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Inertial mass controllers, including passive, semi-active and active strategies, have
been extensively used for canceling human-induced vibrations in lightweight pedestrian
structures. Codes to check the vibration serviceability and current controller design
approaches assume that both excitation forces and controller forces are the same on a
flexible structure and on a rigid structure. However, this fact may not be assumable since
interaction phenomena arise even for moderately lightweight structures. Analyzing two
case studies in this paper, interaction phenomena involved in the frequency-domain-
based design of passive and active inertial mass dampers are discussed. Thus, a
general vibration control problem including the interaction phenomena is set hereby.
Concretely, this paper deeply discusses the following issues: (i) how the structure to be
controlled is affected when human-structure interaction is presented for deterministic
and stochastic conditions, (ii) the closed-loop transfer function of the controlled structure
including a passive inertial mass damper, and (iii) the closed-loop transfer function of the
controlled structure including an active inertial mass damper. In addition, the performed
analysis considers the actuator dynamics and the actuator-structure interaction.

Keywords: vibration control, human-structure interaction, lightweight structures, inertial mass controller, active
vibration control

INTRODUCTION

Inertial vibration controllers have been extensively used for canceling human-induced vibrations.
Examples can be found in footbridges, long-span floors, grandstands, etc. Most of the applications
are based on the so-called Tuned Vibration Absorber (TVA) (also known as Tuned Mass Damper)
(Elias and Matsagar, 2017), which is an inertial vibration controller working passively. The TVA is
tuned to a specific vibration mode, so detuning problems arise when the structure model properties
change over time or the device modifies its properties. Hence, approaches such as multi-TVA
(Caetano et al., 2010; Van Nimmen et al., 2016) and semi-active TVA (Soria et al., 2017; Moutinho
et al., 2018) have been applied to alleviate these issues.

The detuning issue becomes even more detrimental when dealing with the vibration control
of very lightweight pedestrian structures. Different from traditional footbridges in which resonant
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responses up to 5 Hz are considered for the vibration
serviceability analysis, very lightweight structures may show
non-negligible non-resonant responses up to even 10 Hz
(Russell et al., 2019). Additionally, the mass of the occupants may
not be negligible as compared to the structural modal mass and,
consequently, active occupants cannot be modeled as a simple
dead load since interaction phenomena arisen between occupants
and the structure. Therefore, responses out of the structure
resonances and the Human-Structure Interaction (HSI) should
be accounted for the design of TVAs.

The active version of the TVA, known as Active Vibration
Absorber (AVA), has also been successfully implemented in
laboratory and in-service structures to cope with excessive
human-induced vibrations. An AVA system basically comprises:
(i) the actuator(s), which transmits controlled forces to the target
structure so as to minimize its vibrations, (ii) the control system,
which calculates in real-time the command (voltage) signal to
the actuator, so that the target forces are developed and (iii), the
sensors located on the structure, which provide the kinematic
information (usually acceleration) required for the controller to
calculate the command signal. Several morphologies of actuators
have been employed for active vibration control, some examples
are electromagnetic proof-mass actuators (Casado et al., 2013;
Zhang and Ou, 2015; Mao and Huang, 2019), pneumatic muscle
actuators (Bleicher et al., 2011), and multiple rotating-mass
actuators (Terrill et al., 2020), amongst others.

The most challenging part to design in an AVA system is
the control algorithm. The most widespread technique is the
Direct Velocity Feedback Control in which the velocity of the
structure is estimated by integrating the accelerometer signal.
If an ideal actuator and sensor are considered, the closed-
loop system is unconditionally stable (independent from the
control gain). Nevertheless, this assumption is only valid if
the resonant frequency of the actuator is much lower than
the target frequencies of the structure. When a real actuator
is considered, its dynamics interfere with the overall system
dynamics, yielding to a conditionally stable system. In this case,
the root locus of the closed-loop system shows a couple of
branches which enter the right-half plane from a certain value
of the control gain on. Several approaches have been proposed to
increase the stability margin of AVA systems, such as: Modified
Acceleration Feedback (Díaz and Reynolds, 2009), the Internal
Resonant Control (Díaz et al., 2012b), the Inner Control Loop
approach (Díaz et al., 2012a), or the Virtual Mass technique
(Mao et al., 2020).

Actuator dynamics are usually considered to be independent
of the structural response. However, this hypothesis only holds
when structural displacements are negligible in comparison to
those of the actuator inertial mass. Hence, the force transmitted
by the actuator depends only on the command signal and its own
inherent dynamics. This scenario is modeled by using the well-
known second-order proof-mass actuator model (Preumont,
2002), or a three-order model (Díaz and Reynolds, 2009)
when the electrical subsystem plays a significant role on the
actuator transfer function (TF). Nevertheless, when dealing with
lightweight flexible structures, the motion of the structure may
affect significantly the motion of the actuator inertial mass and

the Actuator-Structure Interaction (ASI) phenomenon can no
longer be neglected.

Regarding human-induced loads, experimental campaigns
using force plates (Parkhouse and Ewins, 2006), sensors (Moreu
et al., 2020), shoe insoles (Wang H. et al., 2019), or computer
vision approaches (Wang Y. et al., 2019), to mention a few,
have been carried out to accurately characterize these actions.
Thus, deterministic (Boniface et al., 2006; Heinemeyer et al.,
2009) or stochastic (Casciati et al., 2017; Ramos-Moreno et al.,
2020) models have been proposed over the years to predict the
dynamic response of structures under the human actions. Codes
and control design approaches consider that forces generated by
human activities are the same on a flexible structure and on a
rigid structure. However, this assumption might not hold even
for moderately lightweight structures, such as grandstands or
footbridges, since the response may be poorly estimated (Ahmadi
et al., 2019). In these cases, humans will react to the behavior of
flexible structure when they perceive the vibration by modifying
their gait, and the so-called HSI phenomenon arises.

Although pedestrian actions have been modeled by point
periodic forces (ISO, 2012; CEN, 2020), it is well accepted that
the dynamic properties of the human body affect the vibration
serviceability of the structure (Van Nimmen et al., 2017). Since
the structure response may be reduced when human dynamics
are considered, single-degree-of-freedom (SDOF) (biodynamic)
models have been proposed in the literature for different types
of human actions (Jones et al., 2011; Shahabpoor et al., 2016;
Silva et al., 2020). In general, it is accepted that the interaction
only takes place when displacements are large, at much higher
levels than those prescribed in codes. On the other hand,
when the inertial control starts to cancel out the vibration, this
level is usually high and the system to be controlled may be
significantly modified by the human influence (coupled human-
structure system). Consequently, when designing vibration
control strategies to meet the vibration serviceability, HSI plays
an important role and should not be generally ignored.

This paper sets the general vibration control problem for the
design of inertial controllers when dealing with very lightweight
flexible pedestrian structures. The paper gathers the interaction
phenomena that should be accounted for vibration control of
these structures. Thus, the open-loop TF for the structure with
HSI is firstly derived, and secondly, the closed-loop TF for
TVA and AVA (without and with ASI) are obtained. Hence,
it is shown how the interactions affect both the open and the
closed-loop TFs, and consequently, the controller design in the
frequency domain.

Regarding the AVA, collocated and non-model-based control
is assumed hereby, that is, the vibration is measured and
canceled out at the same physical point and no model is used
within the control law implementation, respectively. Control
strategies based on collocated actuators and sensors have been
demonstrated to offer greater robustness, stability, performance
and ease of implementation with respect to full state-space
feedback control system and model-based approaches. Thus, a
human-structure dynamic collocated model based on the fairly
simple and geared-to-practice mass-spring-damper-actuator
model is adopted based on Dougill et al. (2006).
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After this introduction, the general equations of motion and
the TFs of the general control scheme are described in Section
“System Modelling.” In Section “Case Study: FRP Footbridge,”
a case study is presented considering a very lightweight fiber
reinforced polymer (FRP) laboratory footbridge. This plant
(without and with HSI) is analyzed under deterministic and
stochastic assumptions, and the results of the closed-loop model
are compared with the outcomes of a FE model. In Section
“Controllers Design,” the design of TVA and AVA systems is
presented for the studied plant. For the AVA systems, the
stability and dynamic properties in the following scenarios are
studied, giving directions for controller design: (i) ideal actuator
case, (ii) real actuator case, (iii) real actuator case with ASI,
(iv) real actuator case with ASI and HSI. Section “Discussion”
presents a discussion of the implications of HSI considering
another lightweight FRP footbridge with lower fundamental
natural frequency and employing the proposed methodology. In
the remainder of the paper, Section “ Conclusion and Future
Perspective,” conclusions and some future works are drawn.

SYSTEM MODELING

The models of the plant to be controlled, human, and inertial
controllers involved in the control scheme are described
in this section.

Plant Model
A SDOF model for the plant is depicted in Figure 1A, and its
equation of motion is

ms
..
xs+ csẋs + ksxs = Fh, (1)

where xs = xs (t) (m) is the displacement of the structure
at the control point (over dots indicating time derivatives.),
ks = ω2

s ms (N/m) is the structure’s stiffness, ωs = 2πfs (rad/s)
is the circular natural frequency of the structure, cs = 2ωsmsζs
(Ns/m) is the viscous damping of the structure, and Fh (N) is the
excitation force acting on the structure.

Taking the Laplace transform of Eq. 1 and considering the
contribution of several vibration modes, the TF between the
acceleration response and the force at the control point is

GS (s) =
s2Xs (s)
Fh (s)

=

Ns∑
i =1

1/msi · s2

s2 + 2ωsiζsis+ ω2
si
, (2)

with i = 1, 2, . . . Ns, where Ns is the number of considered
modes of the structure, s is the Laplace variable, Fh (s) is the
Laplace transform of the external human force acting on the
structure, and s2Xs (s) is the Laplace transform of the structural
acceleration, being Xs (s) the Laplace transform of the structural
displacement. Figure 1B shows the block diagram of the plant.

Human Interactive Model
A mass-spring-damper-actuator system based on the dynamic
properties of the human body and attached to the structure is
employed to account for HSI phenomenon. Thus, a human is

FIGURE 1 | Models of the systems: (A) Plant free body diagram, (B) Plant
block diagram, (C) HSI free body diagram, and (D) HSI block diagram.

defined by means of its mass (mh), natural frequency (fh), and
damping ratio (ζh). Additionally, a harmonic force generated by
the human legs is considered as a pair of action-reaction forces
acting simultaneously on both the structure and the human, here
named as human driving force and denoted by Fa(N).

When considering HSI, the dynamic analysis of the coupled
human-structure system is carried out assuming that the
interaction can be modeled as a closed-loop system, in which
the human actions are fed back to the structure. Considering
one person acting on the structure, this feedback loop is easily
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deducted from the force balance illustrated in Figure 1C for a
SDOF model for the structure, which is governed by the following
expressions

mh
..

xh+ kh (xh − xs)+ ch (ẋh − ẋs) = Fa, (3)

−mh
..

xh = (Fhsi − Fa) , (4)

ms
..
xs+ cs xs+ ksxs = (Fhsi − Fa) , (5)

where xh (m) is the human displacement, kh = ω2
hmh (N/m)

is the stiffness of the human model, ωh = 2πfh (rad/s) is the
human’s circular natural frequency, ch = 2ωhmhζh (Ns/m) is the
viscous damping of the human, and Fhsi (N) is the transmitted
passive force between the structure and the human.

From the Laplace transform of Eqs. 3–5, the block diagram
of the coupled human-structure system is derived as shown in
Figure 1D. This diagram uses the structure TF (see Eq. 2) and
two additional TFs that account for: (i) the force generated by
humans without structure movement GH (s), and (ii) the human
interactive force GHSI (s). Thus, for an Nh number of humans
acting at the control point, these two TFs are defined as follows

GH (s) =
Fha (s)
Fa (s)

=

Nh∑
j =1

−s2

s2 + 2ωhjζhjs+ ω2
hj

, (6)

GHSI (s) =
Fhsi (s)
s2Xs (s)

=

Nh∑
j =1

mhj

(
2ωhjζhjs+ ω2

hj

)
s2 + 2ωhjζhjs+ ω2

hj
, (7)

with j = 1, 2, . . . Nh, where Fha is the force generated by the
humans without including the force transmitted to them due to
the structure movement. Then, the TF of the coupled human-
structure system is as follows

GH (s) =
GS · GH

1+ GS · GHSI
. (8)

Tuned Vibration Absorber
The TVA-structure coupled model is firstly designed assuming
a SDOF model for the structure. The control force entering the
structural system is obtained from the transmitted force (Ft)
of the TVA. Figure 2A shows the system of the structure that
includes a TVA, which is governed by these equations of motion

mt x
t
+ ct (ẋt − ẋs)+ kt (xt − xs) = 0, (9)

−mt x
t
= Ft, (10)

ms x
s
+ cs xs+ ksxs − ct (ẋt − ẋs)+ kt (xt − xs) = Fha, (11)

where xt (m) is the TVA displacement, kt = ω2
t mt (N/m) is the

stiffness of the passive inertial controller, ωt = 2πft (rad/s) is

FIGURE 2 | TVA system: (A) Free body diagram, (B) Block diagram of the
plant with a TVA, and (C) Block diagram of the plant with a TVA and HSI.

its circular natural frequency, ft (Hz) is the respective natural
frequency, mt (kg) is the mass of the device, ct = 2ωtmtζt
(Ns/m) is the viscous damping of the device, and ζt is the
TVA damping ratio.

From Eqs. 9–11, the TF between Ft and the structure
acceleration is the following

GT (s) =
Ft (s)

s2Xs (s)
=

mt
(
2ωtζts+ ω2

t
)

s2 + 2ωts+ ω2
t

. (12)

For the system omitting the interaction phenomenon, the passive
controller attached to the plant is defined by the closed-loop
scheme (GCL,T) presented below

GCL, T (s) =
GS

1+ GS · GT
, (13)
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where GS is shown in Eq. 2, and GT is presented in Eq. 12. The
block diagram of the system represented by Eq. 13 is depicted in
Figure 2B. On the other hand, the closed-loop scheme (GHCL,T)
that represents the TVA system with the plant considering HSI is

GHCL, T (s) =
GS · GH

1+ GS · (GHSI + GT)
, (14)

in which the TFs employed are defined in Eqs. 2, 6, 7, and 12. The
block diagram this system is shown in Figure 2C.

Active Vibration Absorber
The TFs for the AVA system are derived next. The equations of
motion assuming a SDOF model for the structure (see Figure 3A)
are

ms x
s
= −ksxs − csẋs + ka (xa − xs)+ ca (ẋa − ẋs)− Fe + Fha,

(15)
for the structure, and

ma x
a
= −ka (xa − xs)− ca (ẋa − ẋs) + Fe, (16)

for the proof-mass actuator, in which xa (m) is the
displacements of the actuator inertial mass, and Fe (N)
is the (electromagnetic) force developed by the actuator.
Furthermore, ma (kg) is the sprung/moving mass of the actuator
and ka (N/m) and ca (Ns/m) are, respectively, its stiffness and
viscous damping.

The force transmitted to the structure due to the actuator can
be expressed as

Ft = −ma
..

xa = ka (xa − xs)+ ca (ẋa − ẋs) + Fe, (17)

Taking the Laplace transform of Eq. 16, multiplying both sides by
mas2 and accounting for Eq. 17 yields

Ft (s) = −mas2Xa (s) = −
mas2

mas2 + cas+ ka
Fe(s)

−
ma(cas+ ka)

mas2 + cas+ ka
s2Xs (s) , (18)

which represents the Multiple Input Single Output TF between
the force transmitted to the structure by the actuator and the
electromagnetic force Fe and the structure acceleration ẍs. The
latter represents the ASI.

Making use of the relationship Fe (t) = Ke · V (t), which
relates the electromagnetic force developed by the actuator and
its control voltage, the TF between the force transmitted by the
proof-mass actuator and its input voltage, in case of a perfectly
rigid structure, can be expressed as follows

GA (s) =
Kes2

s2 + 2ωaζas+ ω2
a
, (19)

in which Ke > 0 (N/V) is the force constant of the proof-mass
actuator, ωa = 2πfa (rad/s) is its circular natural frequency,
fa (Hz) is the correspondent natural frequency and ζa is the
damping ratio of the device. It is worth noting that a second

FIGURE 3 | AVA system: (A) Free body diagram, (B) Block diagram of the
plant with an AVA, and (C) Block diagram of the plant with an AVA and HSI.

order TF has been obtained, since the electro-mechanical velocity
coupling has been neglected. This is equivalent to considering a
perfect transconductance amplifier (Preumont, 2002).

The TF accounting for the force transferred to the structure
due to its interaction with the proof-mass actuator (second term
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of the right-hand side of Eq. 18) can be cast as

GAI (s) =
cas+ ka

s2 + 2ωaζas+ ω2
a
. (20)

The selected control strategy is DVFC, thus, the voltage input to
the actuator is determined by means of a controller whose output
is proportional to the estimated velocity of the structure. The TF
of this controller has been idealized, for the sake of clarity, as a
pure integrator affected by a control gain Kv as follows

C (s) =
Kv

s
. (21)

More realistic approaches make use of a band-pass filter to
estimate the velocity from the acceleration of the structure
(Díaz and Reynolds, 2009). The block diagrams of the resulting
structural systems, neglecting and accounting for HSI, with the
previously explained TFs are shown in Figures 3B,C, respectively.
The closed-loop TF of the overall system without HSI, GCL, is
expressed as follows

GCL (s) =
GS

1+ GS · (C · GA + GAI)
, (22)

and finally, the closed-loop TF with HSI, GHCL, is

GHCL (s) =
GS · GH

1+ GS · (C · GA + GAI + GHSI)
. (23)

CASE STUDY: FRP FOOTBRIDGE

A lightweight FRP footbridge is studied in this section together
with uncertainties in its dynamic properties (equivalent modal
mass, natural frequency and damping ratio). Also, the design of
the controllers is presented.

Structure Description
The pedestrian bridge is a 10-m long simply supported FRP
structure with a width of 1.5 m. Figure 4A shows the plan
view of the footbridge that comprises pultruded Glass FRP
(GFRP) profiles and Carbon FRP (CFRP) strips manufactured by
Fiberline Composites A/S. (2018). The main elements are three
GFRP profiles, one I 300 × 150 × 15 and two U 300 × 90 × 15,
separated 0.75 m transversally. Also, CFRP strips (E 139/90/4.9
and E 139/150/4.9) are bonded to the top and bottom flanges of
the stringers along their entire length, as depicted in Figure 4B.
GFRP I 160 × 80 × 8 elements spaced 1.25 m from the pinned
supports and every 1.20 m along the rest of the bridge length are
the crossbeams acting as lateral restraints.

GFRP plank HD panels form the bridge deck, and a
layer of recycled rubber pavement is considered as a wearing
surface. Stainless steel cables crossing GFRP SHS 60 × 60 × 5
profiles form the handrails, and the square hollow sections
are connected to the side of each U profile every intersection
between the stringer and the crossbeam. At the support
region, concrete with a compressive strength of 30 MPa is
cast (see Figure 4A) to ease the construction of the pinned
and roller supports. Thus, the concrete blocks at the bridge

ends are 1.5 m by 0.3 m by 0.3 m. To assemble the
structure, GFRP L 75 × 75 × 8 profiles and stainless-steel
bolts are employed.

Finite Element Model
Considering the aforementioned information, a linear elastic
FE model of the structure is developed in Abaqus (SIMULIA,
2017). Figure 5A shows the model that uses shell elements (S4R)
to represent the stringers, crossbeams, handrail poles, and the
deck panels. Whilst solid elements (C3D8R) are used to model
the concrete blocks at both ends of the footbridge. Top and
bottom flanges of the stringers are defined as shell composite
layups comprized of two plies. The first layer refers to the GFRP
laminate, and the second one corresponds to the CFRP strip.

Tie constraints are selected to join the stringers,
crossbeams, and handrail poles, and connections between
the stringers and the deck are defined similarly. The
stringers are connected to the concrete blocks by using
the embedded element technique, so the solid elements
are hosts for the shell elements. Properties of the FRP
elements are presented in Table 1, and the concrete
mechanical properties are assumed as follows: density
ρc = 2,400 kg/m3, Young’s modulus Ec = 28 GPa, and Poisson’s
ratio ν c = 0.30.

To represent a simply supported structure, displacements of
two areas of 0.20 m by 0.15 m at the bottom of one concrete block
are constrained in the longitudinal, transversal and vertical (x,
y and z) direction. Whilst, only vertical (y) and transversal (z)
displacements of two similar areas at the bottom of the other
block are constrained. An additional mass of 60 kg/m2 is also
defined over the bridge deck to account for all the non-structural
components omitted in the model.

Equivalent Structure Model
Based on Section “Plant Model,” the plant model is constructed.
In general, all the vibration modes with natural frequencies below
10 Hz, which are likely to be excited by human actions, should
be considered. Thus, only the first vertical mode is selected (see
Figures 5B,C) for the analysis. A SDOF model is derived after
performing a modal analysis using the FE model. An equivalent
modal mass (ms) of 837.9 kg and a natural frequency (fs) of
5.18 Hz are obtained. To complete the required data for the
model, a damping ratio (ζs) of 2% is assumed (Ascione et al., 2016;
Wei et al., 2019).

To characterize the influence of environmental and physical
conditions on the FRP structure, statistical distributions are
employed to describe its dynamic parameters. First, statistical
properties related to the effective modal mass are obtained
by carrying out 1000 modal analysis using the FE model (see
Figure 5A). As composite elements were manufactured through
pultrusion, density of the GFRP and the CFRP are assumed to be
constants. Just the non-structural mass varies following a Normal
distribution with a mean value of 60 kg/m2 and a coefficient of
variation (COV) of 4% (JCSS, 2001). The obtained value for the
equivalent modal mass is 837.9 kg and the COV is 2%.

Second, the natural frequency and damping ratio of the
footbridge are assumed to be described by a two-parameter
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FIGURE 4 | FRP footbridge: (A) Plan view, and (B) Cross-section.

Weibull distribution, given stiffness and strength properties of
composites usually follow this type of distribution (Zureick et al.,
2006). A mean value of 5.18 Hz is adopted for the distribution
of the natural frequency with a COV of 7%. This consideration
seeks to account for the degradation of the structure over
the years (Stratford, 2012), uncertainties in the stiffness of the
structural elements, flexibility of bolted connections and changes
of the non-structural mass. Regarding the damping ratio, a
Weibull distribution with a mean value of 2% and COV of
10% is adopted.

Assuming that the three statistical distributions are mutually
independent, 1000 stochastic SDOF models for the structure are
generated using the Latin Hypercube (LH) Method. Figure 6A
presents the block diagram of the structure with uncertainties,
defined as ĜS, together with the magnitude of the TFs of 20
stochastic systems, for the sake of visualization.

HSI Model
HSI phenomenon is modeled for people bouncing at mid-span
of the FRP footbridge. As this is the most responsive point of
the structure, actions of the humans and the inertial controllers
(explained in Section “Controllers Design”) are studied at
this location. Bouncing is the considered human-induced load
because it enables to derive a time-invariant TF for the coupled
human-structure system. Furthermore, the dynamic behavior of
the structure may be affected by HSI since feet remain in contact
with the bridge at any time. Based on Dougill et al. (2006), the
nominal parameters of the human body considered in this study
are: 66 kg for the mass, 2.3 Hz for the natural frequency, and 25%
for the damping ratio.

Similarly to the structure properties, uncertainties in the
dynamic parameters of the human body may be considered
due to the variability of values reported in literature for people
bouncing (Jones et al., 2011). Thus, the following considerations
are adopted: (i) the mass of a person follows a Normal
distribution µ = 70 kg and COV = 5%, (ii) the frequency of
the human body is described by a Uniform distribution between
1.5 Hz and 6.0 Hz, and (iii) the damping ratio a person follows a
Uniform distribution between 20 and 50%.

Considering that the statistical distributions of the human
body are also mutually independent, 1000 multivariate stochastic
samples are generated using the LH Method. Each human
model is associated to a structure model, generating thus 1000
coupled human-structure models (ĜH). Figure 6B shows the
block diagram of the structure including HSI and uncertainties
in the parameters, so ĜH and ĜHSI are displayed. For the sake
of visualization again, only the magnitudes of the TFs of 20
stochastic systems are presented in this plot.

Validation of the HSI Model
To validate the proposed HSI model, results of the nominal
structure-human coupled system (see Eqs. 2, 6–8) are compared
with the outcomes of the FE model. One person (Nh1) and
two people (Nh 2) bouncing at mid-span of the footbridge are
studied. To carry out the dynamic analysis in Abaqus (SIMULIA,
2017), the direct integration method HHT-α is employed with
a constant time step of 0.001 s and a Rayleigh damping model
of 2%. Figures 7A,B show the mass-spring-damper systems that
represent each human body in the FE model for the two scenarios
of people bouncing synchronously at mid-span. Besides the mass-
spring-damper systems, a harmonic force that represents the
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FIGURE 5 | Pedestrian bridge: (A) FE model, (B) First vibration mode, and
(C) Second vibration mode.

action of bouncing is used. This action is described as follows

Fha (t) =Wh

Nhar∑
k =1

DLFk · sin
(
2πkft + φk

) , (24)

with k = 1, 2, . . . Nhar , where Nhar is the number of considered
harmonics, Wh is the person’s weight, DLFk is the dynamic

TABLE 1 | Characteristic stiffness values of the FRP elements.

Material Parameter Symbol Unit Value

GFRP Tensile modulus, direction 1 Et1 GPa 24.0

Tensile modulus, direction 2 Et2 GPa 7.0

Compressive modulus, direction 1 Ec1 GPa 24.0

Compressive modulus, direction 2 Ec2 GPa 10.0

In-plane Poisson’s ratio, 12 ν12 – 0.23

In-plane Poisson’s ratio, 21 ν21 – 0.07

In-plane shear modulus G12 GPa 3.0

CFRP Tensile modulus, direction 1 Et1C GPa 139.0

Direction 1 is oriented in the direction of pultrusion and direction 2 transversally to
the direction of pultrusion.

load factor for each considered harmonic, f is the frequency
component of repetitive loading, and φk is the phase angle of
the kth harmonic. In this study, DLFs are 0.582, 0.114 and 0.036
for the first three harmonics, respectively, associated to bouncing.
The values are obtained from the Generated Load Factors (GLFs),
α1 =0.286, α2 =0.095, and α3 =0.033, proposed by Dougill
et al. (2006), and the TF presented in Eq. 6.

Figure 7C shows the comparison for the case of one
person bouncing. The maximum acceleration from the FE
model is 1.44 m/s2, and the obtained result from the GH
model is 1.50 m/s2. Figure 7D presents the results for
the scenario of two synchronized bouncers, where the peak
responses are 2.14 m/s2 (FE model) and 2.23 m/s2 (closed-
loop model). In both graphs, the structural response of
the footbridge is similar using the numerical model (see
Section “Finite Element Model”) and the simplified model
(see Eq. 8). Therefore, the proposed methodology is assumed
to be validated, and it will be employed in the next
sections to design and discuss results using passive and
active controllers.

CONTROLLERS DESIGN

In this section, the TVA and AVA systems are designed for
the FRP footbridge using the TFs presented in Sections “Tuned
Vibration Absorber” and “Active Vibration Absorber.”

TVA Design
The design of the TVA is carried out using a single-
objective optimization procedure. H norm of the TF of
the nominal system, without and with HSI, is chosen as
the objective function to be minimized by means of a
metaheuristic technique. In this work, a single-objective
Genetic Algorithm (GA), which is provided by a toolbox of
MATLAB (Mathworks, 2019), is employed for the TVA design
in the two cases.

The inertial mass of the device is assumed to be 30.4 kg
for both scenarios. This value is preselected because the AVA
studied and described in Section 3.7 presents the same inertial
mass. For the frequency and damping ratio of the passive
controller, a search domain is established in both cases as
follows: ft = [4.20− 6.20] Hz, and ζt = [0.02, 0.12]. Hence,
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FIGURE 6 | Systems with uncertainties: (A) Block diagram and magnitudes of the TFs of 20 models of the plant, and (B) Block diagram and magnitudes of the TFs
of 20 models considering HSI.

every individual of the population is a vector that contains two
variables. Finally, the population size and the maximum number
of generations or iterations are set to 50. The design in each
scenario is described in the next subsections.

TVA Without HSI
In this case, the mentioned optimization problem is defined as
follows

min
ft ζt

∣∣GCL,T
∣∣
∞
∀ ω. (25)

After performing the optimization using the data stated
previously, the obtained parameters for the TVA are ft =
5.11 Hz, and ζt = 11.23%.

TVA With HSI
The optimization problem for this scenario is

min
ft ζt

∣∣GHCL,T
∣∣
∞
∀ ω. (26)

The resulting TVA parameters are ft = 5.13 Hz,
and ζt = 11.94% after completing the corresponding
computation procedure.

TVA Performance
The magnitude of the TFs of GS (Eq. 2), GH (Eq. 8), GCL,T
(Eq. 13) and GHCL,T (Eq. 15) are displayed in Figure 8A. From
this graph, it is obtained that the H∞ norm of the uncontrolled
case is reduced in 26% when HSI is considered. This means that
HSI plays an important role in the dynamic response of the plant
given the H∞ norm represents the maximum amplitude of the
absolute value of the TF and this usually use to assess the vibration
performance of controllers for structures subjected to harmonic
excitations. The reduction of the norm illustrates indirectly that
the vibration of the structure is mitigated when the interaction
phenomenon is considered. Regarding the TFs in out-of-resonant

frequencies, it can be noticed that the model without HSI presents
lower values than the system with HSI.

In Figure 8A, it is also depicted that the nominal systems
perform quite similarly with the inclusion of the designed TVAs
regardless the interaction phenomenon. When uncertainties in
the dynamic parameters of the structure and the human body
are considered, appreciable differences between the controlled
results are observed, as shown in Figure 8B. In this plot, CDF
(Cumulative Distribution Function) curves of the H∞ norm for
the set of 1000 stochastic samples are presented.

First, the maximum of the H∞ norm values obtained for
both controlled systems are compared (ĜCL,T and ĜHCL,T).
The maximum value of the H∞ norm when HSI is considered
decreases 40%, so the influence of HSI may be extremely
important when assessing the vibration serviceability of the
structure. To assess the reduction for the set of samples, the
average of the computed reduction for every stochastic system is
calculated. Thus, the following expression is employed

Reduction
1

1000

1000∑
n =1

(
Uncontrolled H∞ − Controlled H∞

Uncontrolled H∞

)
n
,

(27)
with n = 1, 2, · · · 1000. As a result, 67% is the achieved average
reduction for the systems without HSI (ĜCL,T) and 44% for the
models that include the interaction (ĜHCL,T). This indicates that
the inclusion of the TVA is more significant when the interaction
phenomenon is neglected. However, it can be seen in Figure 8B
that HSI helps to mitigate even more the response of the studied
lightweight flexible FRP footbridge.

AVA Design
Four different cases to design an AVA system are tackled next,
and the following procedure is adopted for all of them: (i)
the root locus technique is employed to illustrate the stability
properties of the closed-loop system GCL as a function of the
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FIGURE 7 | Result comparison: (A) Mass-stiffness-damper system for 1 person, (B) Mass-stiffness-damper systems for 2 people, (C) Time history of the
acceleration response for 1 person bouncing, and (D) Time history of the acceleration response for 2 people bouncing.

control gain Kv, (ii) guidelines for the selection of the value of
Kv are given (controller design problem), and (iii) the resultant
TFs are depicted. Also, the following parameters for the proof-
mass actuator are used for the simulations: Ke = 160 N/V,
ma = 30.4 kg, fa = 2.5 Hz and ζa = 0.35. These correspond to an
APS 400 electrodynamic shaker (APS, 2013).

Ideal Actuator Without HSI
In this case, the stiffness and damping of the actuator, along
with the internal electrical dynamics have been neglected (perfect
control case). Therefore, the actuator TF results in that of an ideal
actuator: GA (s) = Ke. Additionally, the ASI and the HSI are also
neglected, GAI (s) = 0 (see Figure 3B).

Figure 9A shows the root locus of the resultant system.
This diagram shows the location of the poles in the complex
plane (defined by the natural frequency and damping ratio)
of the closed-loop system when the control gain Kv varies
from zero to infinity. As it can be appreciated, the system
presents two branches starting at the open loop system poles
(s1,2 = −ωsζs ± jωs

√
1− ζ2

s ). One of them tends to one zero
in the origin and the other to one zero in the infinity. The real
part of the roots of the system remains negative for all the values
of Kv. Thus, the system is unconditionally stable. Moreover,
the damping of the closed-loop system increases for increasing
values of Kv .

Since the closed-loop system is unconditionally stable, the
root locus diagram does not provide a straightforward criterion

to choose the value of the control gain. Consequently, the
operational envelope of the proof-mass actuator must be
considered to make the selection of Kv. This operational envelope
is defined by the kinematic performance limits, that is, maximum
achievable displacement (stroke), velocity and acceleration of
the moving mass, and the dynamic performance limit, that
is, the maximum achievable force by the actuator. The study
of the maximum required performances must be carried out
considering the actual force acting on the structure and the
operational limits imposed to it.

Figure 9B shows the magnitude of the TFs corresponding
to the structure, GS, and the closed-loop system for and ideal
actuator (case 1), GCL1, with two control gains: Kv = 10 and
Kv = 150. The latter value has been chosen according to the
analysis carried out in Section “Real Actuator Without HIS.”

Real Actuator Without HSI
In this case, the stiffness and damping of the actuator are
considered, so the actuator TF is that shown in Eq. 19. As ASI
is ignored, it is considered that the structure motion is negligible
in comparison to that of the actuator. As in the previous case, HSI
is also neglected.

Figure 9C shows the root locus of the resultant system. In
this case, the system presents four branches corresponding to the
four system poles. The first two correspond to the structure poles
commented in previous case, two low-damped poles. The other
pair is associated to the dynamics of the actuator mechanical
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FIGURE 8 | TV A performance: (A) Magnitudes of the TFs for nominal values,
and (B) CDF curves due to uncertainties in the systems.

system and penetrate the right half-plane for increasing values
of Kv. This, in turn, corresponds to decreasing the damping
associated to this pair of poles. Consequently, the resulting system
is conditionally stable and there exists a limit value for the control
gain over which the system becomes unstable. That is, the real
part of the actuator poles become positive. For the case under
study, this limit gain is Kv,lim 195.

A practical criterion to select the control gain is to fix the
desired damping for the actuator subsystem in closed loop,
so its displacement remains within acceptable limits (Díaz and
Reynolds, 2009), avoiding the stroke saturation. In this case, Kv
has been selected to yield an actuator damping of 5% (Kv = 150).
Figure 9D shows the magnitude of the TFs corresponding to the
structure, Gs, and to the closed-loop system (case 2), GCL2, with a
control gain Kv = 150. The response of the system is somewhat
lower at the structure resonant frequency in comparison with

the previous case (Figure 9B) and exhibits a peak near the
actuator resonance frequency. The former circumstance is due to
the damping effect exerted by the actuator system on the initial
structure, while the latter is related to the actuator dynamics
and control gain. In effect, as shown in Figure 9C, the damping
associated to the actuator poles decreases with increasing values
of Kv, with the subsequent increase in its corresponding peak.
Hence, the selection of the control gain value should represent
a trade-off between overall structural damping and punctual
response at the resonant frequency associated to actuator.

Real Actuator Without HSI and With ASI
In this case, HSI is omitted but the full ASI is accounted for (see
Eq. 22). Figure 10A shows the root locus of the resultant system.
As in the previous case, the system presents four branches. The
first pair corresponds to the structure poles. However, the first
branch tends to a zero located in the real-negative axis (not
in the origin). The second pair corresponds to the mechanical
system of the actuator and, as shown before, enters the right-
half plane leading to system instability from certain values of Kv
on. Nevertheless, in this case, the excursion into the right-half
plane takes place for higher values of Kv, leading to an increased
stability margin with respect to the previous case. For this case,
the theoretical control gain limit value (over which the system
becomes unstable) is Kv,lim≈ 250. The control gain value assumed
is Kv = 113, which has been calculated to ensure a damping ratio
of the actuator of 5% during operation.

Figure 10B shows the magnitude of the TFs corresponding
to the structure, Gs, and the closed-loop system, GCL3, with
the selected control gain. The achieved response, in comparison
of that of the previous case, is lower at the structure resonant
frequency and at the resonance corresponding to the actuator
system. The former stabilizing effect can be thought of as similar
to the damping effect due to the HSI previously described.
The explanation of the latter effect has been given in previous
subsection. It must be carefully addressed since it may lead to
a higher response than of the uncontrolled structure for certain
(low) frequencies.

Real Actuator With HSI and ASI
In this case, the real actuator along HSI and ASI are considered
(see Eq. 23). Figure 10C shows the root locus of the resultant
system. The diagram is similar to the one shown in Figure 10A
with the difference that two new branches, corresponding to the
human-mechanical system appear. Similarly, as in previous case,
the branches of the root locus corresponding to the actuator
enter the right-half plane, leading to system instability from
certain values of Kv on. Again, the excursion into the right-half
plane takes place for higher values of Kv, leading to an increased
stability margin with respect to the previous case. For this case,
the theoretical control gain limit value, over which the system
becomes unstable, is Kv,lim 295, and the control gain selected is
Kv 59 to ensure a damping ratio of the actuator system of 5%. As
it can be appreciated, the value of the gain to achieve a constant
damping has decreased as interaction phenomena is considered.

Figure 10D shows the TFs corresponding to the structure
GS, and the complete closed-loop system GHCL4, with the
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FIGURE 9 | AVA without HSI and ASI: (A) Root locus of an ideal actuator, (B) TFs of an ideal actuator for two control gains (Kv = 10 and Kv = 150), (C) Root locus of
a real actuator, and (D) TFs of a real actuator. Symbols: (×) pole, (o) zero.

FIGURE 10 | AVA with ASI: (A) Root locus of a real actuator without HSI, (B) TFs of a real actuator without HSI, (C) Root locus of a real actuator with HSI, and
(D) TFs of a real actuator with HSI. Symbols: (×) pole, (o) zero.
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selected control gain. The response achieved for GHCL has
deteriorated in comparison to previous cases since a lesser
damping force is exerted by the actuator because of the lower
control gain. Additionally, a certain amplification takes place at
low frequencies due to the modifying effect of the GH in the
surroundings of the human resonant frequency.

AVA Performance
Figure 11A gathers the TFs of the systems GS (see Eq. 2), GH (see
Eq. 8), GCL (see Eq. 22) and GHCL (see Eq. 23). The control gain
adopted for GCL is 113 (Section “Real Actuator Without HSI and
With ASI”), whereas it is 59 for GHCL (Section “Real Actuator
With HSI and ASI”).

Figure 11B depicts the CDFs for the different systems
(uncontrolled and controlled) with uncertainties. The overall
reduction of the H∞ norms for the set of stochastic samples
is obtained as explained in Subsection “TVA Performance” (see

FIGURE 11 | AVA performance: (A) TFs for nominal values, and (B) CDF
curves due to uncertainties in the systems.

Eq. 27). The computed average reductions are 91% without
HSI and 78% with HSI. However, for the ĜCL system, 4 cases
out of the 1000 present values higher than 0.053, which is the
maximum H∞ norm for the uncontrolled case. Additionally,
from the CDFs, it can be seem that that AVA is robust to system
uncertainties since it achieves similar reductions independently
of the stochastic case.

Finally, the reduction values obtained for the different systems
including the TVA (see Section “TVA Performance”) and the AVA
are collected in Table 2. The incorporation of the latter in the
studied FRP footbridge leads to a much larger overall reduction
of the H∞ norm.

DISCUSSION

In this section, another laboratory FRP footbridge is studied
to discuss the implications of HSI in the design of inertial
controllers. The plant, described in Russell et al. (2019), is a
pedestrian lively structure, which dynamic properties for the first
three modes of vibration (natural frequencies below 10 Hz) are
presented in Table 3. For the design procedure of the passive
and active controllers (see Section “Controllers Design”), the
1st vibration mode is intended to be controlled and 1 person
bouncing at mid-span is the considered human load.

Following Eqs. 25 and 26, a TVA system is designed to control
the excessive vibrations of the plant omitting and considering
HSI. As a result, the parameters of the controller are ft =
2.48 Hz, and ζt = 11.97% when HSI is neglected. Whereas ft =
2.55 Hz, and ζt = 11.92 are the designed values of the passive
device by accounting the interaction phenomenon. In both cases,
mt = 30.4 kg, as explained in Section “TVA Design.”

To assess the performance of the designed TVAs, without and
with HSI, it is considered that the first three modes of vibration
(Ns = 3) are excited by the human load. Also, two people
bouncing synchronously at mid-span

(
Np = 2

)
are assumed.

Figure 12A presents the time history of the acceleration response
of the uncontrolled plant omitting and considering HSI. For Gs
model, the maximum response is 32.81 m/s2, and the peak result
is 3.50 m/s2 for GH model. As expected, the dynamic response

TABLE 2 | Reduction of H∞ norm considering uncertainties.

System Notation Reduction

Structure + TVA ĜCL,T 67%

Structure + TVA + HSI ĜHCL,T 44%

Structure + Real AVA ĜCL 91%

Structure + Real AVA + HSI ĜHCL 78%

TABLE 3 | Dynamic properties of the first three vibration modes of a laboratory
FRP footbridge (Russell et al., 2019).

Mode Description Modal mass (kg) Frequency (Hz) Damping ratio (%)

1 1st Vertical 650.0 2.53 1.69

2 1st Torsional 572.0 3.36 1.18

3 2nd Vertical 764.5 8.48 0.72
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FIGURE 12 | Time history of acceleration response due to two people
bouncing without and with HSI: (A) Uncontrolled plant, (B) Plant with a TVA
system, and (C) Plant with an AVA system.

of the plant is unrealistic when the properties of the human body
are not considered.

In Figure 12B, the acceleration response of the coupled
systems, GCL,T (see Eq. 13) and GHCL,T (see Eq. 14), are
displayed. In both models, the peak response is reduced with the
inclusion of the TVA. In steady state response, a larger reduction
of the peak acceleration (5.38 m/s2) is achieved when HSI is
not considered (around 84%). However, omitting interaction
phenomenon leads to overestimate the maximum acceleration in
more than twice the real value (2.65 m/s2), which is given by the
human-structure-controller coupled system.

The AVA system has been designed for the cases considering
and neglecting HSI in accordance with the root locus procedure
explained in Sections “Real Actuator Without HSI and With ASI”
and “Real Actuator With HSI and ASI” respectively. Therefore,
the control gains have been chosen to achieve a damping ratio of
the poles corresponding to the proof mass actuator of around 5%.
The control value gains selected for both cases are Kv,no hsi = 43
Vs/m and Kv,hsi = 20. The performance of the AVA system
has been evaluated in the same manner as described above for
the TVA: three modes of vibration and two people bouncing
synchronously at mid-span of the structure.

Figure 12C shows the acceleration response of the systems
GCL (see Eq. 22) and GHCL (see Eq. 23). When HSI phenomenon
is not considered, a peak response of 1.91 m/s2 is attained in
steady state, which represents a reduction of 94 % approximately.
On the other hand, when HSI is considered, the peak response
is 1.97 m/s2 implying a reduction of 44% with respect to the
uncontrolled case accounting for HSI phenomenon.

CONCLUSION AND FUTURE
PERSPECTIVE

This paper takes a coupled human-structure model, which is
convenient for practical applications, and studies theoretically
and numerically the interaction phenomena (in the frequency
domain) presented when dealing with the control of human-
induced vibration in very lightweight structures. Thus, inertial
passive (TVA) and active (AVA) strategies have been studied
without and with the consideration of HSI and ASI applied
to an all-FRP lightweight footbridge. Deterministic and
stochastic analyses have been carried out in order to draw
overall conclusions about the control performance under
uncertainty conditions.

From the analysis of the uncontrolled structure without
and with HSI, an overall reduction of almost 50% is achieved
for the open-loop structures when the HSI is accounted for.
This point may be of great importance when assessing the
vibration serviceability.

Regarding the TVAs, the design parameters (obtained
from the optimization of the H∞ norm of the closed-
loop TF) are similar when considering or not the HSI,
for the structure studied in this paper (in which the
human and structure dynamics are well-separated).
Additionally, the overall reduction for the case with HSI
is higher than the one obtained without considering HSI.
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Interestingly, it can be seen that the dynamic amplification factor
out of resonance is slightly higher when HSI is considered for
structure in hands.

Regarding the AVA, the following conclusions can be drawn:

• When an ideal actuator is used, the system is
unconditionally stable and the control gain can be increased
infinitely, and the higher the control gain is, the higher
damping for the structure is achieved. However, when
the actuator dynamics and/or interaction phenomena are
included, the system is no longer unconditionally stable.
Hence, the control gain has to be chosen carefully to assure
system stability and to avoid actuator saturations.
• Assuming the same control gain selection rule (keeping a

value of the actuator damping), the control gain decreases
as actuator dynamics, HSI and/or ASI are considered.
Consequently, the performance of the AVA degrades at the
structure’s resonance.
• The selection of the control gain is a trade-off between

control reduction at the structure resonance and the
dynamic amplification at the actuator resonance.

To sum up, this paper has set the general control strategy
including interaction phenomena for the human-induced
vibration control on lightweight structures. Undoubtedly, the
paper has presented a frequency-domain framework to be used
for designers in the integration of vibration control devices
in lightweight pedestrian structures susceptible to suffer from
interaction phenomena.

Future imminent works will consider a complete sensitivity
analysis for a range of multi-mode structures including structural
and human uncertainties. These uncertainties may affect the
performance of a controller designed for a nominal plant, thus,
cases involving this issue must be studied.
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