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In structural engineering, active structures that combine the principles of lightweight
construction with bending elastic component behavior are increasingly being
investigated. For the realization of a prototype of an active hybrid roof structure at the
laboratory of Hybrid Structures at BTU Cottbus-Senftenberg, preliminary investigations on
a case study are conducted in the framework of this publication in order to improve the
design process of these types of structures. These active hybrids require a higher design
effort than classical structures from the field of structural engineering due to a larger
number of relevant objectives. Consequently, this study devotes special attention to these
essential target criteria and their mathematical formulation. Furthermore, in order to
improve the efficiency of this design process, a hierarchical method is derived that is
subdivided into two successive partial procedures, which contain specific heuristics that
are developed. In this method, after structural optimization, an optimal actuator placement
is performed. The subject of a design process involving optimal actuator placement is
relatively unexplored for active structures in which components are subjected to large
elastic bending deformations and is therefore the focus of this study. In order to verify the
functionality of the method and the plausibility of the results of the derived partial methods,
a validation of the methodology is performed. Therefore, results of analyses of an active
truss structure are compared with those of an active hybrid structure, both derived using
the presented method. In addition to validating results, the study intends to investigate
whether the performance of an active hybrid structure generated by the proposed method
is sufficiently competitive compared to a state-of-the-art active truss structure derived by
the same procedure.

Keywords: active hybrid structures, actuator placement, hierarchical optimization, lightweight construction, active
bending, structural control

1 INTRODUCTION

Active structures are used in different fields of application. In our built environment, they are still
relatively rare. In general, the design of these type of structure on a larger scale should mainly be
based on the principles of lightweight construction. Resource efficiency in the sense of material
efficiency can be achieved by applying these principles. This, in turn, can contribute to more energy-
efficient actuation (Wang and Senatore, 2020) as lighter structures typically require less energy for
transformation than structures that exhibit a higher mass. According to the requirements of a
lightweight design, the load transfer in structures should primarily be achieved by normal forces.
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Therefore, kinetic truss structures with jointed connections are
often realized to meet this demand. In this way, bending stresses
in the supporting structures can be avoided during
transformation. Another relatively new approach is
represented by kinetic bending active structures, where
bending is part of the concept; consequently, significant
bending stresses are involved in the load transfer. Using this
structural concept, bending elastic component behavior can
reduce the number of required actuators while offering high
adaptability and elegant transformations (Schleicher, 2015;
Lienhard and Gengnagel, 2018). The conscious utilization of
the bending elastic behavior can also already be discovered in
other fields of application, for example, in small, everyday
applications, often made of polymers and known as compliant
mechanisms (Howell et al., 2013). If a design should be intended
to follow the principles of lightweight construction and still
benefit from the advantages of bending elastic component
behavior, it is necessary to make a compromise. As a result,
new promising transformable structural solutions can be
generated, which are referred to as active hybrid structures in
the framework of this publication. Consequently, it might be
beneficial to develop a design process for this new kind of
structure.

For the derivation of the previously mentioned design process,
it is advisable to consider the state of the art of active structures
because this type of structure, equipped with active components
such as actuators and sensors, is already being studied for a
considerable time. Therefore, several approaches for optimal
design realizations in different fields of application can be
found. For instance, well-known investigations regarding
convertible roof structures have been performed by Otto and
Burkhardt (1972). Membrane structures are often used in these
studies, which is certainly advantageous in terms of lightweight
construction. Sobek (2016) also aimed to design active structures
as light as possible. In these studies, ultra-lightweight structures
that can adapt to different loading conditions are realized by
applying the concept of load path management. Ultra-lightweight
structures are more prone to vibration due to their low mass. In
order to overcome such problems, another approach from the
field of active structures can be applied. Through active vibration
control, vibrations can be significantly reduced by an appropriate
actuation concept. For example, in Bleicher et al. (2011), an active
vibration control of a stress ribbon footbridge was investigated.
Considering these aforementioned existing approaches for the
design of active structures and their different aims, it appears
necessary to derive suitable target criteria for creating an effective
design process for active hybrid structures. By using appropriate
objectives, it is also possible to provide a more accurate
comparison with conventional active truss structures in order
to prove the competitiveness of the novel structures.

During the design process of active hybrid structures, several
of these objectives have to be aimed at. A structural geometry has
to be determined, which allows an ideal transfer of the external
loads. After that, a suitable set of actuators has to be determined.
In addition, an active bending transformation has to be realized.
Consequently, the degree of complexity associated with the
formulation of meaningful objectives and the definition of

suitable design variables can become relatively high when
searching for optimal active hybrid structures (Marker et al.,
2019). This is due to the amount of target criteria to be considered
for such structures and the complexity of their structural
geometries. These can be defined by parametric models and
have to be analyzed by means of nonlinear calculations. A
simplification of the resulting overall problem can be achieved
by a hierarchical subdivision of the whole problem into
subsequent procedures like the ones conducted in
Sobieszczanski-Sobieski et al. (1987); Engels et al. (2004); Loos
et al. (2018). Such a division in independent substeps of highly
complex optimization problems is often used to increase the
efficiency of optimization algorithms regarding the
computational effort. This kind of approach can be found in
various fields of application. For example, in Zeng et al. (2020),
such an optimization is performed for a variable-stiffness
laminated plate using an adaptive hierarchical approach with
truncated hierarchical B-splines. Moreover, large optimization
problems arise in energy supply systems, for instance, under
uncertain energy demand. A design method using hierarchical
mixed-integer linear programming (MILP) is used in Yokoyama
et al. (2021) to maximize the robustness of these systems.
Furthermore, a new hierarchical optimization approach for a
kinematic machine with five degrees of freedom is presented in
Zhao et al. (2021). This methodology can simplify the difficult
analysis of a highly nonlinear and strongly coupled system. In
Rodrigues et al. (2002), a hierarchical computational procedure
for optimizing material distribution as well as the local material
properties of mechanical elements is described. Each of these
problems from the fields mentioned previously is intentionally
not solved as one optimization problem, where all parameters are
optimized simultaneously. Hence, for the challenging task of
designing active hybrid structures, a hierarchical division of
the overall problem into sub-problems also seems to be
reasonable. Regarding the derivation of active hybrid
structures, this aspect can lead to the idea of a successive
execution of structural optimization and a subsequent optimal
actuator placement.

It is also possible to benefit from the advantages of hierarchical
partitioning within structural optimization. When comparing
common procedures of that type, such as topology
optimization, BESO optimization, or shape optimization, it
appears that the method of shape optimization especially
offers potential for a hierarchical approach. Its complexity can
be further simplified by reducing the number of design variables
and their definition ranges or by introducing relationships
between them. For shape optimization of trusses, this can be
achieved, for example, by imposing symmetry conditions helpful
basics regarding this type of optimization can be found, for
instance, in Tejani et al. (2018). The topic of optimal actuator
placement for active structures is currently intensively
investigated by Heidingsfeld et al. (2017); Wagner et al.
(2018); Senatore et al. (2019); Geiger et al. (2020); Steffen
et al. (2020). In this context, Wagner et al. (2020) examined
the arrangement of actuators with respect to a serial or parallel
configuration. Another recent study addresses optimal motion
planning (Sachse and Bischoff, 2021). In this investigation, an
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identification of an optimal deformation path between an initially
undeformed geometry and a prescribed deformed configuration is
performed. In addition, an approach for the placement of actuators
is derived in Sachse et al. (2021). However, the research field of
actuator placement for kinetic bending active structures is still
relatively unexplored. Hence, the development of a methodical and
effective design procedure that unifies these aspects into a
beneficial approach for the design of active hybrid structures
seems to be promising. Thus, for an effective determination of
an appropriate actuator set, an algorithm is required, which allows
an efficient calculation of large solution spaces. Therefore, a greedy-
heuristic, which is also known from the field of artificial
intelligence, can be employed. This type of algorithm can be
especially useful when dealing with large data sets in order to
achieve a reduction of the computational effort (Russell and
Norvig, 2016). However, the result of such a procedure may not
necessarily be the global optimum due to assumptions in
intermediate steps (Jungnickel, 1999). This circumstance is often
accepted for the sake of enormous savings regarding computational
costs. In Manohar et al. (2020), a greedy algorithm is used for
actuator and sensor placement. Within these investigations, a
combined maximization of observability and controllability for
linear time-invariant systems is targeted. Two greedy algorithms
are employed in Guo et al. (2020). This approach allows an
actuator placement that minimizes the average energy
consumption for transformation while satisfying a structural
controllability requirement.

Based on all these considerations, in this publication, we present
a hierarchical method for the design of active hybrid structures.
This work extends our previous research, where we have already
obtained encouraging results by deriving an active hybrid structure
based on topology optimization (Marker et al., 2019).

The present publication is structured as follows: Useful target
criteria from the mentioned fields are derived and explained in
Section 2. In particular, new objectives are presented for the
evaluation of the bending elastic component behavior as they
are significant for the design of active hybrid structures. In
Section 3, the whole method for the derivation of such
structures is presented. The complexity of the posed overall
design problem is relatively high. This resulted in a large
number of potential structural variants, each leading to an
enormous number of possible actuator sets to be analyzed.
Hence, a hierarchical procedure is proposed in order to reduce
this complexity. Thus, structural optimization is performed in the
first process step and an optimal actuator placement in the
following step. Initially, the method is described in general in
subsection 3.1, followed by a mathematical description in
subsection 3.2. In Section 4, applications and validations of the
proposed method are conducted. The basic information about the
software environment and state-of-the-art optimization algorithms,
which are used for validation purposes, are described in subsection
4.1. In subsection 4.2, the proposed method is validated using the
benchmark examples of two active truss structures. First, a well-
known structure from the field of structural optimization is used for
the validation of the presented sub-method of actuator placement.
Another example of an active truss structure, described by a
parametric model, serves as reference for a later direct

comparison. Moreover, the sub-method of structural
optimization is validated using the mentioned optimization
algorithms. Subsequently, in Section 4.3, the proposed method
is used to derive an optimized active hybrid structure, which is
described by a parametric model with similar boundary conditions
like in the previous example and corresponds to a well-known
bionic principle. Furthermore, the presented novel target criteria
are observed within the framework of this example. Moreover, the
performance of the introduced structural optimization procedure is
compared to that of state-of-the-art optimization algorithms for
this example as well. In addition, full enumerations are examined
for the respective partial problems in order to illustrate the
performance of the derived method. Finally, to elaborate
potentials associated with the design of active hybrid structures,
in Section 4.4, the performance of results from subsections 4.2 and
4.3 is compared and discussed. Concluding, Section 5 summarizes
the investigations and gives an outlook on further studies.

2 FORMULATION OF TARGET CRITERIA

In the following, some suggestions for possible target criteria are
presented, which may be helpful for the design of active hybrid
structures. These different objectives of the posed multi-criteria
optimization problem can be arranged in the vector of target
criteria:

f �
f ΓL
f Γb
f χ

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠, (1)

wherein f ΓL represents the vector of target criteria aiming at
lightweight construction, f Γb describes objectives related to active
bending, and fχ poses target criteria for an actuator placement.
However, the indices Γ and χ refer to the partial methods of the
developed hierarchical procedure introduced in Section 3. The
individual vectors are composed of the respective target criteria as
shown in Eqs. (2) to (4):

f ΓL �
f1

f2

f3

⎛⎜⎝ ⎞⎟⎠, (2)

f Γb �
f4

f5
( ), (3)

and

f χ �
f6

f7

f8

⎛⎜⎝ ⎞⎟⎠ (4)

The suggested single target criteria f1 to f8 are explained in
Eqs. (5) to (18). Due to the desired large deformations,
calculations are conducted according to the third-order
theory, in which the rotations of the system are also taken
into account. In this calculation method, after each iteration
step, the stiffness matrix of the deformed system is formed
again and the calculation is continued until equilibrium is
reached.
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The target criterion f1 represents the stiffness at an arbitrary
predefined node of the structure in a selectable preset direction:

f1 � F

d
, (5)

in which F is the applied force, and d the resulting deformation,
both in the specified direction at this node.The criterion f2 is the
mass of the structure:

f2 � m (6)
The target f3 is the eigenfrequency of the structure

f3 � f � ω

2π
, (7)

which can be calculated using the circular eigenfrequency ω
determined solving the general eigenvalue problem:

det K − ω2M( ) � 0, (8)
wherein K is the nonlinear stiffness matrix

K � KE + KU + KG, (9)
andM is the mass matrix of the system. As indicated in Eq. 9, the
nonlinear stiffness matrix K can be subdivided into its elastic part
KE, the element stiffness matrix of large displacements KU (also
called initial displacement or slope matrix), and the geometric
stiffness matrix KG. Within the context of the investigations
presented in this study, these matrices are internally calculated
by Karamba3D. The employed element formulations are based on
those by Tenek and Argyris (1998). The calculation of the
geometrical stiffness matrix is conducted using the formulas of
Rubin and Schneider (2002). The large displacement stiffness
matrix is calculated according to Crisfield (1997), (2003).

One of the target criteria contained in f Γb, which is related to
active bending, can be described by the sum of the absolute values
of the ratios of bending stress σM to normal stress σN evaluated at
b points for each of the r rods of the structure:

f4 � ∑b·r
k�1

σM

σN

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
k

(10)

This objective represents a useful measure for the kind of load
transfer occurring in the structure; hence, it enables a
classification between lightweight construction and active
bending. A further target criterion for the evaluation of active
bending, denoted by f5, is the curvature κ, which is a decisive
objective for the shape of elegant transformations:

f5 � κ � ∑b·r
k�1

−w′′ xk( )
1 + w′ xk( )2( )3 (11)

Therefore, the curvature is evaluated at b points per rod and
summed up. In this formula, the deflection of the system at the
examined point k is represented by w (xk).

The main objective concerning the actuator placement is
denoted by f6:

f6 � u, (12)

where the transformation u evaluates the displacement of a
certain predefined node in a specific desired direction. The
target criterion f7 represents the amount of energy Π which is
needed for the actuation:

f7 � Π � ΠN + ΠM + Πpot + Πkin (13)
In these investigations, in addition to the strain energy
resulting from normal forces ΠN (Eq. 14) and the strain
energy resulting from bending moments ΠM (Eq. 15), the
potential energy Πpot (Eq. 16) and the kinetic energy Πkin (Eq.
17) are considered:

ΠN � ∑r
j�1

1
2
∫lj

0
EjAjε

2
jdx, (14)

ΠM � ∑r
j�1

1
2
∫lj

0
EjIjκ

2
jdx, (15)

Πpot � ∑r
j�1

mj

2
ag Δhj,1 + Δhj,2( ), (16)

Πkin � ∑r
j�1

mj

4
v21,j + v22,j( ) (17)

As indicated in Eqs. (16) and (17), for the determination of the
potential and the kinetic energy for each of the r members of the
structure, one half of the massmj of the jth rod is placed at its two
endpoints. In Eq. 16, Δhj,1 and Δhj,2 denote the absolute values of
the corresponding amount of transformation in self-weight
direction at the respective nodes. The velocities of the two
endpoints of the respective member j are denoted by v1,j and
v2,j in Eq. 17. For their calculation, a virtual time, in which the
transformation occurs in a steady motion, is assumed for the
examples examined in Section 4. To determine the relation
between the necessary energy Π and the gained transformation
u, the target criteria f6 and f7 can be combined to the objective f8
that represents the efficiency of the actuation:

f8 � u

Π (18)
For each of the proposed target criteria, a corresponding
weighting factor is introduced. These can be arranged in the
vector of weightings:

w �
wΓL

wΓb

wχ

⎛⎜⎜⎝ ⎞⎟⎟⎠, (19)

which is subdivided analogously to the vector of target criteria in
Eqs. (2) to (4):

wΓ � wΓL

wΓb
( ), (20)

wΓL �
w1

w2

w3

⎛⎜⎝ ⎞⎟⎠, (21)

wΓb � w4

w5
( ), (22)
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wχ �
w6

w7

w8

⎛⎜⎝ ⎞⎟⎠ (23)

All of the initially formulated target criteria f1 to f8 can contribute
to the evaluation of the performance of an active hybrid structure
concerning the three mentioned fields and to find a suitable
design. Due to the fact that not all of them are always equally
important for the desired optimization and obviously are partially
related to each other, the corresponding weighting factors are also
meant to enable the selection of a subset of the proposed target
criteria that are relevant for the specific purpose of the respective
optimization by setting their weightings to zero. Nevertheless,
during the design process, it can be meaningful to observe these
values despite not selecting them as target criteria explicitly. Of
course, the deduction of further target criteria f9 to fz is possible,
whereas it is recommended to reduce the amount of chosen target
criteria to a necessary minimum. Furthermore, the weightings of
the considered target criteria need to be chosen in a way that the
resulting values of the single target criteria are scaled to an equal
magnitude in order to achieve reasonable results if the target
criteria are combined into a single objective (Eq. 25). This also
holds regarding the desired minimization and maximization of
the respective target criteria.

Finally, the design of an active hybrid structure can be conducted
by a multi-criteria optimization using the vector of weighted target
criteria (specified within the scope of this publication for the sake of
completeness and for information purposes only):

f w,II �

w1 · f1

w2 · f2

w3 · f3

w4 · f4

w5 · f5

w6 · f6

w7 · f7

w8 · f8

..

.

wz · fz

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

w1 · F
d

w2 ·m
w3 · f

w4 ·∑ b·r
k�1

σM
σN

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
k

w5 · κ
w6 · u
w7 · Π
w8 · uΠ

..

.

wz · fz

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (24)

or alternatively by formulating a single-criterion optimization
problem using the combined objective (in the present study
employed for structural optimization and subsequent actuator
placement (Section 4.2; Section 4.3)).

fw,I � w1 · Fd + w2 ·m + w3 · ω + w4 ·∑b·r
k�1

σM

σN

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
k
+ w5 · κ

+w6 · u + w7 · Π + w8 · uΠ +/ + wz · fz

(25)

In this context, retracing all target criteria to the same unit, such
as energy, may be useful, as shown by Wang and Senatore (2020)

or Senatore and Reksowardojo (2020). Thus, an overall energy
balance could be determined and optimized in order to achieve
more energy-efficient structures.

The optimization problems investigated in the framework of
Section 4.2 and Section 4.3 are unconstrained but could easily be
extended to constrained optimization problems. Hence, some of
the proposed objectives f1 to fz can be involved as constraints
instead. Since the solution space of the posed optimization
problem is very large, a hierarchical method is derived. In
Section 3, a mathematical description of this method is
presented.

3 HIERARCHICAL METHOD FOR THE
DESIGN OF ACTIVE HYBRID STRUCTURES

3.1 General Description of the Method
Hierarchical optimization involves the decomposition of the
problem into several levels of sub-problems. These sub-
problems are of lower complexity compared to the overall
optimization problem; hence, a solution can be found more
efficiently (Loos et al., 2018). Due to this simplification, the
solution does not necessarily correspond to the global
optimum. Because of the high complexity of the problem and
the many parameters involved in the framework of these
investigations, this simplification is intentionally made in
order to improve the efficiency of the proposed method. This
methodology is subdivided into two successive partial procedures
containing specific heuristic approaches. It provides an efficient
search for the best solutions of active hybrid structures based on a
parametric model. Structural optimization is performed before an
optimal actuator placement. It is prioritized in this investigation
due to the importance of the static load transfer of the resulting
structure. Furthermore, the structural geometry is essential as a
basis for the actuator placement. It should be mentioned that
performing structural optimization first increases its impact on
the overall result. Initially, the first partial method, that is denoted
as the operator Γ, first sorts the design parameters βi (Eq. 30) of
the given parametric model according to their determined
influence on the objective fw,I. Subsequently, a hierarchical
optimization, which is depicted in Figure 1A, is employed.
Starting with the first parameter, in each step e, every
parameter βi,e,d, d = 1,. . ., p is varied successively whereas the
parameters βi,e,1 to βi,e,d−1 are set to their optima βi,e,1* to βi,e,d−1* as
previously determined in this step. At the end of each step e, the
convergence is examined. If the criterion β0i,e = βi,e* is fulfilled, no
additional iterations are necessary, and the optimal structural
geometry of the method step i with regard to its properties in
terms of lightweight construction f ΓL and the requirements of
active bending f Γb is determined. If the algorithm is not yet
converged, the next step of operator Γ is performed. In addition, it
is also possible to abort the operator algorithm after performing a
predefined number of steps. The resulting structure γ of operator
Γ is now passed to the second process step, denoted by the
operator χ, which performs an actuator placement. The
procedure, whose basic characteristics we introduce in the
work by Marker et al. (2019), is depicted in Figure 1B. This
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greedy algorithm selects actuators in a stepwise process according
to the respective target criteria fχ. Therefore, each of the rods of
the structure is considered a potential actuator position. To focus
on the placement of the actuators, the same cross section is
assigned to all of the members to avoid unintended influences
especially on the strain energy. The actuation is modeled as strain
load case. Within this C#-based algorithm, the necessary
nonlinear FEM-calculations are again conducted using
Karamba3D. In every search depth g, all remaining possible
actuator positions that have not been chosen in a previous
step are evaluated (black bold arrows) as both compression
(red) and tension actuator (blue) in combination with the
actuators Q1 to Qg−1 already chosen in a previous search
depth (light red/light blue). This neglects the possible effect
that a formerly chosen actuator becomes inefficient due to the
one chosen in a later step (dashed gray lines). This assumption
reduces the amount of necessary evaluations by a significant
amount. As a result, an enormous reduction of computation time
can be reached. Another advantage of this method is that the
algorithm can be aborted in any depth and later continued to
generate solutions with a greater amount of actuators as the
solution in each step is a partial solution of that with more steps
with respective actuators (Eq. 37).

After this process step, the first run of the entire method is
completed. In further loops, additional neighboring solutions on
the Pareto front can be determined iteratively by applying the
operators Γ and χ in further loops. The flowchart of the complete

derived method is depicted in Figure 1C. A more detailed
mathematical description of the developed method can be
found in Section 3.2. The presented method is then
performed on application examples in Section 4.

3.2 Mathematical Description of the Method
In this section, the mathematical description of the developed
procedure is pointed out:

The aim is an effective derivation of an appropriate design for
an active hybrid structure Ψ, which depends on the vector of
weighting of the target criteria w, the vector of parameters β
defining the parametric model of the structure, and the number of
actuators q that shall be selected during the procedure of the
actuator placement. This resultΨ is defined as the optimum of the
results of all n conducted single executions of the derived method:

Ψ w, β, q( ) � opt ρ1, . . . , ρn( ) , n → ∞ (26)
Of course, the better the total optimum is approximated, the
more the amount of runs n of the method aims toward infinity.
The optimum ρi of the ith single execution of the method can
be determined by the aid of the introduced composite function
P (wi, βi, qi):

ρi � P wi, βi, qi( ) (27)
This composition P (wi, βi, qi) is defined as the successive
execution of a hierarchical structural optimization procedure Γ

FIGURE 1 | Flowcharts of (A) operator Γ—structural optimization, (B) operator χ—choice of actuators, and (C) entire hierarchical method—successive execution of
operator χ after operator Γ.
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and a subsequent actuator placement, performed by a greedy
algorithm, denoted by the operator χ:

P wi, βi, qi( ) � χ q, Γ βi,wΓi( ),wχi( )
� χ◦Γ � χ γi( ) , (28)

In this equation, χ is the execution of an actuator placement with
qi actuators, according to Figure 1B, and Γ is a hierarchical
structural optimization of a predefined parametric model that is
defined by the vector of parameters βi, as described by the
flowchart in Figure 1A, whereby

γ � Γ βi,wΓi( ) ∈ Ω, (29)
must hold as the result of the structural optimization γ has to be
included in the initial domain Ω defined by the initially set up
parametric model. The vector βi can contain different kinds of
parameters describing the calculation model like geometrical
variables of the parametric structure, support conditions,
loading, material and cross section parameters.

βi �
βi,1
..
.

βi,p

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (30)

The weighting of the target criteria w is assigned as indicated in
Eqs. (19) to (23).

The actuation is modeled by strain load cases which lead to a
prescribed (constant) stroke for all chosen actuators to ensure
comparability between the different actuator positions, whereby
exactly g actuators are selected in the gth step of the heuristic
that are composed of compression and tension actuators. The
fact that actuators should generally not be subjected to bending is
neglected in the scope of these investigations as, in our preliminary
work (Marker et al., 2019), we are able to demonstrate that
appropriate alternative solutions can be found by means of
sophisticated structural design, for example, by adjusting the
static system through additional sliding details. Furthermore,
bendable actuators are already a topic of research (Ballas, 2007;
Ham et al., 2009; Prabhu et al., 2020), although in the large scale
required for structural engineering, this has not yet been achieved.

The following equation describes the strain load cases εTg,h for
all members QT, which represent tension actuators in the hth
iteration of the gth step of operator χ:

εTg,h
�

εQT,g,h � − s

lQT

, ∀ QT ∈ Tg,h

0 , else

⎧⎪⎪⎨⎪⎪⎩
⎫⎪⎪⎬⎪⎪⎭ (31)

Tg,h represents the set of tension actuators that are examined
during the hth iteration in the gth step of the heuristic. The next
equation describes the strain load cases for all rods in QC, which
represent compression actuators in the hth iteration of the gth
step of operator χ:

εCg,h
�

εQC,g,h � + s

lQC

, ∀ QC ∈ Cg,h

0 , else

⎧⎪⎪⎨⎪⎪⎩
⎫⎪⎪⎬⎪⎪⎭ (32)

Here, Cg,h represents the set of compression actuators that are
examined during the hth iteration in the gth step of the heuristic,
whereby 1 ≤ g ≤ q ≤ r, with r being the number of rods of the
structure and q the amount of actuators to be chosen, has to hold.

Each examined set of actuators in the hth iteration of the gth
step of the heuristic can then be denoted by the following
equation:

Ag,h � Tg,h ∪ Cg,h (33)
The chosen set of actuators in the gth step of the heuristic can
then be described as follows:

Ag � opt Ag,1, . . . , Ag,H( ), (34)
where H is the number of possible combinations that have to be
examined during the gth step. Compared to the amount of
combinations that would result from a complete search, an
enormous benefit in computation time could be reached. This
becomes obvious, comparing the necessary evaluations according
to Figure 1B to the resulting amount of combinations for a
complete search that can be determined using Eqs (35) or (36) if
the kinds of actuators to be chosen vary within one set, and is
depicted in Figure 2.

nact � r
q

{ } � r!

q! r − q( )!, (35)

nordact �
r!

r − q( )! (36)

FIGURE 2 | Number of combinatorial possibilities for the selection of an
amount of actuators for r = 20 rods with and without consideration of
the order.
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The chosen actuator sets of a certain substep are always subsets of
the solution of a later step of χ:

A1 ⊆ A2 ⊆ . . .⊆ Ag ⊆ . . .⊆ Aq. (37)

4 APPLICATION AND VALIDATION OF THE
PRESENTED METHOD
4.1 Software Environment and Aspects of
Validation
A significant part of the research conducted in this study is
realized using the parametric modeling software Grasshopper
(Rutten, 2014). It is embedded in the CAD software Rhinoceros
3D (McNeel, 2018). The necessary implementations of the
developed procedures are carried out using Visual Studio
(Microsoft, 2019) and the programming language C#. The
performed FEM-calculations within the method are executed
using the software Karamba3D (Preisinger, 2018). It offers the
capability to analyze parametric models within very short
computation times. Moreover, its kernel provides a good basis
for the development of new methods with own implementations.
A validation of the FEM analyses is conducted with the FEM
software Sofistik (SOFiSTiK AG, 2018). Comparative structural
optimizations are performed using the software GOAT
(Rechenraum GmbH, 2021) (Table 1 and Table 2). GOAT
provides an interface to NLopt (nonlinear-optimization
package). This free library includes some gradient-based and
direct search algorithms. For example, DIRECT, the linear trust
region method COYBLA (Powell, 1994), the cubic trust region
method BOBYQA (Powell, 2009), CRS2 (Kaelo and Ali, 2006), a
stochastic direct search method, and a Nelder–Mead variant of
the SUBPLEX algorithm (Rowan, 1990) are included in this
library. A schematic representation of the software
environment used in the framework of these studies is
depicted in Figure 3.

4.2 Benchmark Active Truss Structures
The investigations within this section include some validations
with state-of-the-art active structures. In this context, statically
determined truss structures are examined. This type of structure
is often the subject of investigations concerning the optimization
of active structures, for instance, in Senatore et al. (2018) or
Reksowardojo et al. (2019). These structures, consisting of jointed
truss members, are especially effective if light structures or
structures with low energy consumption have to be designed.
For such active trusses, no bending stresses are introduced into
the structural members during actuation. In addition to
representing a benchmark study and improving the
reproducibility of results, these investigations also indicate
differences in results compared to those of an active hybrid
structure (Section 4.3), derived using the same method
(Figure 1C).

Michell structures (Michell, 1904) are well known in structural
engineering and have already been approximated as a truss by
Wiedemann (1996). Hence, an approximation of the Michell

structure will be used in the following investigations in order to
validate the plausibility of the actuator placement conducted by
the operator χ (Figure 1B). For this purpose, a steel truss is
approximated for a quadratic design space of 10 m by 10 m
(Figure 4B). It has 18 truss members with a circular cross
section with a diameter of 10 cm. The targeted transformation
direction u (Figure 4C) is horizontal and intended to have the
exact opposite direction compared to the shape determining
single load (Figure 4B). Therefore, due to the force flow-
oriented geometry of the truss, a plausible actuator positioning
is expected to correspond to the sign of the normal forces of the
structure resulting from the shape determining load case. Hence,
for members with a compressive force as a result of the single
load, the placement of a compression actuator is expected. Vice
versa, the placement of tension actuators is expected for members
under tension. For the corresponding analysis (Figures 5A–C),
an actuator stroke of 10 cm is applied for each actuator. In
Figure 5C, red rods indicate the placement of compression
actuators, and blue members have been chosen to be tension
actuators. The remaining (gray) parts of the structure do not
contain any actuators.

Observing the results of the individual actuator placement
analysis (Figure 5A), it is noticeable that the positions 1, 2, and 6,
that are located at the right support achieve the best
transformation (Eq. 12) for the placement of a compression
actuator. In contrast, position 7, located at the top, attains a
particularly high efficiency (Eq. 18). Considering the results of
the axis-symmetric partners of the actuators, it can be seen that
they have the same magnitude but with a negative sign. Thus, a

FIGURE 3 | Software environment in the framework of the study.
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corresponding analysis for tension actuators shows that these
positions are particularly well suited for the placement of tension
actuators.

Furthermore, a heuristic actuator placement is performed
for the structure (Figure 4C) using the χ operator (Figure 1B)
targeting a maximal transformation of the tip point in u-

direction. Observing the results of the stepwise actuator
placement (Figure 5C), it is particularly noticeable that the
actuators are placed preferably at the supports. This seems
plausible considering the results of the individual actuator
placement (Figure 5A) and the fact that the largest lever arm to
the tip point is located at the supports. Furthermore, it can be
observed that for a complete placement of 18 actuators, as
expected, the kind of actuator placed corresponds to the sign of
the normal force resulting from the shape-determining load
case (Figure 5C). This matches the expectations as well. By
examining the results plotted in the bar chart (Figure 5B), it is
particularly obvious that the resulting transformation
increases with a rising number of actuators placed. In
contrast, the resulting energy consumption and, hence, the
efficiency partially alternate for subsequent steps. Entirely, it
can be noted that the energy efficiency increases nevertheless.
This leads to the hypothesis that in order to achieve a superior
degree of energy efficiency, it could be beneficial to employ a
large number of force flow-oriented integrated actuators.
These are an additional motivation to investigate this
potential resulting from the use of integrated actuators for
active hybrid structures. In conclusion, the proposed actuator
placement algorithm χ has attained plausible results for the
investigated Michell truss structure. Nevertheless, no evidence
that the global optimum is always reached with this heuristic
method can be derived therefrom. Due to the stepwise
procedure of the proposed algorithm, a rather efficient
analysis can be executed, but this procedure could also lead
to local optima. However, this circumstance is accepted in the
context of these investigations.

Moreover, the efficiency of the partial method for structural
optimization Γ will be validated. Therefore, the results of some
state-of-the-art optimization algorithms are compared to those of
the derived method. Within this comparative analysis, the
computation time needed by the Γ operator is employed as
maximal run-time condition for all algorithms.

For the associated following case study, a structural model
exhibiting similar boundary conditions to those of the active
hybrid structure investigated in Section 4.3 is defined. Therefore,
a parametric model (Figure 6A) of a truss with a height of 14 m
and a width of 5 m is generated. The members are connected by
joints. Over its height, the structure is equally divided by seven
horizontal rods and diagonal bracings. Furthermore, the resulting
structure that is depicted in Figure 6A is a statically determined
truss structure as well. For the sake of a better comparability with
the example examined in Section 4.3, circular GFRP cross
sections with a diameter of 5 cm are chosen. For the
parametric model, the horizontal positions of the outer nodes
are defined as variables. In addition, a symmetry condition is
imposed on the opposing outer nodes (Figure 6B). Consequently,
six parameters β (Figure 6B) can be shifted horizontally within
their prescribed variable bounds (Section 4.3). Within the
optimization procedure, this leads to a 10-m-wide design
space Ω (Figure 6C). In order to ensure a better comparability
with the analysis conducted in Section 4.3, a single-criterion
optimization with respect to the stiffness target criterion (Eq. 5) is
performed. No further constraints are applied. Therefore,

TABLE 1 |Results of parameters β1,. . ., β6 for different initial β0 (Figure 6), massm
(Eq. 6), and deformation d (Eq. 5) of optimization algorithms OPT with
maximum run-time of that needed by the Γ operator (Figure 1A) as early stop
criterion; GOAT-algorithms (Figure 3): GD = global deterministic (DIRECT), LQA =
local quadratic approximation (BOBYQA), LLA = local linear approximation
(COBYLA), NM = Nelder–Mead (SUBPLEX), GE* and GE’ = global
evolutionary (CRS2) best* and worst’ result of 5 runs; visualization of the result
of the Γ-operator for β0 = (2.5 2.5 2.5 2.5 2.5 2.5)T (Figure 6E).

OPT β1
(m)

β2
(m)

β3
(m)

β4
(m)

β5
(m)

β6
(m)

m
(kg)

d
(cm)

β0 — 0.25 0.25 0.25 0.25 0.25 0.25 — —

Γ 1.20 1.70 2.05 2.30 2.45 2.55 322 0.1516
GD 1.30 1.85 2.15 2.35 2.50 2.60 329 0.1529
LQA 0.60 0.50 0.60 0.65 1.20 1.55 222 0.7563
LLA 1.20 1.65 1.90 2.20 2.40 2.55 316 0.1519
NM 1.15 1.60 1.95 2.20 2.40 2.55 316 0.1515
GE* 1.10 1.70 1.95 2.10 2.35 2.55 314 0.1532
GE’ 1.30 1.70 2.25 2.55 2.55 2.75 335 0.1579

β0 — 1.25 1.25 1.25 1.25 1.25 1.25 — —

1.15 1.60 1.95 2.20 2.40 2.55 316 0.1515
GD 1.30 1.85 2.15 2.35 2.50 2.60 329 0.1529
LQA 1.45 1.95 1.70 1.95 2.15 2.30 311 0.1699
LLA 1.85 1.95 2.25 2.45 2.55 2.65 344 0.1596
NM 1.15 1.60 1.95 2.15 2.35 2.50 313 0.1520
GE* 1.20 1.65 2.00 2.25 2.35 2.50 317 0.1521
GE’ 1.25 1.55 2.05 2.25 2.50 2.50 320 0.1537

β0 — 2.50 2.50 2.50 2.50 2.50 2.50 — —

Γ 1.20 1.70 2.05 2.30 2.45 2.55 322 0.1516
GD 1.30 1.85 2.15 2.35 2.50 2.60 329 0.1529
LQA 1.25 1.70 2.05 2.30 2.45 2.55 322 0.1517
LLA 1.35 2.30 2.40 2.55 2.65 2.65 347 0.1623
NM 1.15 1.65 2.00 2.30 2.45 2.55 320 0.1516
GE* 1.45 1.65 2.15 2.35 2.65 2.70 332 0.1567
GE’ 1.55 1.60 2.25 2.70 2.65 2.65 340 0.1636

β0 — 3.75 3.75 3.75 3.75 3.75 3.75 — —

Γ 1.25 1.75 2.10 2.35 2.50 2.60 326 0.1521
GD 1.30 1.85 2.15 2.35 2.50 2.60 329 0.1529
LQA 1.80 1.95 2.25 2.45 2.55 2.65 343 0.1589
LLA 1.85 1.95 2.25 2.45 2.55 2.65 344 0.1596
NM 1.25 1.75 2.10 2.40 2.50 2.60 327 0.1525
GE* 1.15 1.65 2.00 2.30 2.45 2.55 320 0.1516
GE’ 1.30 1.50 2.00 2.20 2.40 2.45 316 0.1543

β0 — 5.00 5.00 5.00 5.00 5.00 5.00 — —

Γ 1.25 1.75 2.10 2.35 2.50 2.60 326 0.1521
GD 1.30 1.85 2.15 2.35 2.50 2.60 329 0.1529
LQA 1.35 1.80 2.05 2.25 2.40 2.55 324 0.1525
LLA 1.70 2.05 2.20 2.40 2.55 2.65 341 0.1581
NM 1.25 1.80 2.10 2.35 2.55 2.60 328 0.1528
GE* 1.15 1.65 2.00 2.25 2.40 2.55 318 0.1515
GE’ 1.35 1.95 2.30 2.60 2.85 2.85 347 0.1641
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unconstrained optimizations targeting a minimization of the
deformation d due to the external horizontal single load on
the top of the structure (Figure 6A) are performed. This load
represents the loading condition for all performed structural
optimizations within the scope of this investigation.

For the comparative analysis, state-of-the-art algorithms
available within the application GOAT (Figure 3) are used. In
order to mitigate certain initial value dependencies of the
algorithms, the optimization procedures are performed for
different starting vectors β0 for each algorithm (Table 1).
Within the range between 0.25 and 5.0 m, five initial vectors
are selected. Since the metaheuristic algorithm CRS2 (GE)
exhibits an inherent randomness for finding the global
optimum, these optimizations are performed five times each.
Thus, the best (GE*) and worst (GE’) results of these runs are
noted in Table 1. To evaluate the efficiency of the derived
structural optimization algorithm Γ, the results of the
comparative analysis in Table 1 are examined. This way, an
efficient and reliable algorithm that can be used for the derived
method should be found. Hence, for each selected initial value β0,
the maximal run-time is employed as early stop criterion and set
to the respective time required by the Γ operator. This emphasizes
the focus on the efficiency of the proposed algorithm Γ.

In Table 1, the optimized parameters β set by the algorithms
can be observed. Furthermore, the deformations of the tip point d
and the masses m of the resulting structures can be compared.
Observing these results, one can identify that the proposed
algorithm Γ is able to find the best solution with a
deformation of d = 0.1515 cm. The corresponding initial
parameter vector is selected as β0 = (1.25 1.25 1.25 1.25 1.25
1.25)T. The structural geometry corresponding to the attained
result is shown in Figure 6E. For the remaining initial values, the
neighboring solutions very close to the best solution are found by
the derived Γ operator. The Subplex (NM) and the global
evolutionary CRS2 (GE) algorithms calculate the same or an
equivalent result for different examined five initial vectors β0. The
remaining results of all algorithms are still useful, but worse
compared to those found by the Γ operator. The local quadratic
approximation (LQA) determines a deformation of d = 0.7563 cm
for β0 = (0.25 0.25 0.25 0.25 0.25 0.25)T. This value represents the
largest deviation from the optimum determined by Γ within the
scope of this example. It should be noted that the CRS2 algorithm
has a large spread in its results for different runs due to its
inherent randomness. This dispersion of result values becomes
obvious when comparing the results GE* and GE’.

In summary, this analysis could confirm that the Γ operator
(Figure 1A) of the hierarchical method achieves the most
favorable results compared to some state-of-the-art
optimization algorithms. Moreover, it is possible to prove the
higher efficiency of the Γ operator compared to the other
optimization algorithms in the context of this structural
example. As the available state-of-the-art algorithms are not
able to achieve equivalent or better results within the same or
shorter time for each chosen initial value, the Γ operator is
regarded as the most reliable and efficient one for this
example. Like within the investigations on the plausibility of
the χ operator, these studies do not aim to prove that the proposed
algorithm is able to find the global optimum for all cases of
structural possibilities; rather, the reliability and efficiency of the
presented operators should be emphasized. Since the complexity
of the example presented in Section 4.3 is comparable to the one
presented in this section, the results of the investigations are

TABLE 2 |Results of parameters β1,. . ., β6 for different initial β0 (Figure 8), massm
(Eq. 6), and deformation d (Eq. 5) of optimization algorithms OPT with
maximum run-time of that needed by the Γ operator (Figure 1A) as early stop
criterion for each β0; GOAT algorithms (Figure 3): GD = global deterministic
(DIRECT), LQA = local quadratic approximation (BOBYQA), LLA = local linear
approximation (COBYLA), NM = Nelder–Mead (SUBPLEX), GE* and GE’ =
global evolutionary best* and worst’ result of 5 runs; visualization of results for
β0 = (2.5 2.5 2.5 2.5 2.5 2.5)T (Figures 8E, 9A,C).

OPT β1
(m)

β2
(m)

β3
(m)

β4
(m)

β5
(m)

β6
(m)

m
(kg)

d
(cm)

β0 — 0.25 0.25 0.25 0.25 0.25 0.25 — —

Γ 0.35 0.75 1.10 1.45 1.80 2.15 171 0.3714
GD 0.45 0.90 1.30 1.85 1.90 2.20 180 7.2313
LQA 0.25 0.25 0.60 1.00 1.50 2.15 157 25.0214
LLA 0.30 0.65 1.00 1.40 1.80 2.10 169 0.9434
NM 0.35 0.65 1.00 1.40 1.75 2.15 169 0.6449
GE* 0.35 0.75 1.10 1.45 1.80 2.15 171 0.3714
GE’ 2.80 0.45 0.95 1.50 1.70 2.40 209 58.8100

β0 — 1.25 1.25 1.25 1.25 1.25 1.25 — —

Γ 0.35 0.75 1.10 1.45 1.80 2.15 171 0.3714
GD 0.45 0.90 1.30 1.85 1.90 2.20 180 7.2313
LQA 0.35 0.85 1.15 1.40 1.80 2.15 172 1.4173
LLA 0.35 0.70 1.10 1.40 1.80 2.10 170 0.7013
NM 0.35 0.70 1.00 1.35 1.75 2.15 169 0.7372
GE* 0.25 0.75 1.10 1.50 1.95 2.20 173 3.0014
GE’ 0.45 1.15 3.40 2.10 2.70 1.90 217 116.4124

β0 — 2.50 2.50 2.50 2.50 2.50 2.50 — —

Γ 0.35 0.75 1.10 1.45 1.80 2.15 171 0.3714
GD 0.45 0.90 1.30 1.85 1.90 2.20 180 7.2313
LQA 0.40 0.75 1.10 1.40 1.75 2.10 171 0.7782
LLA 0.60 0.85 1.15 1.45 1.80 2.15 175 2.2585
NM 0.35 0.70 1.05 1.45 1.80 2.15 171 0.3877
GE* 0.45 0.70 1.20 1.45 1.70 2.00 171 4.9900
GE’ 4.35 0.85 1.35 1.60 2.15 1.90 246 78.9852

β0 — 3.75 3.75 3.75 3.75 3.75 3.75 — —

Γ 0.35 0.75 1.10 1.45 1.80 2.15 171 0.3714
GD 0.45 0.90 1.30 1.85 1.90 2.20 180 7.2313
LQA 1.50 0.95 1.30 1.55 1.85 2.20 189 18.8850
LLA 0.65 0.95 1.35 1.45 1.85 2.20 178 5.4208
NM 0.40 0.75 1.15 1.45 1.80 2.15 172 0.5444
GE* 0.25 0.45 1.10 1.45 1.70 2.05 167 6.8510
GE’ 0.25 2.40 1.35 2.50 2.35 2.55 212 89.0146

β0 — 5.00 5.00 5.00 5.00 5.00 5.00 — —

Γ 0.35 0.75 1.10 1.45 1.80 2.15 171 0.3714
GD 0.45 0.90 1.30 1.85 1.90 2.20 180 7.2313
LQA 5.00 5.00 5.00 2.65 5.00 5.00 380 347.4157
LLA 3.65 3.75 3.90 5.00 5.00 5.00 345 350.0772
NM 2.65 2.65 5.00 5.00 5.00 5.00 337 351.1016
GE* 0.35 0.75 1.10 1.45 1.80 2.15 171 0.3714
GE’ 0.25 0.25 1.00 1.50 1.70 2.20 167 19.4018
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considered to be adequately useful for validation purposes in the
framework of this study. In order to be able to perform a
validation of the results of both operators for this example and
thus to better relate the results to those of the following section, an
optimal actuator placement is performed for the optimized
structural geometry (Figure 6E). The results of the stepwise
actuator placement are depicted in Figure 7. Observing the
results of this example, it is noticeable that the algorithm

prefers the actuator positions at the supports. However, in
contrast to the result of the stepwise actuator placement for
the Michell truss, there is no symmetrical actuator set chosen
by the algorithm. This may be due to the fact that this structure
itself is not symmetrical and has fewer force flow-oriented
members. Hence, this observation does not make the results
implausible. The actuator placement of all 26 actuators results in
an evenly distributed actuator set, where the left flanks and

FIGURE 5 | Bar charts of (A) individual actuator placement (corresponding numbers of actuators (Figure 4D) and (B) heuristic actuator placement corresponding
to (C) stepwise process of choice for the placement of 18 actuators (red: compression, blue: tension actuators) by operator χ.

FIGURE 4 | Michell truss approximation according to Wiedemann (1996) as basis structure for validation of operator χ, (A) design space and loading, (B)
approximation of trajectory lines and shape determining single load, (C) Michell truss and transformation direction u, and (D) corresponding numbers of individual
actuator analysis (Figure 5A).
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horizontal braces are chosen to be compression actuators. The
right flanks and diagonal braces are chosen to be tension
actuators. The resulting transformed structure is polygonal. In
addition, more detailed results regarding the stepwise actuator
placement for the structure in Figure 6E can be found in the
comparative bar chart (Figure 12) in Section 4.4. Here, the
results are compared with those of the active hybrid structure
derived in the following section.

4.3 Efficient Derivation of an Active Hybrid
Structure
In Figure 8A, the parametric model of a multistory frame with a
conical roof is depicted. This structure will serve as a sample to
derive an active hybrid structure with the presented hierarchical
method. As depicted in the example in Figure 6A, it is 14 m high
and 5 mwide. The support conditions are fixed in all translational
degrees of freedom, whereas they are regarded as free with respect
to the rotations. Over its height, the structure is divided equally by
seven horizontal rods. For all members, full circle cross sections
with a diameter of 5 cm are selected. The material is chosen to be
glass fiber reinforced plastic (GFRP) as this material is suitable for

bending active structures. Due to validation purposes, mainly
single-objective optimizations are performed for each operator of
the method in the framework of these investigations (Eq. 25). As
shown in Section 4.2, the investigated optimization problem is
unconstrained. A horizontal force, as depicted in Figure 8A,
serves as loading condition for the structural optimization. Again,
the symmetric horizontal node displacements of the non-
supported and non-loaded nodes on each level (Figure 8B,D)
are chosen to be the variables β � (β1 β2 β3 β4 β5 β6)T that are
examined during the structural optimization Γ. As indicated in
Figure 8C,D, each of these parameters is bounded to the range
between 0.25 and 5 m. Thereby, this range is discretized in
intervals of 0.05 m. Due to the chosen parametric
discretization, the resulting structure can adopt to many
different shapes within the design space Ω. This can be
observed in Figure 8C. As explained in Section 3, the
operator Γ initially analyzes the influence of the individual
parameters within their respective prescribed range separately.
This is indicated in Figure 8D. Afterward, it sorts them
accordingly for the following optimization. This structural
optimization pursues the procedure depicted in the flowchart
in Figure 1A. As the target criterion, the horizontal stiffness

FIGURE 7 | Stepwise process of choice for the placement of 26 actuators by operator χ (Figure 12).

FIGURE 6 | (A) Parametric model of an active truss with jointed connections, loading and support conditions, (B) horizontally variable nodes with symmetrical
dependency, (C) design space Ω, (D) isolated parameters β, and (E) result of structural optimization of Γ operator (Figure 1A) and (Table 1).
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calculated by Eq. 5 is considered for the derivation of the
structural optimum.

For the subsequent investigations on an optimal actuator
placement, the support conditions are considered fixed for all
degrees of freedom as a transformation based on bending is

desired. Therefore, in addition, the ratio of bending stresses to
normal stresses is observed. This analysis results in a minimum
value of 1%, a mean value of 59%, and a maximal value of 87%.
These three representative terms of the outer chords of the
structure are summed up in the target criterion f4 (Eq. 10)

FIGURE 8 | (A) Parametric model with loading and support conditions, (B) horizontally variable nodes with symmetrical dependency (visualized for β0 = (2.5 2.5 2.5
2.5 2.5 2.5)T), (C) design space Ω, (D) isolated parameters β, and (E) result of structural optimization γ (Figure 1A and Table 2).

FIGURE 9 | (A) and (C)Comparison and validation of the results of the structural optimizations using different algorithms (Table 2) for β0 = (2.5 2.5 2.5 2.5 2.5 2.5)T;
(B) and (D) χ—optimal actuator placement, with the results of the respective complete enumerations (all structural variants Ω of the parametric model with local
refinement LR (green circles), mass (Eq. 6) over deformation (Eq. 5)/complete search for 10 compression and 10 tension actuators (blue circles), (B) energy (Eq. 13) over
transformation (Eq. 12), and (D)) efficiency (Eq. 18) over transformation (Eq. 12).
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among others. It can be concluded that significant bending
stresses also arise in parts of the structure. One reason for this
is the restrictions that underlie the definition of the parametric
model since the limits of the variables restrict the shape of the
possible structural variants, which in total describe the solution
space Ω. The present solution space does not contain structural
variants corresponding to the formation criteria of trusses as no
triangular geometries can occur within all variants of structures.
Moreover, the node connections of all structural possibilities are
imposed as rigid. It is obvious that within this example, the initial
definition of the constraints of the connections, which are defined
as not variable, has a significant influence on the later result. This
restriction of the solution space also denies requirements of
lightweight construction since bending stresses can be
transferred via these connections. Likewise, the essential
influences resulting from support conditions and rod
arrangements, which can considerably affect the result, become
evident. In the scope of this investigation, these mentioned effects
are desired as the aim is to generate active hybrid structures in the
field between lightweight construction and active bending. For a
more comprehensive investigation, these parameters could also

be included as variables in the parametric model and additionally
submitted to the operator Γ by the vector β.

As indicated in Section 4.2, the performance of this optimized
structure is compared with that of the optimization algorithms
available within the software GOAT (Figure 3). Simultaneously,
the efficiency of the derived Γ algorithm should be proven. Hence,
for the comparative analysis performed in Table 2, the respective
time required by the Γ operator is assigned as the reference.
Therefore, all examined GOAT algorithms are allocated this
respective reference time as early stop criterion, as shown
already in Section 4.2. The analyses are performed for the
same five initial parameter vectors β0. Observing the results of
these comparative optimization runs in Table 2, it can be seen
that the implemented Γ algorithm finds the best result of d =
0.3714 m for all examined starting vectors β0. The structural
geometry corresponding to this result is depicted in Figure 8E.
The global evolutionary algorithm (GE) is able to achieve an equal
result only for the initial vectors of β0 = (0.25 0.25 0.25 0.25 0.25
0.25)T and β0 = (5 5 5 5 5 5)T in the best one of its five runs (see
(GE*) in Table 2). As for the other runs of the evolutionary
algorithm (GE), the remaining GOAT algorithms lead to

FIGURE 10 | (A) Stepwise process of choice for the placement of 14 actuators by operator χ, observed criteria values for transformation u, energy Π, efficiency u
Π,

stiffness F
d, and eigenfrequency f in (B) net-diagram and in (C) the corresponding percentage result values.
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significantly worse results with regard to the targeted criteria
deformation. In particular, the local quadratic approximation
BOBYQA (LQA), the local linear approximation COBYLA
(LLA), and the Nelder–Mead SUBPLEX (NM) exhibit a large
deviation of more than d = 347 cm for the initial vector of β0 = (5
5 5 5 5 5)T.

For the initial vector β0 = (2.5 2.5 2.5 2.5 2.5 2.5)T, the results of
all algorithms are plotted in Figure 9A,C. Here, a comparative
full enumeration of the solution space of structural variants that
can be generated by the parametric model (Figure 8) is included.
For the calculation of this data cloud, the whole parameter ranges
are subdivided into five equal intervals first (light green).
Afterward, the parameter intervals containing the optimal
solution are refined by subdividing them into two intervals
each (dark green). This procedure has to be chosen in order
to enable the comparability of the solution γ found by Γ to the
remaining potential structural variants. Therefore, the possible
amount of subdivisions is limited by the computation time.
Observing Figure 9A,C, it is noticeable that the highlighted
results of the analysis noted in Table 2 still perform relatively

well. Moreover, the complexity of the structural part of the overall
hierarchical optimization problem becomes obvious.

As none of the GOAT algorithms are able to find usable results
for all chosen initial vectors within the limited computation time,
these algorithms seem to be less suitable for structural
optimizations of active hybrid structures, especially if the
partially very large deviations are taken into account. This is
why we proposed to employ the presented Γ algorithm instead.
The resulting optimized structure γ, which is shown in Figure 8E,
corresponds to the so-called Fin Ray® effect (Michel et al., 2008).
Its bionic principle is well known as a compliant mechanism with
an actuation by means of a support displacement.

This structure is subsequently passed to the operator χ in order
to conduct an appropriate actuator placement according to the
procedure depicted in Figure 1B. Therefore, the target criterion f6
is aimed as a maximal transformation in the horizontal direction
indicated by the blue arrow in Figure 8E should be maximized.
Figure 10A illustrates the stepwise choice of the operator χ for the
placement of q = 14 actuators. The stroke is prescribed with s =
10 cm for this example.The remaining possible placements have
nearly no more significant influence on the transformation but
consume much more energy (Figure 12). In Figure 10A, the
criterion of the curvature f5 = κ can be seen for each step. In
contrast to the polygonal results of the active truss example
(Figure 7), the resulting active hybrid structure is
homogeneously curved. In addition, the values of criteria f1
(horizontal stiffness), f3 (frequency), f7 (energy), and f8
(efficiency) are observed during each step of the operator χ
while determining the respective actuator set. These values are
depicted in a net-diagram in Figure 10B for the initial structure
and four exemplary steps. Therefore, the axes of the diagram are
scaled in a way that the maximal value occurring for the
respective criterion is plotted at 90% of the axis length.
Simultaneously, the minimal value is attached at 10% of the
axis length if it differed from zero. The intermediate values are
interpolated linearly. The corresponding values for all steps g are
contained in Figure 10C as the percentage of the maximum of the
respective criterion. Evaluating the criteria values given in
Figure 10B,C, it can be seen that the transformation increases,
whereas the required energy does not steadily rise in every step for
an increasing number of actuators placed. The largest efficiency
can be observed for the placement of seven actuators. The
maximal horizontal stiffness of the system results from the
placement of two actuators. Observing the first eigenfrequency,
one recognizes that there is no significant change initially. In the
majority of cases, it rises due to the placement of tension actuators
and decreases as a result of placements of compression actuators.
For more than 14 actuators, it rises steadily up to a larger value
compared to that of the initial structure. Here, the influence of the
transformation can be detected. If a certain development of these
criteria is intended, this can be achieved by alternating the
weightings w in order to attain a specific behavior of the
desired active hybrid structure. In order to verify the results
obtained by the two successive methods Γ and χ, complete
enumerations are conducted as part of this study (Figure 9).
This comparison of solutions demonstrates that the results found
using the hierarchical method proposed in Section 3 are optimal

FIGURE 11 | (A) Results of operator χ for curvature of right outer chord
for target criteria: fw,I = κ for placement of q = 7 actuators on right chord (left);
fw,I � |κ| for placement of q = 14 actuators on both outer chords (center); and
fw,I � |κ| for placement of q = 6 actuators on whole structure (right). (B)
Comparative eigenforms: first eigenform (left); second eigenform (center);
seventh eigenform (right).
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within the framework of the accuracy of the chosen discretization.
In addition to the complete enumeration of the structural variants
ofΩ, a full investigation of the corresponding actuation concept is
performed for the optimal structure γ exemplarily. Therefore,
actuator sets consisting of ten tension and ten compression
actuators are examined due to a limited computation time.
Furthermore, the mapping between the corresponding results
of the introduced operators Γ and χ, which is performed by the
composition as indicated by Eq. 28, can be seen (red arrow in
Figure 9). In addition, the enormous potential concerning the
saving of computation time becomes obvious. Using the proposed
procedure, not all 46,655 solutions of the domain Ω, that are
represented by green circles in this plot, need to be determined in
order to find the optimal solution found by the operator Γ in only
a few loops e. This optimization result is highlighted as the red dot
in Figure 9A,C. Regarding the actuator placement conducted by
the operator χ, it becomes obvious that due to the stepwise
procedure depicted in Figure 1B, it is possible to directly
deduce suitable positions for the choice of g = 1,. . ., q
actuators for the optimal structure γ previously determined by
the hierarchical structural optimization conducted by the
operator Γ. This prevents the need to examine all 184,756
possible actuator sets (Figure 9B,D), particularly regarding the

target criteria energy over transformation (Figure 9B) and
regarding the target criteria efficiency over transformation
(Figure 9D). The efficiency of the proposed hierarchical
method becomes especially obvious, regarding the fact that a
corresponding actuator placement has to be conducted for all
possible structural variants Ω in order to determine an optimal
active hybrid structure. Therefore, the total number of
combinatorially possible actuator placements (consisting of ten
compression and ten tension actuators) for all possible structural
variants would be nearly nine billion, even for such a rather
simple structure.

As the attained results are regarded as sufficient, no further
loops i of the developed method are performed within the scope
of these investigations. Hence, as n = 1, Ψ = ρ1 represents the
solution for the active hybrid structure regarding the predefined
weighting w, parameters β, and number of actuators q according
to Eq. 26.

In the following, the resulting actuator placements conducted
by the operator χ according to the target criterion f5 = κ are
presented and compared to the eigenforms of the structure,
which, in addition, correspond to the target criterion f3 = ω.
This points out the relation between the single target criteria of χ
and Γ. The corresponding results are depicted in Figure 11A and

FIGURE 12 | Bar chart comparison of result values of stepwise heuristic actuator placement with operator χ for active truss structure (ATS) (Figure 6E) (dark bar
charts) vs for active hybrid structure (AHS) (Figure 8E) (light bar charts); for criteria values, transformation (green) (Eq. 12), energy (red) (Eq. 13), efficiency (black) (Eq. 18),
and stiffness (blue) (Eq. 5).
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can be compared to the respective eigenforms of the structure γ,
which are displayed in Figure 11B. Therefore, the target criterion
κ is adapted to consider the curvature of the right outer chord
only. This also demonstrates that the proposed procedure can
also be adjusted with respect to specific regions of the structure.
For a choice of q = 7 actuators on the right outer chord, according
to the target criterion fw,I = κ, a similarity to the first eigenform of
the structure can be observed. Furthermore, it becomes obvious
that a related transformation shape can be achieved by different
actuator sets as the transformation shape resulting from this
actuation is very much alike to that depicted for the last
transformation step in Figure 10A. As a difference, only
tension actuators are employed for the aforementioned
solution. By choosing q = 14 actuators on the two outer
chords for the modified target criterion of the undirected
curvature fw,I � |f5|, a transformation shape that is related to
the second eigenform of the structure can be observed. Here, it
can be noticed that this results in an antagonistic deformation
shape. If all the rods of the structure are considered to be possible
actuator positions, similarities to higher eigenforms of the
structure, like the depicted seventh eigenform, can be
identified. As can be seen comparing the results of the
placement of q = 6 actuators according to the target criterion
of the undirected curvature to the eigenforms of the structure, it
becomes obvious that this can also be used to determine actuator
sets with regard to active control by identifying the inherent
similarities. A more differentiated description of the curvature
specified for certain regions could improve the replication of the
eigenforms more accurately.

In conclusion, this comparative analysis has emphasized the
decisive influence of the variation of the target criteria and its
formulation on the design of active hybrid structures.

4.4 Discussion of Results
Finally, this section compares the analyses results of all selected
actuator sets of the active truss structure (Figure 6E) derived with
the presented methodology (Figure 1C) with that of the active
hybrid structure (Figure 8E) also designed with the introduced
method. Furthermore, some open questions raised by these
studies will be discussed. In the bar charts in Figure 12, the
absolute result values of the heuristic actuator placements for the

structures from Figure 6E and Figure 8E are compared. Here,
some differences are particularly noticeable. With the placement
of 12 actuators, the active hybrid structure already achieves a
larger transformation than the active truss variant with the
placement of 26 actuators. While in the active truss variant
the energy consumption increases slightly from actuator set to
actuator set, in the active hybrid structure, this energy
consumption increases over-proportionally up to the
placement of the 15th actuator. Studying the efficiency values,
it is noticeable that the values for the active hybrid structure are
relatively high up to the ninth actuator set. This means that with
the first–ninth actuator sets, actuation of the active hybrid
structure can partially be twice as efficient as for the active
truss. Obviously, the stiffness values for the diagonally braced
active truss structure are much higher, although it should also be
mentioned here that the shape of the initial structures (Figure 6E
and Figure 8E) differ and that additional truss members are
inserted into the active truss, which also leads to a comparatively
higher mass of the active truss structure. The stiffness values
change slightly during the analysis. While a modest increase in
stiffness can be observed in the actuator analysis of the active truss
structure, a slight alteration can be noticed in that of the active
hybrid structure. In summary, the values for transformability (Eq.
12) and energy efficiency (Eq. 18) of the active hybrid structure
variant proved to be particularly promising, while structural
stiffness (Eq. 5) can be mentioned as a distinct advantage of
the active truss structure. However, the active truss structure
analyzed in this study is also designed with a higher mass (Eq. 6).

In addition to these comparisons based on pure result
performance in numbers, the fact that very different
transformation shapes are obtained should also be mentioned.
On the one hand, this is due to the different initial geometry, but
on the other hand, it is also caused by the fact that the truss has
jointed connections, which on the one hand leads to a polygonal
transformation shape, and on the other hand could result in more
maintenance of the jointed connections in real load-bearing
structures. If the realization of these structures is considered
from a cost-effectiveness perspective, it can be concluded in the
framework of these studies that, with regard to the actuators,
which are associated with high costs according to the current state
of the art, a larger transformation can be achieved for the
observed active hybrid structure variant with fewer actuators
than for the active truss structure. A potential reduction in
actuator costs can be identified in this respect, which might
represent an advantage of active hybrid structures.

5 CONCLUSION

Within the framework of these studies, a systematic process for
conducting the novel task of designing active hybrid structures is
proposed. Therefore, appropriate target criteria and a hierarchical
method (Figure 1C) are derived. This presented methodology
allows an effective derivation of such structures with respect to
objectives from the field of lightweight construction, active
bending, and active structural control. Thus, the resulting
structures are resource-efficient. The structural optimization

FIGURE 13 | Study of an active hybrid roof structure at the BTU as part
of preliminary investigations for prototyping.
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step Γ (Figure 1A) can reach a reduction in material
consumption. Furthermore, an energy-efficient actuation can
be achieved by employing a subsequent actuator placement
conducted by the operator χ (Figure 1B). Nevertheless, these
structures can also exhibit a high degree of adaptability by
involving active bending. Moreover, it enables a realization
with only a few actuators. Considering the current state of
actuator technology, this is preferable for ecological and
economic reasons, but also regarding the characteristic of
elegant transformation shapes. Within the presented method,
the mentioned approaches can be balanced by the introduced
weightings of the proposed target criteria that correspond to the
respective fields. Furthermore, a mathematical description of the
whole method is presented. It is supplemented by program
flowcharts pointing out the procedures conducted by the
operators Γ and χ. These two derived partial methods
incorporate hierarchical and heuristic methods in order to
solve the posed search problem more efficiently as not the
entire domain has to be analyzed. Moreover, within the
context of these investigations, a selection of standard
optimization algorithms is compared to the derived structural
optimization algorithm. Concerning the examined structures, the
proposed operator Γ convinces regarding its performance. The
actuator placement method χ is verified using the well-known
Michell structure, which is derived by trajectory lines. In addition,
complete enumerations are used to visualize the performance of
the different optimization algorithms regarding their efficiency
(Figure 9) as no analytical solution for the proof of a global
optimum is available. In the comparative study (Figure 12),
considerable potentials of an active hybrid structure in terms
of transformability and energy-efficient actuation are identified.
This highlights that the intention of these studies is not
necessarily that structures should be equipped with a high
number of actuators. This holds especially considering the
current actuator technology with respect to costs but also
concerning maintenance and environmental compatibility.
Rather, these studies are intended to provide insights into the
potential benefits of optimal actuator placement within the design
process of active hybrid structures. However, if actuator
technology should evolve in the future, the results of these
studies can provide a good basis for structures that use flexible
component behavior and several integrated actuators to ensure a
high adaptability. This study primarily contributes toward
facilitating the realization of innovative structural solutions in
the future by means of modern and efficient design processes.

Regarding the future developments, further structural
optimization operators based on topology or BESO
optimization could be investigated in combination with the
presented optimal actuator placement algorithm χ, instead of
the introduced operator Γ. By doing so, the initial definition of a
parametric model could become unnecessary, and the method
could be launched in a free design space. The actuator placement
method χ could also be further developed. Such an enhancement

could be realized, for example, by allowing the selection of
multiple actuators within one step g or a deselection of
formerly chosen actuators that have become inefficient in later
steps. As a result, the presented method for actuator placement
might become more efficient or the quality of the results may
improve. This could also be advantageous, especially for more
complex structural geometries. In addition, we will validate the
results on a prototype (Figure 13 (Bleicher et al., 2021)). Hence,
studies on optimal actuator placement for a 3D structure have to
be conducted. In this way, the algorithm could be further
investigated regarding its suitability for real-world
applications. Consequently, further studies could also elaborate
in terms of more accurate approximations of the structural
models used for the analysis. This could then be followed by
prototype investigations on the energy efficiency of different
actuation concepts and for active vibration control (Jirasek
et al., 2019; Jirasek et al., 2020). Thus, additional studies could
be conducted to determine whether integrated actuators or
actuation at the supports are advantageous. In context of
further validations, additional optimizations regarding other
target criteria or different combinations of those should be
performed. Hence, the suitability of the method for many
objectives could be verified. In this way, a further contribution
to the improvement of the design method for active hybrid
structures may be achieved. A further goal could also be to
optimize the structural geometry and the placement of the
actuators simultaneously, instead of using iterative loops of
hierarchical operators. This could allow balancing the initial
priority of structural optimization and the actuator placement.
Nevertheless, a more complex optimization problem would have
to be solved in that case.
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NOMENCLATURE

βi,e* Vector containing the optimized values of the design parameters after
loop e of operator Γ

β0i,e Vector containing the sorted start values of the design parameters within
current loop e of operator Γ

β Vector containing the design parameters of the structure

fχ Vector of target criteria for actuator placement

f Γb Vector of target criteria related to active bending

f ΓL Vector of target criteria aiming at lightweight construction

fw,II Vector of weighted target criteria values for multi-criteria optimization

f Vector of target criteria

KE Elastic stiffness matrix

KG Geometrical stiffness matrix

KU Initial displacement stiffness matrix

K Nonlinear stiffness matrix

M Mass matrix

wχ Vector of weighting factors corresponding to target criteria for actuator
placement

wΓb Vector of weighting factors corresponding to target criteria related to
active bending

wΓL Vector of weighting factors corresponding to target criteria aiming at
lightweight construction

wΓ Vector of weighting factors corresponding to target criteria for structural
optimization

w Vector of target criteria

χ Operator performing actuator placement

χ◦Γ Operation describing the successive execution of operator χ after
operator Γ

Δh Absolute displacement in self-weight direction

Γ Operator performing structural optimization

γ Resulting structure of structural optimization performed by operator Γ

κ Curvature

Ω Design space for structural optimization

ω Circular eigenfrequency

Π Energy

Πkin Kinetic energy

ΠM Strain energy resulting from bending moments

ΠN Strain energy resulting from normal forces

Πpot Potential energy

Ψ Resulting optimized active hybrid structure

ρi Resulting optimized active hybrid structure of loop i of the whole method

σM Bending stress

σN Normal stress

ε Strain

εC,g,h Compressive strain load cases examined within the hth iteration in step
g of operator χ

εT,g,h Tensional strain load cases examined within the hth iteration in step g
of operator χ

A Cross-sectional area

ag Acceleration of gravity

Ag,h Set of all tension and compression actuators examined within the hth
iteration in step g of operator χ

Ag Set of all tension and compression actuators chosen within step g of
operator χ

b Number of evaluation points of stresses per rod

Cg,h Set of compression actuators examined within the hth iteration in step g
of operator χ

d Deformation

d Index of the structural parameter currently varied by the operator Γ

E Young’s modulus

e Index of the current loop of operator Γ

F Applied force

f Eigenfrequency

f1 Target criterion: stiffness

f2 Target criterion: mass

f3 Target criterion: eigenfrequency

f4 Target criterion: relation of bending stresses to normal stresses

f5 Target criterion: curvature

f6 Target criterion: transformation

f7 Target criterion: energy

f8 Target criterion: energy efficiency of actuation

fw,I Weighted target criterion value for single-criterion optimization

g Index of the current loop of operator χ

H Number of possible combinations that have to be conducted within step g
of operator χ

I Area moment of inertia

i Index of the current loop of the whole method

j Index of current rod

k Index of current evaluation point

l Length of rod

m Mass

n Total number of loops conducted by the whole method

nact Number of possible combinations without consideration of order

nordact Number of possible combinations if the order is considered

P Composite function describing the whole method

p Number of structural parameters

q Total number of actuators to be chosen by operator χ

Qg Actuator chosen in step g of operator χ

r Number of rods
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RC,g,j Possible compression actuator at rod j to be evaluated in step g of
operator χ

RT,g,j Possible tension actuator at rod j to be evaluated in step g of operator χ

s Stroke of actuators

Tg,h Set of tension actuators examined within the hth iteration in step g of
operator χ

u Transformation

v Velocity

w(x) Deflection curve

w1 Weighting factor corresponding to target criterion: stiffness

w2 Weighting factor corresponding to target criterion: mass

w3 Weighting factor corresponding to target criterion: eigenfrequency

w4 Weighting factor corresponding to target criterion: relation of bending
stresses to normal stresses

w5 Weighting factor corresponding to target criterion: curvature

w6 Weighting factor corresponding to target criterion: transformation

w7 Weighting factor corresponding to target criterion: energy

w8 Weighting factor corresponding to target criterion: energy efficiency of
actuation

z Number of target criteria
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