∣∣∣∣ (30)

en � −sign d · n( ) d
d| | (31)

In which the sign function outputs +1 or −1 depending on the
sign of the scalar product between the distance vector and the
surface normal vector n (see Figure 7B). Note that the surface
normal is assumed to point toward the internal domain,
otherwise the sign before the sign function must be the opposite
in both formulas.

The above simple modification allows a far more robust
consideration of the particle wall contact under extreme
deformation cases. The particles can go with their center beyond
the wall surface or even completely beyond it, without causing
unexpected consequences. The increased overlap will determine a
higher repulsive force, eventually safeguarding the presence of the
particle inside the domain.

The robust calculation of the overlap discussed above shows no
particular limit, e.g., a maximum deformation. The details in the
implementation of DEM computational models can introduce
limitations associated with the wall contact detection algorithm.
Indeed, all codes implement some sort of distance cut-off to detect
contacts, which means that if the particle is pressed against the wall
so that its center is too far (inside) from the surface, then the contact
with the wall will no longer be identified and considered active. This
is expected to be a very extreme case, unlikely even for coarse
particles pushing fine ones with significant particle size difference.

4.2 Critical velocity corresponding to higher
maximum overlap

A simple way to investigate how the critical velocity changes in
an expanded overlap range is to adapt the previous calculation by
expressing it as a function of the maximum dimensionless overlap.

Using the linear model, the more general definition of the critical
velocity becomes

v0c,L � δ *
max

�����
3
4

k

πρR

√
(32)

yielding a linear dependence on the value of δ *
max . For the case of

fine-on-coarse spheres in contact, the more general result is

FIGURE 7
Schematic representation of the high deformation particle-wall contact with the particle center beyond the wall boundary. (A) Conventional
calculation of the overlap and the unit vector—see Eqs. 28, 29—for the contact force, which leads to a force directed towards the wall (the particle will be
pushed out of the internal domain, across the wall); (B) robust calculation of the overlap and the unit vector according to the thick wall concept; the
particle experiences a high overlap, corresponding to the very high deformation and the force direction is correctly pointing towards the internal
domain (the particle will eventually rebound inside the domain).
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v0c12,L � δ *
max

�������������
3
4

k1
πρ1R1 1 + q3( )

√
(33)

With the Hertz theory approach, the two results are slightly
different, i.e.,

v0c,H � δ *
max

5
4

����
4
5

E

πρ

√
(34)

and

v0c12,H � δ *
max

5
4

�����������
4
5

E1

πρ1 1 + q3( )
√

(35)

yielding a superlinear dependence of the critical velocity on the
maximum dimensionless overlap.

As one example, with a maximum dimensionless overlap
δ *
max � 2, i.e., assuming that the maximum overlap can extend

up to one particle diameter, with the linear model, the critical
velocity would turn out doubled with respect to the conventional
case. With the Hertz model, the increase in maximum impact
velocity before particle ejection would reach a value nearly
2.4 times higher than the original one.

The advantage of the proposed formulation is that the higher
possible impact velocity is achieved without the need to use stiffer
solids, which would cause the necessary integration time step to
decrease and the total computational burden for the same
simulation time to increase correspondingly.

4.3 Discussion of known limitations

At the end of Section 4.1 potential causes for overlap limits have
been identified, mainly associated with the contact detection
algorithm. Here, other limitations associated with geometrical
considerations are briefly discussed.

The proposed solution is expected to work for truly thick walls.
If thin walls are considered, the approach may introduce artificial
and possibly unwanted thickness. It is the case of walls separating

two regions of the system both populated with particles (Figure 8A).
For example, the vortex finder in cyclones separates an internal
region for the gas outflow and an annular region where the gas-solid
mixture enters tangentially, so special care must be exercised.

Other similar problematic cases include walls with wedges,
pointed tips or other types of very sharp edges, where the
thickness may act as corner smoothing or generate artifacts,
possibly changing the particle behavior in the close proximity of
these regions (see Figure 8B). The extent of the issue depends
directly on the “depth” of the thick wall, i.e., on the maximum
overlap allowed for particles going beyond the wall surfaces. In both
cases shown in Figure 8, the forces shown, represented by red
arrows, show that the particles are attracted to the closest wall
surface (actually being repelled by the wall surface on the opposite
side). So, because of the combined action of the two thick boundaries
inside the real wall, the particles will likely end up trapped inside the
wall at an equilibrium surface halfway between the two wall surfaces.

Another limitation is associated with the validity of the
mechanical relations under such large overlaps. Hertz theory for
the contact of an elastic sphere with a flat wall is valid in the limit of
small deformations, a condition that evidently cannot be enforced
here, where deformations are very significant. Unfortunately, it is far
from easy to estimate the error introduced by extrapolating outside
the original validity of the theory. On the other hand, considering
the other assumptions commonly accepted in DEM simulations,
such as perfect sphericity of the particles, highly softened elastic
moduli, ideally smooth surfaces, homogeneous materials and so on,
we speculate that in general the proposed thick wall concept remains
within the same limits of acceptability, without further deteriorating
the overall level of approximation.

5 DEM application to pharmaceutical
particle motion in capsule

To demonstrate the usefulness of the thick wall concept, we
show an application in transient modelling of the motion of carrier
and active pharmaceutical ingredient (API) particles of

FIGURE 8
Problematic cases for application of the thick wall concept when actual solid walls are thin. Forces shown as red arrows and overlap as blue
segments. (A) Thin laminar wall separating two regions populated with particles, for which the wall thickness generates fictitious wall effects outside the
actual thickness of the wall. (B) Sharp wedge-shaped wall, in which fictitious wall regions appear that exert action on the surrounding particles.
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pharmaceutical interest in an inhaler capsule during a simulated
inhalation cycle. The computational model and simulation
conditions details are available in (Alfano et al., 2022c; Alfano
et al., 2023) and a brief summary is reported below.

5.1 Computational model and tool

As anticipated earlier, the Discrete Element Method (DEM) is
used to simulate the particle-particle-structure system inside a
rotating and vibrating capsule, representing the characteristic
evolution during an inhalation process. Each particle is tracked
by solving Newton’s equations of motion for the translational and
rotational components:

mi
d �vi
dt

� ∑N
j�1

�Fcont,ij + �Fg,i +∑Nf

k�1
�Ffict,ik (36)

Ii
d �ωpi

dt
� ∑N

j�1
�Tcont,ij + �Tr (37)

in which mi, vi, Ii and ωpi are the i-th particle mass, velocity,
moment of inertia and angular velocity, respectively. In Eq. 36,

the summation of external actions includes contact forces,∑N
j�1

�Fcont,ij

and gravity, �Fg,i. In addition, to account for the capsule motion in
the frame of reference of the capsule, fictitious forces arise including

centrifugal, Euler and Coriolis forces, indicated by ∑Nf

k�1
�Ffict,i. In Eq.

37, the torques considered for the rotational motion are contact

torque (∑N
j�1

�Tcont,ij) and rolling resistance ( �Tr), calculated according

to the Constant Directional Torque model, CDT (Ai et al., 2011):

�Tr � −μrReq F
n( )

cont,ij

∣∣∣∣∣ ∣∣∣∣∣ �ωpi − �ωpj

�ωpi − �ωpj

∣∣∣∣ ∣∣∣∣ (38)

where μr is the rolling friction coefficient, Req is the equivalent
radius, |F(n)

cont,ij| is the magnitude of the normal contact force, �ωpi and
�ωpj are the angular velocities of the two contacting objects i and j.

In the contact forces, the Hertzian elastic component is
complemented by an adhesion/cohesion model, named the
Johnson-Kendall-Roberts (JKR) model (Johnson et al., 1971),
including attractive forces for negative overlap. The model
equations read:

Fel,JKR � 4
�����
πγEeq

√
a

3
2 − 4

3

Eeq

Req
a3 (39)

δn � a2

Req
−

�����
4πγa
Eeq

√
(40)

where a is the radius of the contact area, Eeq the equivalent Young
modulus, δn the normal overlap, and γ the cohesion surface energy.

In addition to the elastic and cohesive forces, a viscous/damping
force contribution is considered to account for a constant coefficient
of restitution. The total normal contact force is the sum of the JKR
contribution and the viscous damping term:

F n( )
cont,ij

∣∣∣∣∣ ∣∣∣∣∣ � Fel + ηnδn
1
4
vn (41)

where ηn is the damping coefficient and vn is the normal component
of the impact velocity. The tangential contact force is also taken into
account according to a modified Mindlin-Deresiewicz no-slip
solution, as reported by (Di Renzo and Di Maio, 2005).

As for the fictitious forces generated by the moving (i.e., non-
inertial) frame of reference, two features have been implemented: 1),
the gravity vector was made to rotate according to the angular
velocity assumed for the capsule and 2) formulations for three force
contributions, named the centrifugal force, Euler force (related to
angular acceleration), and Coriolis force. The reader is referred to
our previous work (Alfano et al., 2022c) for the details of the
corresponding expressions.

TheDEM implementation available in theMFiX code, version 18.1.5
(Garg et al., 2012), as modified by our group as detailed in Alfano et al.
(2021b); Alfano et al. (2022c); Alfano et al. (2023), is adopted. The
original open-source MFiX-DEM code has been extended to include the
CDT rolling friction model, the JKR elastic-cohesive model including
attractive forces also for negative overlaps upon detachment, all the
fictitious forces discussed above and the implementation of the proposed
thick wall concept, by means of Eqs. 30, 31.

5.2 Simulated capsule motion

Two DEM simulations were conducted, with and without the
thick wall effect (wit critical overlap set to δ *

max � 2), each lasting
10 ms, considering the capsule of a Dry Powder Inhaler (DPI). The
capsule is depicted in Figure 9 with its sizes and its resting position in
a DPI. It represents the same system studied in our previous works
(Alfano et al., 2022c; Alfano et al., 2023). The capsule rotates with a
constant angular acceleration of 887 rad/s2, starting from rest. At the
end of the simulation (10 ms), the capsule rotates with an angular
velocity of approximately 5,000 rpm. Additionally, the capsule
undergoes oscillatory motion parallel to the capsule axis, with a
frequency of 30 Hz and an amplitude of 0.8 mm.

Within the capsule, 1 mg of a typical DPI formulation is present,
composed by the carrier-API pair lactose-salbutamol. The powder
configuration is illustrated in Figure 10. Salbutamol API particles
adhere to a much larger carrier particle (lactose) to enhance the
flowability properties of the formulation. The weight fraction of the
active ingredient is approximately 1%. The active ingredient has a
diameter of 5 μm (as required to reach the patient’s lower airways
when inhaled), while the carrier has a diameter of 100 μm. The
mechanical and physical properties of the particles are detailed in
Table 1. This simulation is particularly challenging due to the large
size ratio between the two solid phases, i.e. 20 to 1. Additionally, the
very small diameter of the API particles forces the use of a very small
time-step in the DEM simulation, of the order of nanoseconds. The
collision duration for fine particles is, in fact, 82 ns. The DEM time-
step is set to 1/10 of the collision time.

Without the implementation of special treatments for the wall
contacts, at various points during the simulation, some API particles
end up ejected from the capsule walls. This is shown in a snapshot in
Figure 11A, which provides a close-up of a moment when the
phenomenon occurs for the first time (at about 0.1 ms). Fine
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violet particles are clearly visible below, outside the capsule. A deeper
investigation of the local dynamics reveals that the responsibility is
to be attributed to the mechanism shown in Figure 2B, for which a
carrier particle either hits an API particle already touching the wall
or it is the same carrier particle with sticking API fine particles that
pushes some of them actually through the walls and out of the
capsule. The process of particle ejection from the bottom part of the
capsule is significant in the very first few instants. Then, it goes on at
a smaller rate throughout the entire simulation time.

In Figure 11B, the particle configuration is shown for the
simulation with the thick wall, at the same moment in time and
with the exact same angle. It can be observed that in this case, despite

still having the identical simulation setup, particle configuration
and integration time-step, the API particles do not exit the
capsule geometry.

An analysis of the number of particles ejected outside the capsule
over time is reported for both simulations in Figure 12. Despite its
simplicity, it can be observed that the use of thick wall proves very
effective in significantly restricting the phenomenon, with only
4 particles found outside the geometry, compared to more than
150 particles in the simulation without thick wall in such a short
simulation time.

It is useful to investigate the causes and compare with the critical
velocity values for the contact model used (Hertz). The critical

FIGURE 9
Side (A) and front (B) views of the capsule, along with its dimensions. The initial position inside the inhaler is shown in (C).

FIGURE 10
API-carrier configuration. (A) single coated carrier particle; (B) all particles inside the capsule. Total mass: 1 mg; API is about 1% (w/w).
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velocities v0c,H for the API and carrier particles are found to be
6.5 m/s, and 5.8 m/s, respectively. The resulting values are similar
because bothmaterials share the same Young’s modulus, and there is
only a small difference in density. The API particle, being less dense,
exhibits a slightly higher critical velocity.

In scenarios where the carrier compresses the API particle, with
a size ratio of 20, a dramatic decrease is observed, as the critical
velocity v0c12,H � 0.073 m/s is obtained. In this case, the velocity is
89 times lower than for the single API particle case.

Recalculations are done under thick wall conditions. For the API
particle, the critical velocity increases to 15.5 m/s and for the carrier
particle to 13.9 m/s. In the fine-coarse case, the critical velocity for
API ejection becomes v0c12,H � 0.17m/s.

The simulation was conducted using the JKR model, which is
derived from the Hertz model regarding the elastic contribution. In
comparison with the linear model, values of the elastic constants can
be estimated by imposing equality between the critical velocities
obtained analytically (Eq. 22; Eq. 25), resulting in k1 � 500 N/m,
k2 � 10000 N/m, respectively for fine and coarse particles. With
these values, roughly the same percentage of particles expelled from
the system is expected. Evaluations on critical velocity can thus be
useful for estimating the parameters of the linear model.

Figure 13 shows the velocity magnitude distribution for carrier
and API particles at the end of the simulation. It is observed that the
majority of particles, both API and carrier, exhibit velocities lower
than 1 m/s. However, the maximum velocity recorded for an API
particle at this moment in time is 5.8 m/s (not shown), a value close
to the critical velocity. The maximum velocity for a carrier particle is
about 1.7 m/s. The data presented thus suggest that the escape of
API particles is more likely due to compression between the carrier
and the wall, although the possibility that some of the API particles
are expelled due to having velocities greater than the critical velocity
cannot be excluded. What can be concluded from the number of

TABLE 1 DEM simulation parameters.

Carrier API

Reference material Lactose Salbutamol

Diameter, D [µm] 100 5

Number of particles, N [-] 1400 115,000

Density, ρ [kg/m3] 1500 1200

Young modulus, E [GPa] 0.2 0.2

Poisson’s ratio, ] [-] 0.35 0.35

Restitution coefficient, e [-] 0.85 (All contacts) 0.85 (All contacts)

Sliding friction coefficient, μs [-] 0.5 (All contacts) 0.5 (All contacts)

Rolling friction coefficient, μr [-] 0.05 (All contacts) 0.05 (All contacts)

Cohesive surface energy, γ [J/m2] 0.255 (Carrier-Wall) 0.255 (API-Wall)

0.064 (Carrier-Carrier) 0.802 (API-
Carrier)

0.802 (Carrier-API) 0.093 (API-API)

FIGURE 11
Close up of an instant in time (about 0.1 ms) when fine API particles (violet) get compressed between coarse carrier particles (grey) and the capsule
walls. (A) Simulation without thick wall, (B) simulation with thick wall (the critical overlap is approximately 2 times the fine particle diameter).
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escaped particles is that the use of thick wall implementation almost
completely eliminates the problem of particle ejection, by simply
leading to an increase of the maximum critical velocity, without
affecting the integration time-step and the corresponding required
simulation time.

6 Conclusion

The problem of fine particles possibly subjected to ejection
out of the domain in DEM simulation of highly polydisperse
systems is addressed. Critical velocities leading to particle passing
through walls are characterized analytically, showing the role
played by the most relevant geometrical, physical and mechanical
parameters, using both the linear model (with the spring
stiffness) and the Hertz theory (with the Young’s modulus).

Conditions are identified for which coarse particles can push
the fine ones out of the domain as a result of excessive overlaps.
This is not due to time-step limitations or approximated
numerical algorithms, but solely to the difference in the
colliding masses and ultimately to their size difference. A
possible worsening factor is the—rather frequent—use of
softer than real stiffnesses. A simple modification to the
implementation of the contact overlap and force unit vector is
proposed, conceptually named thick wall, according to which
contacts with larger overlap are allowed, like up to the particle
diameter, or even more, without sacrificing the integration time-
step. Pharmaceutical powders for inhalation formulations are
often composed by a coarse carrier coated by fine API particles.
The shaking motion of a capsule for Dry Powder Inhalers is
simulated by DEM. It is shown that the ejection issue is rather
frequently encountered and fine particles continuously leave the
capsule domain during shaking. By implementing the thick wall
modification (maximum overlap twice the fine particle diameter),
the problem nearly completely vanishes. It is noteworthy that the
simulation time is totally unaffected by the change.

Limitations of the thick wall concept associated with the
excessive overlap and cases in which thin or sharp wall shapes
may lead to geometrical and physical artifacts are also discussed.
Such limitations are inherent in the concept and cannot be easily
overcome. Current basic DEM assumptions like calculations based
on undeformed shapes naturally lead to sacrificing accuracy under
all conditions. In the future, detailed consideration of deformable,
non-spherical bodies interacting with deformable walls may lead to
more physically based evaluation of the contact forces. However,
the far larger additional cost of computing local deformations and
stresses may be justified only with very high accuracy
specifications. With the current computational power, this is
only likely in systems with few, quasi-static particles. Similarly,
additional elements of the contact could be introduced in future
studies to increase the realism of the model, such as irregular
particle shapes, dissipative phenomena occurring at high
deformations and even particle breakage models.

FIGURE 13
Velocity magnitude distribution for (A) API and (B) carrier particle at the end of the simulation (approx. 10 ms).

FIGURE 12
Number of ejected particles during the simulation in the absence
or presence of the thick wall implementation.
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Nomenclature

List of Symbols

a Radius of the contact area [m]

D Diameter [m]

E Young modulus [Pa]

e Restitution coefficient [-]

en Unit vector for the calculation of the force [-]

F Force [N]

I Moment of inertia [kg m2]

In Impact number [-]

k Normal stiffness constant [N m-1]

kLH Equivalently normal linear stiffness [N m-1]

m Mass [kg]

N Number of particles [-]

Nf Number of fictitious forces [-]

q Particle size ratio [-]

R Radius [m]

t Time [s]

T Torque [N m]

Tr Rolling resistance [N m]

v Velocity [m s-1]

vs Velocity of one-dimensional compressive waves in the solid
[m s-1]

v0 Normal impact velocity [m s-1]

Greek Symbols

γ Cohesion surface energy [J m-2]

δ Overlap [m]

η Damping coefficient [kg s-1 m-1/4]

μr Rolling friction coefficient [-]

μs Sliding friction coefficient [-]

ν Poisson’s ratio [-]

ρ Mass density [kg m-3]

τ Collision duration [s]

ω Oscillation pulsation [s-1]

ωp Angular velocity [rad s-1]

Subscripts/
Superscripts

c Relative to critical variable

cont Contact contribution

f ict Relative to fictitious forces

g Gravitational component

H Hertz model

i Relative to i-th particle

j Relative to j-th particle

k Relative to k-th force

LH Hertz-model equivalent linear (stiffness)

L Linear model

n Normal impact velocity or overlap components

1 Relative to fine particle

2 Relative to coarse particle

12 Relative to fine-coarse particle collision

* dimensionless

eq equivalent

Acronyms

CDT Constant Directional Torque model

JKR Johnson-Kendall-Roberts model

DEM Discrete Element Method

API Active Pharmaceutical Ingredient

DPI Dry Powder Inhaler
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