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A three-dimensional dynamic model of vehicle-road-unsaturated subgrade coupling is established. The semi-analytical and numerical solutions of three-dimensional dynamic response of highway subgrade under vehicle load are presented for the first time. Then, the accuracy of the theoretical model is verified by the field measurement data. Finally, the spatial distribution of dynamic stress and depth of working zone under different influencing factors are studied, and the calculation model of depth of working zone of highway subgrade is proposed. The results show that the dynamic stresses, σx, σy, σz, and τxz increase significantly with the increase of vehicle axle load and decrease significantly with the increase of road thickness under the same subgrade depth. In addition, with the increase of axle load and the decrease of road thickness, the peak values of dynamic stress σx, σy, σz, and τxz decrease more obviously along the depth of roadbed. In the process of vehicle movement, the traditional subgrade working area can be divided into a sensitive area and an influence area of dynamic load. The depth of these two areas is positively correlated with the axle load of the vehicle and negatively correlated with the thickness of the road surface. The advantage of the model in this paper is that the semi-analytical solution of the total stress component of the soil element in the course of traffic load is given.
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1 INTRODUCTION
The subgrade, serving as the support for the highway pavement structure, endures long-term cyclic loads from moving vehicles during its service life. This leads to deterioration in the dynamic performance of the subgrade, which in turn affects the service life of the pavement structure (Chu et al., 2024). In the design process of highway subgrade structures, the working area depth of the subgrade is a crucial design parameter. Therefore, revealing the spatial distribution of dynamic stress and the working area depth of highway subgrades under vehicle loads is of significant importance for both the structural design of the highway subgrade and safe operation throughout its entire lifecycle.
In the existing research, studies on the dynamic response of highway subgrades under vehicle loads primarily focus on field testing and theoretical calculations. In terms of field testing, relevant research workers have conducted numerous on-site experiments to investigate the distribution patterns of vertical dynamic stress in the subgrade under vehicle loads. These studies have established the relationship among vertical dynamic stress, vehicle axle load, and driving speed (An et al., 2018; Lu et al., 2018b; Levin et al., 2022). Relying on Qinen Expressway, An et al. (2018) measured the dynamic response of a typical roadbed structure during the running of heavy-duty vehicles and analyzed the spatial response law of vertical dynamic stress inside the roadbed under different vehicle masses and running speeds. Zhang et al. (2018) measured the dynamic response of an asphalt concrete road–subgrade structure under heavy traffic load on site, obtained the distribution law of dynamic stress amplitude of the highway subgrade under different vehicle axle loads and running speeds, and proposed the calculation method of the attenuation coefficient of dynamic stress along the depth direction and the basis for subgrade working area division. However, currently, field testing primarily focuses on vertical dynamic stress, with limited research conducted on dynamic stress in other directions. It is difficult to study the working area depth of the subgrade by a field test because of the limited amount of data obtained from the field test. To address the above issue, Lin et al. (2019) developed an orthogonal soil pressure sensor and used it to study the dynamic response of the subgrade under moving vehicles. To investigate the variation patterns of total stress components of subgrade soil elements under vehicle loads, Cui et al. (2023b) conducted field tests using a self-developed three-dimensional dynamic stress sensor. However, compared to theoretical research, field testing is relatively expensive and limited in the range of conditions studied. This makes it challenging to conduct comprehensive research on the dynamic response of the subgrade under vehicle loads and accurately determine the working area depth of the subgrade (Cui et al., 2023a). Therefore, many research workers have conducted theoretical studies on the dynamic response of the subgrade under vehicle loads. Initially, relevant research workers assumed the highway subgrade and foundation to be homogeneous elastic media (Eason, 1965). However, as the subgrade itself is a multi-phase medium, it is clearly incorrect to treat it as a homogeneous elastic medium (Chen, 2014). To address this issue, Biot (1962) first proposed a porous elastic model for saturated soil as a two-phase medium. This model has since been used by many research workers to study the dynamic characteristics of subgrades and foundations (Lu and Jeng, 2007; Cai et al., 2009; Lu et al., 2014; Ai and Ye, 2021; Tang et al., 2021a; Tang et al., 2021b; Lei et al., 2023).
Later, Lu et al. (2018a) developed a theoretical model for the dynamic response of unsaturated subgrade under moving rectangular loads based on an extended Biot theory. This model was further applied to analyze the dynamic response of unsaturated subgrades under aircraft and train loads. However, these studies mainly focused on vertical dynamic stress and did not address the working area depth of the highway subgrade. The working area depth of the subgrade under traffic load is a critical factor in calculating subgrade settlement during the operational period and serves as an important guide for subgrade design and construction. However, current standards only provide recommended working area depths for a maximum axle load of 130 kN, without considering the impact of different pavement structures and vehicle axle loads on the depth of the subgrade working area. Moreover, the existing theoretical model only provides the solution of vertical normal stress and does not provide the solution of dynamic stress in other directions, and cannot analyze the spatial distribution characteristics of dynamic stress in other directions. Therefore, it is necessary to develop a calculation model for the working area depth in highway subgrades under various factors.
A dynamic theoretical model of vehicle load–pavement structure–unsaturated subgrade coupling was established in this paper. The semi-analytical and numerical solutions for the three-dimensional dynamic response of the highway subgrade under vehicle loads are obtained, and the accuracy of the theoretical model is validated using field measurement data. Finally, based on the established theoretical model, a working-area depth-calculation model considering factors such as vehicle axle load and subgrade stiffness is developed. This study is of significant importance for optimizing the highway subgrade structural design.
2 A THEORETICAL MODEL OF VEHICLE–PAVEMENT–UNSATURATED SUBGRADE COUPLING
2.1 Control equations of the theoretical model

(1) Control equations of the unsaturated subgrade
As shown in Figure 1, a three-dimensional dynamic response calculation model of vehicle–pavement–unsaturated subgrade coupling was established in this paper. The model treats the vehicle as a rigid body system composed of springs and mass blocks, the pavement as a Kirchhoff plate, and the subgrade as an unsaturated elastic half-space (Lefeuve-Mesgouez et al., 2002; Cai et al., 2015; Lyu et al., 2020).
[image: Figure 1]FIGURE 1 | Schematic diagram of the three-dimensional dynamic theoretical model coupled vehicle–pavement–unsaturated subgrade.
According to the constitutive equation of unsaturated soil and the motion equation of unsaturated soil particles, pore water, and pore gas, the general solution for an unsaturated soil half-space in the frequency domain within a Cartesian coordinate system can be obtained, as shown in Equations 1–11. The derivation of the general solution is detailed in literature by Cui et al. (2022):
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where the relevant coefficients in the above equations are given in the study by Cui et al. (2022). [image: image], [image: image], and [image: image] represent the displacements of the soil element in the x-, y-, and z-directions, respectively. Cy, Cz, Cn, Dy, Dz, and Dn are constants in the general solution. β and γ represent the wavelengths of the pavement in the x- and y-directions, respectively. a is the first Biot coefficient. [image: image] represents the effective stress parameter. fan and fwn are parameters related to a, [image: image], and the properties of the soil.
(2) Control equations of the vehicle
As shown in Figure 2, a spring–mass–damper dynamic system is used to model a vehicle traveling along the x-axis. In the figure, mt represents the mass of the vehicle body, and the shock absorbers and the tires of the vehicle are regarded as damping springs. k1 and k2 represent the stiffness of the left and right tires, respectively, and k3 and k4 represent the stiffness of the left and right shock absorbers, respectively. c1 and c2 represent the damping of the left and right tires, respectively, and c3 and c4 represent the damping of the left and right shock absorbers, respectively. V stands for the speed at which the car is traveling.
[image: Figure 2]FIGURE 2 | Schematic diagram of the vehicle–pavement coupled system.
As the vehicle is symmetric with respect to the x-axis in the model, and both left and right wheels are subjected to the same road-surface irregularities, the vehicle will not experience pitch vibrations along the y-axis. Therefore, the vehicle can be simplified by considering only one-half of it along the x-axis. According to Henchi et al. (1998) and Cai et al. (2015), the dynamic differential equations for the four freedom degrees of the vehicle model can be expressed as
[image: image]
where MV, CV, and KV represent the mass matrix, stiffness matrix, and damping matrix of the vehicle, respectively, and are expressed as follows (Equations 13–15):
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Z(t) = [zt, z1, z2]T denotes the displacement vector, and P(t) = [P1, P2]T represents the contact forces between the wheels and the road surface. The other parameters in Equation 12 can be determined from [146]. Thus, Equation 12 can be expressed as
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where
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The displacement at the kth wheel caused by a harmonic load applied to the jth wheel is denoted as [image: image] and is a parameter in vector ΔV. Therefore, the relationship between the amplitude of wheel displacement Z′W(ω) and the wheel–pavement contact force P′(ω) is as follows:
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where Z′W(ω) can be written as
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where [image: image]. Based on Equation 23, the reception matrix at the wheel can be obtained.
(3) Control equations of the pavement
For a typical pavement structure, including the surface layer, base layer, and subbase, the main mechanical parameters of the pavement structure, such as density, elastic modulus, and Poisson’s ratio, do not show significant differences. However, the impact of pavement structures with different thicknesses on the dynamic response of the subgrade is significant. Therefore, it is essential to establish a suitable and computationally feasible model to characterize pavements under various conditions. Lu et al. (2013) used equivalent pavement conversion formulas to investigate the working-area depth in the subgrade under different combinations of pavement thickness and elastic modulus. The results indicate that by converting different pavement structures into equivalent pavements and using Kirchhoff plates to model the pavement system, the dynamic response of the subgrade under various pavement conditions can be represented more concisely. The governing equation for the pavement is expressed as
[image: image]
where [image: image] represents the bending stiffness of the Kirchhoff plate. Ep, hp, ρp, and μp represent the elastic modulus, thickness, mass density, and Poisson’s ratio of the plate, respectively. w(x, y, t) denotes the vertical displacement of the plate, q(x, y, t) is the vehicle load applied to the plate, and φ(x, y, t) is the reaction force of the subgrade. By substituting Equation 7 into Equation 24 and neglecting the time-dependent term eiΩt, Equation 17 can be expressed as Equation 25
[image: image]
2.2 Solution of the theoretical model

(1) Solution of the system to pavement–unsaturated subgrade coupling
For permeable pavements, the pore water and pore air at the top surface of the subgrade do not have a significant effect on the interface. Assuming smooth contact between the pavement and the top surface of the subgrade, the vertical displacement of the pavement is consistent with the vertical displacement of the top surface of the subgrade. Therefore, the boundary conditions for the permeable pavement can be expressed as
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By applying the double Fourier transform, the boundary conditions in Equation 26 can be expressed as
[image: image]
By substituting Equations 1–4 into the boundary conditions of Equation 27 and transforming the matrices, the boundary condition matrix can be obtained as follows (Equations 28–37):
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where
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The parameters can be referenced from the study by Lu et al. (2018a).
Unknown integral constant A in Equation 37 can be determined based on the boundary conditions. Then, by performing the inverse double Fourier transform on Equation 8, the spatial domain solution can be obtained as follows (Equation 18):
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The dynamic response of an unsaturated subgrade to a unit moving load can be expressed as Equation 39
[image: image]
where f(x, y, z, t)(unit response) represents the unit response of displacement or stress in the time domain; [image: image](β, γ, z, t)(unit response) denotes the corresponding response in the frequency domain.
When t = 0, the ground displacement is the same as the pavement displacement, that is, w(x, y, t) = uz(x, y, t). The unit displacement at the [image: image] wheel contact point due to a unit force applied at the [image: image] wheel contact point is defined as Equation 40
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where ljk = aj - ak; ljk is the distance between the jth and kth wheel contact points and aj and ak represent the initial positions of the jth and kth wheel contact points, respectively.
The amplitude of the pavement displacement at the wheel contact point can be expressed as Equations 41, 42
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where
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The amplitude of the pavement displacement at the wheel contact point can be expressed as Equation 43.
[image: image]
(2) Solution of the system to vehicle–pavement coupling
In a spring–mass–damper system, the stiffness of the spring is given by kHj = kj + iωcj (j = 1, 2). Simplifying the uneven pavement to a sinusoidal wave form, ZR(x) represents the profile of the uneven pavement along the x-direction, as shown in Equation 44:
[image: image]
where A and λp represent the amplitude and wavelength of the pavement roughness function, respectively.
The excitation frequency of the moving load caused by the vehicle is f = V/λp, and the angular frequency is ω = 2πV/λp. The position of the wheel contact point at time t can be expressed as x = aj + Vt. Therefore, the pavement displacement at the jth wheel contact point can be written as Equation 45
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Assuming that the wheel always remains in contact with the pavement, then,
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Based on Equations 22, 41, the following relationship can be obtained:
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By substituting Equations 47, 48 into Equation 46, the following expression can be obtained:
[image: image]
The additional dynamic load [image: image] can be determined by solving Equation 49.
The influence coefficient id for the total wheel load Qj at the jth wheel can be expressed as Equations 50, 51
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where Q′j represents the axle load at the jth wheel and Q′1 + Q′2 represents the total vehicle load.
The tire contact area can be considered a rectangle with length l1 and width l2. Therefore, the vehicle’s moving load can be expressed as
[image: image]
where d is half the distance between the left and right wheels and l is half the distance between the front and rear wheels. By substituting Equation 52 into the Fourier transform and neglecting the time-dependent exponential term eiΩt = ei(ω−Vβ)t, the equation for the vehicle load in the frequency domain is as follows (Equation 53):
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The dynamic response of unsaturated-subgrade soil under a unit load is expressed as follows (Equation 54):
[image: image]
where xt = x–Vt.
3 VALIDATION OF THE THEORETICAL MODEL
To validate the effectiveness of the established theoretical model, a field test was conducted to measure the three-dimensional dynamic response of a highway subgrade under vehicular load, as shown in Figure 3. A self-developed three-dimensional dynamic soil pressure sensor was used to capture the total stress components within the soil element during vehicle moving, as shown in Figure 3A. The installation procedure for the three-dimensional dynamic stress sensor during the field test was as follows. first, a vertical hole with a diameter of 10 cm and a depth of 2.1 m was drilled downward from the road surface (Figures 3B,C). The sensor was then placed inside the hole, with a layer of fine sand spread over the sensor surface to prevent damage (Figure 3D). Finally, the hole was sealed with asphalt concrete pavement material (Figure 3D). The types of vehicles used in the field test included a three-axle truck, a four-axle truck, and a six-axle truck (Figures 3E–G). The detailed results of the field test are given in the study by Cui et al. (2023b) and will not be elaborated upon here. To validate the effectiveness of the established theoretical model, the dynamic stress generated at the subgrade surface by an unloaded three-axle truck traveling at different speeds was compared with the theoretical calculation results. The pavement structure parameters, traffic load parameters, and unsaturated soil parameters used in the theoretical model are given in Tables 1–3, respectively. The unsaturated soil parameters are based on the study by Cui et al. (2022).
[image: Figure 3]FIGURE 3 | Field tests: (A) Soil pressure sensor, (B) Borehole, (C) The dimensions of the hole, (D) The installation of sensors, (E) The backfilling of borehole, (F) Three-axle vehicle, (G) Four-axle vehicle, (H) Four-axle vehicle.
TABLE 1 | Parameters of pavement structures.
[image: Table 1]TABLE 2 | Parameters of vehicle load.
[image: Table 2]TABLE 3 | Parameters of unsaturated soil.
[image: Table 3]The sensor used during the experimental testing is a self-developed three-dimensional soil pressure sensor, capable of measuring the full stress components of subgrade soil elements. The specific working principle is given by Cui et al. (2023a). The sensor needs to be calibrated, and the detailed calibration method is provided in the study by Cui et al. (2023b). The detailed test results of the field tests are published in the study by Cui et al. (2023b). To validate the effectiveness of the theoretical model, in this paper, we compare the field test results of dynamic stress, measured during the passage of an unloaded three-axle vehicle (axle load p = 7.266 t) at different speeds, with the theoretical calculations.
The aforementioned parameters were substituted into the theoretical model to solve for the dynamic stress–time history curves at the subgrade surface under the operating conditions of vehicle speeds of 5 km/h, 20 km/h, 40 km/h, and 60 km/h. The theoretical calculation results were compared with the field test results, as shown in Figure 4. The results indicate that the theoretical and measured time history curves for the dynamic stresses (σx, σy, σz, and τxz) match well. Except for a few instances, the peak values and phases of the time history curves in both the theoretical calculations and field tests also align closely, validating the accuracy of the theoretical model established in this study.
[image: Figure 4]FIGURE 4 | Comparison of theoretical and measured values: (A) v = 5 km/h, (B) v = 20 km/h, (C) v = 40 km/h, and (D) v = 60 km/h.
4 SPATIAL DISTRIBUTION OF DYNAMIC STRESS AND WORKING AREA DEPTH
4.1 Spatial distribution of dynamic stress in the subgrade
Based on the established theoretical calculation model, the spatial distribution patterns of the three-dimensional dynamic stress in the subgrade were studied under different pavement thicknesses and vehicle axle loads. Considering the speed limit regulations for heavy vehicles in China, the vehicle speed was set to the maximum limit of 100 km/h. In the analysis of the influence of vehicle axle load, the axle load (P) was set to 100 kN, 150 kN, 200 kN, and 250 kN, where 100 kN corresponds to the standard axle load for vehicles as specified in the Specifications for Design of Highway Asphalt Pavement. The pavement thickness was set to 0.72 m, corresponding to a typical semi-rigid base pavement structure. The variation in stress components in the subgrade with depth under different vehicle axle loads is shown in Figure 5. In the analysis of the influence of pavement thickness, considering flexible base, semi-rigid base, and other composite pavement structures, the pavement thicknesses were selected as 0.5 m, 0.6 m, 0.75 m, and 0.9 m. The vehicle axle load was set to the standard axle load of 100 kN, and the calculation results are shown in Figure 6.
[image: Figure 5]FIGURE 5 | Distribution of dynamic stress of the subgrade under different axle loads: (A) σx, (B) σy, (C) σz, and (D) τxz.
[image: Figure 6]FIGURE 6 | Distribution of dynamic stress of the subgrade under different pavement thicknesses: (A) σx, (B) σy, (C) σz, and (D) τxz.
As shown in Figures 5, 6, at the same subgrade depth, the dynamic stresses (σx, σy, σz, and τxz) all increase significantly with the increase in the vehicle axle load. Conversely, as the pavement thickness increases, the dynamic stresses (σx, σy, σz, and τxz) decrease significantly. Additionally, the curves of the dynamic stresses (σx, σy, σz, and τxz) along the depth direction tend to converge toward a common point. This indicates that as the vehicle axle load increases and the pavement thickness decreases, the attenuation of the peak values of the dynamic stresses (σx, σy, σz, and τxz) along the subgrade depth increases.
4.2 Working-area depth of the subgrade
Lu et al. (2013) determined the depth of the subgrade working area based on the layer where the ratio of additional stress induced by wheel load to the self-weight stress of the subgrade soil is between 1/10 and 1/5. This criterion is then used to determine the thickness of the subgrade.
Based on the established dynamic model, numerical calculations of vertical dynamic stress in the subgrade were conducted under various conditions. The calculations primarily focused on the influence of pavement thickness and vehicle axle load on the working area depth of the subgrade.
Additionally, in this study, we further divide the subgrade working area under vehicular load into two zones: the sensitive-area depth of dynamic load and the influence-area depth of dynamic load. These correspond to the ratios of additional stress induced by traffic load to the self-weight stress of the subgrade soil being 1/5 and 1/10, respectively. The calculation results are shown in Figure 7. The results indicate that both the sensitive-area depth and influence-area depth of dynamic load are positively correlated with vehicle axle load and negatively correlated with pavement thickness.
[image: Figure 7]FIGURE 7 | Division of subgrade work depth: (A) Hp = 0.5 m, (B) Hp = 0.6 m, (C) Hp = 0.75 m, and (D) Hp = 0.9 m.
For example, referring to Figure 7A, when the vehicle axle load is 150 kN, 200 kN, and 250 kN, the sensitive-area depth is 1.992 m, 2.190 m, and 2.345 m, respectively. This represents an increase of approximately 15.1%, 26.5%, and 35.4% compared to the sensitive-area depth (1.732 m) for the standard axle load of 100 kN. The influence-area depth of dynamic load is 2.477 m, 2.697 m, and 2.874 m for vehicle axle loads of 150 kN, 200 kN, and 250 kN, respectively. This corresponds to increases of approximately 13.3%, 23.4%, and 31.5% compared to the influence-area depth of dynamic load (2.186 m) for the standard axle load of 100 kN. It can be seen that compared to the standard axle load, the influence depth of dynamic stress on the subgrade under heavy-traffic loads significantly increases, with a more pronounced effect on the sensitive-area depth of dynamic loads. For a vehicle axle load of 250 kN, when the pavement thickness is 0.5 m, 0.6 m, 0.72 m, and 0.9 m, the sensitive-area depth of dynamic load is 2.345 m, 2.199 m, 1.983 m, and 1.893 m, respectively. Compared to the pavement thickness of 0.5 m, these depths are reduced by approximately 6.2%, 15.4%, and 19.2%, respectively. The influence-area depth of dynamic load is 2.874 m, 2.737 m, 2.517 m, and 2.498 m, respectively. Compared to the pavement thickness of 0.5 m, these depths are reduced by approximately 4.7%, 12.4%, and 13.1%, respectively. It can be observed that changes in pavement thickness have a more significant impact on the sensitive-area depth of dynamic loads. The sensitive-area depth of dynamic loads and the influence-area depth of dynamic load under various conditions are listed in Table 4.
TABLE 4 | Sensitive-area depth and influence-area depth of dynamic load.
[image: Table 4]To facilitate the design of heavy-load highway-subgrade working areas, predictive expressions for the sensitive-area depth of dynamic loads and the influence-area depth of dynamic load were derived using the above theoretical calculation results, with pavement thickness and vehicle axle load as variables. These expressions are given by Equations 58, 59. The prediction accuracy of the proposed expressions is shown in Figure 8, with statistical precision R2 values all greater than 0.99, as shown in Figure 8.
[image: image]
[image: image]
[image: Figure 8]FIGURE 8 | Validation of the fitting of the subgrade work-area depth: (A) sensitive-area depth and (B) influence-area depth.
where DS and DI represent the depths of the sensitive-area depth and the influence-area depth of dynamic load, respectively, P is the vehicle axle load, and Hp is the pavement thickness.
5 CONCLUSION
A dynamic theoretical model for heavy vehicle–pavement–unsaturated subgrade coupling was established, providing a semi-analytical solution and numerical methods for the three-dimensional dynamic response of a silt subgrade under heavy-vehicle loads. Subsequently, the effectiveness of the theoretical model was validated through field tests measuring the three-dimensional dynamic stress in a highway subgrade. Finally, based on the theoretical model, the spatial distribution characteristics of dynamic stress and the evolution of the working-area depth in a heavily loaded silt subgrade were elucidated. The main conclusions are as follows:
(1) The governing equations for an unsaturated porous elastic foundation were derived, and a three-dimensional dynamic theoretical model was established for the coupling of heavy vehicles, pavement, and unsaturated subgrade.
(2) At the same subgrade depth, dynamic stresses (σx, σy, σz, and τxz) significantly increase with an increase in vehicle axle load, while these stresses decrease notably as pavement thickness increases. Additionally, as vehicle axle load increases and pavement thickness decreases, the attenuation of the peak values of dynamic stresses (σx, σy, σz, and τxz) along the subgrade depth becomes more pronounced.
(3) The traditional subgrade working area can be divided into dynamic load-sensitive area and influence area. The depths of both areas are positively correlated with vehicle axle load and negatively correlated with pavement thickness. Additionally, changes in vehicle axle load and pavement thickness have a more significant impact on the depth of the sensitive area of dynamic load.
In this study, we can provide a theoretical basis for calculating the working zone depth in subgrade structure design. Currently, subgrade structure design only considers the working zone depth without further accounting for the depth of the dynamic load-sensitive zone and the depth of the dynamic load-impact zone. Improvements to the design methodology should be further discussed and researched.
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