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A reliable prediction of the human-induced vibrations of footbridges relies on an accurate
representation of the pedestrian excitation for different loading scenario. Particularly, the
modeling of crowd-induced dynamic loading is a critical issue for the serviceability
assessment of footbridges. At the design stage, the modeling of crowd loading is
often derived from single pedestrian models, neglecting the effect of the structural
vibrations as well as the interactions among pedestrians. A detailed description of the
crowd behavior can be achieved employing a social force model that describes the
different influences affecting individual pedestrian motion. These models are widely
adopted to describe the crowd behavior especially in the field of evacuation of public
buildings, public safety and transport station management while applications in the
serviceability assessment of footbridges are less common. To simulate unidirectional
pedestrian flows on footbridges, this paper proposes a parameter calibration of the
Helbing’s social force model performed adopting the response surface methodology.
Parameters of the social force model are calibrated so as to represent the fundamental
relation between mean walking speed and density of the pedestrian crowd. The crowd-
induced vibrations are then simulated by modeling each pedestrian in the crowd as a
vertical load that crosses the footbridge with time varying trajectory and velocity estimated
from the calibrated social forcemodel. Finally, results are compared to those obtained from
a multiplication factor approach proposed in literature. This considers the crowd as a
uniform distribution of pedestrians with constant speed and given synchronization level
and the footbridge response is evaluated as the response to a single pedestrian scaled by
a proper enhancement factor.
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1 INTRODUCTION

The serviceability assessment under pedestrian-induced vibrations is a key aspect in the design of
modern footbridges, which are usually slender and light structures. This can make them particularly
vulnerable to human-induced vibrations. The great interest of the scientific community in the
serviceability assessment of modern footbridges has been mainly motivated by swaying problems
experienced by several long-span footbridges such as the Millenium Bridge in London (Dallard et al.,
2001) and the Solferino footbridge in Paris (Danbon and Grillaud, 2005). However, this is not a new
phenomenon and also earlier researches can be found in the literature (Matsumoto et al., 1978;
Fujino et al., 1993). In the last 20 years, much efforts were devoted to the characterization of the load

Edited by:
Onur Avci,

Iowa State University, United States

Reviewed by:
Chuanzhi Dong,

University of Central Florida,
United States
Sin-Chi Kuok,

University of Cambridge,
United Kingdom

*Correspondence:
Loris Vincenzi

loris.vincenzi@unimore.it

Specialty section:
This article was submitted to

Structural Sensing,
a section of the journal

Frontiers in Built Environment

Received: 21 January 2021
Accepted: 28 April 2021
Published: 17 May 2021

Citation:
Bassoli E and Vincenzi L (2021)

Parameter Calibration of a Social Force
Model for the Crowd-Induced

Vibrations of Footbridges.
Front. Built Environ. 7:656799.
doi: 10.3389/fbuil.2021.656799

Frontiers in Built Environment | www.frontiersin.org May 2021 | Volume 7 | Article 6567991

ORIGINAL RESEARCH
published: 17 May 2021

doi: 10.3389/fbuil.2021.656799

http://crossmark.crossref.org/dialog/?doi=10.3389/fbuil.2021.656799&domain=pdf&date_stamp=2021-05-17
https://www.frontiersin.org/articles/10.3389/fbuil.2021.656799/full
https://www.frontiersin.org/articles/10.3389/fbuil.2021.656799/full
https://www.frontiersin.org/articles/10.3389/fbuil.2021.656799/full
http://creativecommons.org/licenses/by/4.0/
mailto:loris.vincenzi@unimore.it
https://doi.org/10.3389/fbuil.2021.656799
https://www.frontiersin.org/journals/built-environment
www.frontiersin.org
https://www.frontiersin.org/journals/built-environment#articles
https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org/journals/built-environment#editorial-board
https://doi.org/10.3389/fbuil.2021.656799


induced by a single pedestrian walking or running and the
subsequent extrapolation of these findings to the case of a
moving crowd (Racic et al., 2009; Caprani et al., 2012; Pan
et al., 2017; Younis et al., 2017; Bassoli et al., 2018a; Wang
et al., 2019). Some of these studies have contributed to the
publication of several guidelines and standards for the design
of slender footbridges under pedestrian action, such as Butz et al.
(2008). However, codes of practice still present some shortages,
especially when dealing with pedestrian crowds. In those cases, in
fact, the simulated dynamic response often differs from the
experimental evidence (Živanović et al., 2010; da Silva et al.,
2013). This is mainly due to the simplified crowdmodels adopted,
based on an enhancement factor related to the pedestrian number
that multiplies the single person load.

Recently, new important aspects of the pedestrian behavior
have been introduced and taken into account to improve the
modeling of pedestrian crowds, which are the crowd behavior, the
human-structure interaction and the inter- and intra-subject
variability of the walking force (Venuti et al., 2016; Jiménez-
Alonso and Sáez, 2017; Bassoli et al., 2018b; Moreu et al., 2020).
The latter is usually simulated adopting a probabilistic approach,
namely modeling the walking parameters as random variables
(Živanović et al., 2007; Van Nimmen et al., 2014, 2020). Several
models able to address the three above mentioned key aspects
have been proposed, among which da Silva et al. (2013); Venuti
et al. (2016); Jiménez-Alonso and Sáez (2017). They share a
common pattern based on the coupling of two sub-models: a
pedestrian-structure interaction model and a crowd model. The
most common approach, but not the only one, to model the
pedestrian-structure interaction is to represent each pedestrian as
a single degree of freedom (SDOF) system crossing the structure
in addition to a external force attached to its base. The external
force represents the walking force caused on a rigid surface while
the SDOF system contributes to modify the dynamic properties of
the crowd-structure coupled system (Venuti et al., 2016). As far as
the crowd behavior is concerned, two modeling approaches exist:
macroscopic and microscopic models. The firsts are based on the
modeling of the crowd behavior as a continuous flow of a fluid.
The second models allow for a more detailed description of the
crowd thanks to the evaluation of the time varying position and
velocity of each pedestrian. Macroscopic models consider the
behavior of the crowd as a whole and assume the continuity of
flow, assumption that may not be satisfied for low and medium
pedestrian densities (Carroll et al., 2012). Moreover, the
variability in the walking parameters among the crowd cannot
be accounted for. The above mentioned limitations can be
overcome adopting the microscopic modeling, in which the
behavior of each pedestrian is governed by the different
motivations and influences that he/she experiences according
to the equations of particle dynamics (Jiménez-Alonso et al.,
2016). This approach was initially proposed by Helbing and
Molnar (1995), who described the various stimuli experienced
by each pedestrian in the crowd as social forces. This allows to
consider that i) the pedestrian crowd may not be uniformly
distributed, ii) each pedestrian can contribute differently to
the modal excitation depending on his own pacing frequency
and iii) pedestrians may react by stopping or slowing down

depending on the perceived level of footbridge vibrations
(Carroll et al., 2012).

Social force models (SFM) have been widely adopted to
simulate the behavior of pedestrian crowds in the fields of
transport station management, safety assurance of large
pedestrian flow events and building evacuation (Chen et al.,
2018). Their large diffusion depends on the good capability of
describing movement processes using simple mathematical
formulations. Starting from the original version proposed by
Helbing and Molnar (1995), different developments have been
proposed to adapt the model to the application field. A
comprehensive review summarizing the existing social force
models for pedestrian traffic is presented in Chen et al. (2018).
Furthermore, some applications of social force models for the
serviceability assessment of footbridges under pedestrian flows
can be also found in literature, both with reference to lateral
(Carroll et al., 2012) and vertical (Jiménez-Alonso et al., 2016;
Venuti et al., 2016) loads. The crowd model adopted by Carroll
et al. (2012) is adapted from the one proposed by Langston et al.
(2006) and based on the findings of Helbing et al. (2000). In
particular, Langston et al. (2006) studied a multi-circle pedestrian
model to simulate a single enclosure entry scenario. However, the
calibration of the parameter describing pedestrian rotational
movements remains a challenging task. Moreover, the
parameters adopted in Helbing et al. (2000) are chosen to
simulate the mechanisms of panic and jamming by
uncoordinated motion in crowds. Similarly, social force model
parameters adopted in Jiménez-Alonso et al. (2016) are based on
Carroll et al. (2012) and Helbing and Molnar (1995). In the latter
case, simulations are performed to describe the self-organization
of collective phenomena of pedestrian behavior considering two
pedestrian groups trying to pass a narrow door and walking in
opposite directions. Finally, Venuti et al. (2016) adopt a crowd
model originally proposed by Cristiani et al. (2011) who described
the interaction mechanisms by velocity terms.

This paper proposes a parameter calibration of the Helbing’s
social force model (Helbing et al., 2005) for the vibration
serviceability of footbridges. For a realistic simulation of the
pedestrian traffic, model parameters are adjusted so that the
simulated pedestrian flow fits the fundamental speed-density
relation proposed by Weidmann (1993). The optimization
process is carried out adopting the response surface
methodology (RSM), based on the approximation of the
objective function using simple analytical functions. The RSM
is widely adopted in model optimization problems thanks to an
adequate accuracy of results combined with computational
efficiency (Vincenzi and Savoia, 2015; Myers et al., 2016).
Once the social force model is properly calibrated, simulations
are performed for different pedestrian flows allowing for the
evaluation of the time-varying position and velocity of each
pedestrian in the crowd. These are adopted as input data for
detailed simulations of the pedestrian-induced loads on a step-by-
step basis. Finally, simulation results are compared to those
obtained from a multiplication factor approach proposed by
Caprani et al. (2012). Based on the assumption that the crowd
is composed of uniformly distributed pedestrians with constant
speed and given synchronization level, they calculate
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enhancement factors to evaluate the footbridge response to crowd
loads scaling the single pedestrian load.

The paper is organized as follows. The basics of the social force
model are presented in section 2. Section 3 describes how the
simulated speed-density relation is obtained starting from the
results of the social force model. The optimal model parameters
are evaluated in section 4 and the calibrated social force model is
adopted in section 5 to simulate crowd-induced vibrations.
Results are compared to those obtained adopting a
multiplication factor approach in section 6. Finally,
conclusions are drawn in section 7.

2 THE SOCIAL FORCE MODEL

The social force model describes the behavior of individual
pedestrians by a superposition of social forces that reflect
motivations and environmental influences. The motivation to
move toward a specific destination with a certain desired
velocity is represented by a driving term, while repulsive
forces describe the tendency to keep a certain distance
from other pedestrians, borders, obstacles, and dangers.
Finally, attractive forces express the tendency of a group or
family members to stay together or to move towards window
displays, sights or unusual events. The basics of the social
force model are shown in the following, while the reader is
referred to Helbing and Molnar (1995); Helbing et al. (2000,
2005) for a detailed description.

The time-varying velocity of a generic pedestrian α, vα(t), is
governed by the equation of motion as follows:

dxα(t)
dt

� vα(t) (1)

where xα(t) � {Xα(t),Yα(t)} is a vector collecting his/her time-
varying positions in X and Y direction, which are, respectively,
parallel and orthogonal to the footbridge centerline. Similarly,
vα(t) � {vX,α(t), vX,α(t)}. Positions and velocities are in m and
m/s, respectively. Acceleration or deceleration of pedestrian α is
expressed:

dvα(t)
dt

� f α(t) + ξα(t) (2)

In Eq. 2, f α(t) is the overall social force representing the sum
of different systematic influences on the behavior of pedestrian α
and ξα(t) are the random behavioral fluctuations caused by
accidental or intentional variations from the optimal behavior.
Note that, according to Helbing et al. (2005), Eq. 2 is defined
considering a unitary pedestrian mass, implying that the social
force has the same dimensions as an acceleration (m/s2). The
acceleration force f α(t) of pedestrian α is the sum of a driving
force f 0

α(vα), repulsive interactions with other pedestrians β
f αβ(xα, xβ), repulsive effects due to boundaries f αi(xα), and
attraction effects f αz(xα, xz):

f α(t) � f 0
α(vα) + ∑NP

β≠ α

f αβ(xα, xβ) +∑
i

f αi(xα) +∑
z

f αz(xα, xz) (3)

whereNP is the total number of pedestrians in the simulation. The
social force, pedestrian positions and velocities are all function of
time t. However, this dependency may be omitted in the following
equations for the sake of simplicity.

The driving term represents i) the intention of each pedestrian
to walk with a desired speed v0α into the direction e0α of its
destination and ii) the fact that deviations of the actual
velocity vα(t) from the desired velocity v0α � v0αe

0
α are corrected

within the relaxation time τα:

f 0α(vα) �
1
τα

(v0αeα(t) − vα(t)) (4)

where eα(t) is the desired direction of motion. The desired
direction of motion is given by:

eα(t) � xkα − xα(t)����xkα − xα(t)
���� (5)

where xα(t) is the actual position of pedestrian α at time twhile xkα
is the next edge of an imaginary polygon with edges x1α, . . . , x

n
α �

x0α representing the shortest way to the desired destination x0α.
The interaction repulsive forces describe that the pedestrian α

tends to keep a situation-dependent distance from the other
pedestrians β:

f αβ(t) � Aα,1exp(rαβ − dαβ
Bα,1

)nαβ(λα + (1 − λα)
1 + cosφαβ

2
)

+ Aα,2exp(rαβ − dαβ
Bα,2

)nαβ (6)

The first term of the right-hand side of Eq. 6 describes the
territorial effect, namely the tendency to respect the private sphere
of each pedestrian, and helps avoiding collisions if there are sudden
velocity changes. The second term express physical interactions at
high pedestrian densities and pushy crowds, when frictional effects
are ignored. Note that other definitions of the repulsive force can be
found in literature, such as the velocity dependent interaction force
described in Johansson et al. (2008) and Helbing and Johansson
(2009). However, Johansson et al. (2008) pointed out that the
prediction of pedestrian motion does not significantly improve
by including additional speed-dependent parameters, in light of an
increasing computational time and complexity. The parameters Aα

and Bα identify the repulsive interaction strength and range,
respectively, and partially depend on cultural influences.
Although the dependence on α would enable defining those
parameters for each individual, it is usually assumed Aα � A and
Bα � B. This allows avoiding a too large number of parameters that
complicates model calibration. dαβ is the distance between the
centers of mass of pedestrians α and β while rαβ � rα + rβ is the
sum of their radii. The assumption of an homogeneous population
leads to rα � rβ. The parameter nαβ(t) is the normalized vector
pointing from pedestrian β to α. Finally, the parameter λα allows to
account for the anisotropic nature of pedestrian interactions. This
means that a pedestrian is typically more influenced by pedestrians
in front that those behind. φαβ(t) is the angle between the desired
direction of motion eα(t) and the direction −nαβ(t) of the
pedestrian exerting the repulsive force. It follows that
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cosφαβ(t) � −nαβ(t)eα(t). Figure 1 shows how the parameter λα
influences the shape of the area around the pedestrian where the
territorial effects act. The anisotropic pedestrian behavior is taken
into account considering λα values less than one. It is observed from
Figure 1 that when λα decreases the action area of the territorial
effects is more concentrated in front of the pedestrian.

Furthermore, pedestrians tend to keep a certain distance from
borders, such as guardrails or walls. The repulsive effect of
borders is similar to the repulsion among pedestrians except
for the anisotropic behavior. It is described by a force f αi(t)
monotonically decreasing with the distance dαi between the
boundary i and the pedestrian α:

f αi(t) � Aαiexp(rα − dαi
Bαi

)nαi (7)

Similarly to the repulsive interaction among pedestrians, Aαi

and Bαi are the repulsive strength and range and nαi is the vector
pointing from the boundary i to the pedestrian α.

Pedestrian behavior can also be affected by the so-called
attractive effects, which represent the tendency of pedestrian
groups, such as family members or tourist groups, to walk
together. These attractive forces can be modeled accordingly to
the repulsive forces among pedestrians of Eq. 6 with longer
interaction range and negative interaction strength.

The social force model of Eqs. (1–7) is described by 4 × NP

first order ordinary differential equations. The first 2 × NP

differential equations define the X and Y velocity components
for pedestrians 1 to NP (Eq. 2), while the second 2 × NP

differential equations characterize the corresponding positions
(Eq. 1). The system of differential equations can be solved
numerically through a MATLAB routine starting from the
initial velocity and position of each pedestrian.

3 EVALUATION OF THE SIMULATED
SPEED-DENSITY RELATION

This section shows how the speed-density relation can be
evaluated from the results of the social force model. First,

input parameters and assumptions made for the simulations of
the pedestrian flow are listed in section 3.1, while an example of
the simulated speed-density relation is presented in section 3.2.

3.1 Problem Formulation
The desired velocity of each pedestrian v0α is considered as the
typical pedestrian velocity in unrestricted traffic conditions,
which can be described by a normally distributed random
variable with a mean of 1.34 m/s and a standard deviation of
0.26 m/s (Buchmüller and Weidmann, 2006). To prevent
unrealistic values, the desired speed is limited to the range
[0.5–2.2] m/s.

As regards the repulsive force among pedestrians, the first
term of the right-hand side of Eq. 6 is considered, which
represents the tendency to respect the private pedestrian
sphere and accounts for the anisotropic pedestrian behavior. It
is assumed that the repulsive force between two pedestrians acts
when dαβ ≤ 2rαβ. This allows avoiding the unrealistic behavior for
which two pedestrians change their trajectory ever since they are
far apart.

The model parameters to be calibrated are rα and λα, which
characterize the pedestrian radius and the anisotropic human
behavior, respectively, as well as the interaction strength and
range Aα,1 and Bα,1 of Eq. 6. On the contrary, values of relaxation
time τα and interaction strength and range with borders Aαi and
Bαi are assumed accordingly to the literature. Fixed values of these
parameters are listed in Table 1. This choice is motivated as
follows. The pedestrian behavior depends on the relative
amplitude of the forces acting on him/her (driving force,
repulsive interaction with other pedestrians and with borders).
This means that the amplitudes of the different social forces are
not independent but the same results could be obtained from
different combinations of parameters. Based on this
consideration, parameters of the interaction repulsive forces
among pedestrians are assumed as calibration parameters
while the amplitude of the driving force is fixed. Moreover,
also the parameters of the repulsive effect of borders are
assumed according to the typical values proposed in literature
because they result sufficiently high to prevent the pedestrians to
get off the footbridge.

Because the destination of a pedestrian crossing the footbridge
is typically the opposite end and not a specific point, the desired
destination is re-evaluated at each iteration. By doing this, in the
event of interaction with other pedestrians or with the borders,
the pedestrian is able to re-evaluate its desired destination as the
point on the footbridge edge closest to its current position (Parry,
2007).

Finally, according to applications of the social force model
found in literature, attractive effects f αz(rα, rz) and random

FIGURE 1 | Action area of the territorial effects for a pedestrian (black
dot) moving to the right considering different λα values: λα � 1 (black), λα � 0.6
(gray), λα � 0.3 (blue), λα � 0.1 (red).

TABLE 1 | Fixed values of the social force model parameters.

Model parameter Value References

τα (s) 0.5 Helbing and Molnar, (1995)
Aαi (m/s2) 5 Helbing et al, (2005)
Bαi (m) 0.1 Helbing et al, (2005)
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fluctuations ξα(t) are neglected (Helbing and Molnar, 1995;
Johansson et al., 2008; Wei et al., 2017).

3.2 Simulated Speed-Density Relation
Simulations are performed considering a footbridge 10 m long
and 3 m wide. The footbridge is completed by an access route
60 m long and a 300 m long way out (Figure 2). Access road and
way out are necessary for the modeling of a roughly stationary
pedestrian flow on the footbridge. Initial pedestrian positions are
randomly distributed in the access route. Considering that the
dimension of each pedestrian is 2rα, the uniform random
distribution of initial positions is defined on the condition that
pedestrians shall not overlap. An example of the random initial
positions of a pedestrian group is presented in Figure 2. Finally,
the way out needs to be long enough so as not to stop the
pedestrian flow in the central part.

To define the simulated speed-density relation, simulations are
repeated for different-sized pedestrian groups. In particular,
groups of 25 to 500 pedestrians are considered. As results
depend on the random initial position and velocity of each
pedestrians, for each group dimension the simulation is
repeated 10 times to increase the number of results (namely
NA � 10). The total analysis duration ranges from 125 to 195 s
depending on the group dimension. The analysis duration is
chosen so as to allow approximately all pedestrians to cross the
footbridge.

The social force model allows for the evaluation of the
positions and velocities (both in X and Y direction) of each
pedestrian during the whole analysis. As the parameters of
interest are limited to the footbridge (highlighted in gray in
Figure 2), results related to positions in X direction between
60 and 70 m are extracted and analyzed in the rest of the paper.
Figure 3A shows an example of the number of pedestrians
present on the footbridge at each time instant for the case of
350 pedestrians. It can be observed that the pedestrian number
gradually increases at the beginning of the analysis. Once the
majority of pedestrians arrived on the footbridge, the pedestrian
number remains roughly constant as long as they start leaving the
footbridge. Density and velocity of people walking are evaluated
according to two different criteria:

• Criterion 1: crowd density and mean pedestrian velocity are
evaluated at each time instant. An example of the instantaneous
velocity and density obtained for the case of 350 pedestrians is
shown in Figure 3B. The analysis can be ideally divided in three
time windows: 0 − T1, T1 − T2, and T2 − Tend. T1 and T2
represent the first and the last time instant when the 80% of

NP,max pedestrians is on the footbridge, being NP,max the
maximum number of pedestrians simultaneously present on
the footbridge. As regards the example of Figure 3B,T1� 15.7 s,
T2 � 97.5 s and Tend � 125 s. In the first time window, the mean
pedestrian velocity decreases as the pedestrian density increases,
while in the central part of the analysis they remain roughly
stationary. Finally, from T2 to Tend the pedestrian density
decreases since pedestrians start leaving the footbridge. In
this case, a decreasing pedestrian density does not correspond
to an increasing mean velocity as pedestrians are not free to
move but they are slowed down by pedestrians that have already
left the footbridge. To avoid meaningless results, instantaneous
densities and velocities are evaluated up to T2. Instantaneous
values can be represented in a speed-density diagram, as shown
in Figure 4A, where the relation between increasing density and
decreasing mean velocity can be clearly observed.

• Criterion 2: mean pedestrian density and velocity are
evaluated over the central time window of the analysis
(T1 − T2), namely when the pedestrian flow is roughly
stationary. With the reference to the previous example, this
results in the green dot of Figure 4A.

Figure 4B presents an example of the speed-density diagram
obtained considering results from criterion 1 and criterion 2 for
different analyses, namely 11 pedestrian group sizes and 10
analyses for each case. Finally, the simulated speed-density
relation represented by red dots is obtained from criterion 1
by evaluating the mean crowd velocity in correspondence of each
pedestrian density.

4 MODEL PARAMETER CALIBRATION

The social force model described above is calibrated so that the
simulated pedestrian flow fits the fundamental speed-density
relation presented by Venuti and Bruno (2007) in the form:

vm(ρ) � vu
⎧⎨⎩1 − exp⎡⎢⎢⎣ − cρjam⎛⎝1

ρ
− 1
ρjam

⎞⎠⎤⎥⎥⎦⎫⎬⎭ (8)

where vm (m/s) is the mean crowd velocity, vu (m/s) is the free-
flow speed, c (−) is a parameter depending on the travel purpose
and ρjam (ped/m2) is the jam density, i. e., the pedestrian density
associated with completely stopped traffic flow. Eq. 8 is a generic
form of the velocity-density relation originally proposed by
Weidmann (1993), the so called Kladek formula. By assuming
c � 0.354, ρjam � 5.4 ped/m2 and vu � 1.34 m/s, Eq. 8matches the

FIGURE 2 | Geometry of the footbridge (gray) and of the access route and way out (white). Black dots: example of random initial positions of pedestrians.
Dimensions are in meters.
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original one (Ferrarotti and Tubino, 2015). The trend of the
speed-density relation obtained assuming the above mentioned
parameters is represented by the black curve of Figure 6. The
curve is limited to the pedestrian density range [0–2] ped/m2

being it the range of interest for vibration assessment purposes.
The fundamental speed-density relation represents a
macroscopic model of pedestrian movements as it treats the
crowd as a continuous and homogeneous fluid.

The model is calibrated through the response surface
methodology, a widely adopted mathematical and statistical
method for modeling and analyzing processes in which the
response of interest is affected by various variables. The aim of
the RSM is to find the values of input variables that produce the
best value of the response (Myers et al., 2016). This study means
to find the values of the model parameters to be calibrated, i.e., λα,
rα, Bα,1 and Aα,1, such as to minimize the discrepancy between the
simulated and theoretical speed-density relation. This is achieved
through the minimization of an objective function H defined as
the mean squared error between the simulated and theoretical
speed-density relation. In particular, in this study values of the
first three optimization parameters are evaluated through the
RSM assuming Aα,1 � 2 m/s2, evaluated through preliminary
analyses. Successively, the value of Aα,1 is adjusted close to the
optimal solution. The RMS has been successfully adopted in
several applications for solving model optimization problems
thanks to its limited computational effort (Pula and Bauer,
2007; Hariri-Ardebili et al., 2018). The RSM is briefly
described in section 4.1 and is adopted in section 4.2 to find
the optimal values of the model parameters.

4.1 Response Surface Methodology
The basic idea of the RSM is to approximate the objective
function using simple and explicit interpolation functions.
Originally proposed by Box and Winson (1951) to optimize
chemical processes, the application of RSM has been
subsequently extended to other fields such as engineering
problems involving complex and time consuming analyses in
order to reduce the computational effort (Vincenzi and Savoia,
2015).

According to the RSM, the objective function H can be
approximated by an analytical estimation function Ĥ:

Ĥ � g(p) (9)

with p the D-dimensional vector collecting the model parameters
to be calibrated and g(p) the response function. In the classic
RSM, the response function is usually obtained by combining first
or second-order polynomials that fit the objective function
calculated in a set of sampling points. The typical choice of
second-order approximations is motivated by an adequate
accuracy of results combined with the computational
efficiency. Higher order polynomials are rarely used because of
the increasing number of coefficients that need to be identified.
The main drawback in the use of a quadratic response surface
(RS) lies in the fact that it predicts the presence of a single
minimum also when the actual objective function presents more
local minima (Vincenzi and Savoia, 2015). To get over this
limitation, the RSM has to be applied in a region close to the
optimal solution. Hence, Eq. 9 can be re-written as a second-
order polynomial function:

FIGURE 3 | (A) Number of pedestrians on the footbridge and (B) instantaneous crowd density (black dots) and velocity (red dots) for the case of 350 pedestrians.

FIGURE 4 | (A) Example of the crowd density and velocity from criterion 1 (blue dots) and criterion 2 (green dot) for the case of 350 pedestrians (B) example of the
crowd density and velocity from criterion 1 (blue dots) and criterion 2 (green dots) and simulated speed-density relation (red dots) for group dimensions from 25 to 500
pedestrians.
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Ĥ � 1
2
pTQp + Lp + β0 (10)

where Q is a D × D matrix gathering the quadratic terms, L is a
D-dimension vector collecting the linear coefficient and β0 a
constant.

Khuri and Cornell (1996) proposed the procedure described in
the following to analytically correlate values of identification
parameters and Ĥ using a limited number of selected
numerical simulations. For the sake of simplicity and without
loss of generality, the procedure is described considering three
calibration parameters, i.e., p � {p1, p2, p3}. Under this
assumption, Eq. 10 becomes:

Ĥ(x1, x2) � β0 + β1p1 + β2p2 + β3p3 + β4p
2
1 + β5p

2
2 + β6p

2
3

+ β7p1p2 + β8p1p3 + β9p2p3 (11)

where βi are the unknown coefficients of the RS. Considering NS
observations, namely NS evaluation of Ĥ starting from NS
different vectors p, Eq. 11 can be written in matrix form as:

Ĥ � Zβ (12)

where βT � {β0, β1, . . . β9} is a vector collecting the unknown
coefficients of the response surface, Z is a matrix containing the
constant, linear, quadratic and cross terms polynomial terms and
Ĥ is a vector that collectsNS values of the objective functions. For
a better definition of the response surface, the number of
observations NS has to be grater than the number of
parameters collected in β (Vincenzi and Savoia, 2015). Vector
β is determined through the least squares estimation method as
follows:

β � (ZTZ)− 1ZTĤ (13)

In Eq. 13, all observations have the same weight. To increase
the accuracy of the RS close to the optimal solution, Kaymaz and
McMahon (2005) and Myers et al. (2016) proposed the weighted
regression method where weights of sampling points p close to
the optimal solution are increased:

β � (ZTWZ)− 1ZTWĤ (14)

where w is a NS × NS diagonal matrix of weight coefficients. The
weight coefficients wi can be evaluated as (Vincenzi and Savoia,
2015):

wi � exp( − g(pi) − Hbest

Hbest
) (15)

where

Hbest � min(g(pi)) (16)

Once the parameters β of the response surface are evaluated,
the optimal parameter vector p* minimizing Ĥ is computed as:

p* � −Q−1L (17)

Finally, the estimation of the optimal solution is further
improved by iteratively re-calibrating the response surface

close to p*. A detailed flowchart of the updating process is
presented in Figure 5.

4.2 Results and Discussion
Results of the social force model calibration are presented in
Table 2 and Figure 6. Table 2 lists the ranges of variation and the
optimal values of the updating parameters, while Figure 6 shows
the speed-density relation obtained from the calibrated social
force model together with the theoretical curve. In this case, the
simulated speed-density relation is calculated considering six
pedestrian group dimensions (from 250 to 500 pedestrians)
and 10 analyses for each case. A pretty good agreement
between the theoretical and simulated curve can be observed,
even though slightly higher discrepancies are found for very low
densities (ρ< 0.3 ped/m2).

As an example,Figures 7A,B show, respectively, the effect of
the model parameter Aα,1 and Bα,1 on the simulated speed-density
relation. In particular, Figure 7A is obtained by considering the
optimal values of the model parameters except for Aα,1 which is
assumed equal to 0.5 m/s2. As the strength of the interaction
among pedestrians is reduced, they are free to move more
independently. This results in the fact that the mean crowd
velocity barely decreases with increasing pedestrian density but
rather it remains approximately equal to the free-flow velocity.
An opposite effect is caused by the increasing of the interaction
range Bα,1, which is assumed equal to 1 m in Figure 7B (while
values of the other parameters are those listed in Table 2). In this
case, pedestrian interactions are such as to significantly reduce the
mean crowd velocities when the pedestrian density increases and
make it impossible to reach pedestrian densities higher than
about 1.5 ped/m2.

To assess the reliability of results, the optimal simulated speed-
density relation is also compared to experimental measurements
of pedestrian flows reported in literature. In particular, results
presented by Oeding (1963), Older (1968), M�ori and Tsukaguchi
(1987), Fruin (1987), Weidmann (1993) and Seyfried et al. (2005)
are considered. Note that the results presented by Weidmann
(1993) represent a fitting of the experiments and they are the basis
from which the analytical model of Eq. 8 was obtained.
Calibration results are in line with the experiments although
the high variability of these latter.

Finally, the effect of the footbridge geometry on the simulated
speed-density relation is evaluated. Results obtained considering
a footbridge width of 2.5, 4.5 and 7.0 m are compared to those
obtained from the reference width of 3.0 m in Figure 8B. It is
firstly observed that an increase in the footbridge width does not
affect the results while a narrower footbridge implies a slightly
lower curve. This is because in the second case the repulsive
effects of borders further limit the pedestrian density on the
footbridge. On the contrary, increasing the footbridge geometry
implies that the samemean pedestrian densities and velocities can
be reached. Accordingly, the footbridge length does not affect the
simulated speed-density relation, unless very short and unusual
footbridges are considered. However, for each geometry
variation, the pedestrian group size needed to reach a certain
pedestrian density has to be evaluated as well as an adequate
length of the access route and way out.
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5 PEDESTRIAN FLOW SIMULATIONS

This section presents the footbridge vibrations induced by pedestrian
flows simulated through the calibrated social force model.

5.1 Footbridge Parameters
The footbridge considered in the simulations is a simply
supported beam 10 m long and 3 m wide having a linear
dynamic behavior. It is characterized by a modal mass of 25 ×
103 kg, a damping ratio of 0.5% and a natural frequency varying
from 0.5 to 3.0 Hz. Only the contribution of the fundamental
mode, namely the first bending mode having a half-sine mode
shape, is taken into account.

5.2 Crowd Loading
The crowd loading is given by the superposition of the walking
forces induced by each pedestrian in the crowd. The single

pedestrian walking force is obtained as a series of successive
footfall forces, each one described as a Fourier series according to
the model proposed by Li et al. (2010). In particular the jth
footstep force of a generic pedestrian α is expressed:

Pj
α(t) � Gα ∑5

n�1
DLFj

n,αsin(πn

Tj
c,α

t), 0≤ t ≤Tj
c,α (18)

where DLFj
n,α (-) are the Fourier coefficients normalized to the

weight of the pedestrian Gα (N) and Tj
c,α (s) is the step duration,

namely the duration of the contact between the foot and the
ground. The step duration Tj

c,α is related to the step period T
j
s,α by

Tj
c,α � Tj

s,α + Δt, where Δt � 0.24Tj
c,α. The single step force is

defined accounting for the contribution of the first five
harmonics. Values of the Fourier coefficients for the five
harmonics are defined for step frequencies in the range
[1.60–2.40] Hz and can be found in Li et al. (2010).

FIGURE 5 | Flowchart of the updating process. NA is the number of analyses performed for each case.
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Application points and walking parameters of each single step
force are evaluated starting from the results of the social force
model as shown in the following.

The next scheme outlines how the walking force of a generic
pedestrian α in the crowd is evaluated:

• The pedestrian weight Gα is randomly extracted from a log-
normal distribution with a mean of 73.85 kg and a standard
deviation of 15.68 kg (Portier et al., 2007).

• The trajectory of pedestrian α is evaluated from the results of
the SFM, as the one shown in Figure 9 (black line).

• Application points of the single foot forces are identified on
the pedestrian trajectory placing them at a distance of ljs,α.
The length of each step ljs,α is evaluated from the pedestrian
velocity v and the step frequency fs through the relation
v � ljs,αfs(v). Pedestrian velocity and step length for each step
are estimated through an iterative procedure such that the
velocity adopted to calculate the step length matches the
velocity estimated from the SFM in the successive foot

standing point (reached taking a step of that length).
Velocity and step frequency are related through the
following Eq. 19. With reference to the previous example,
this results in the red dots of Figure 9.

• As the contribution of the first bending mode is taken into
account, the 2-D problem can be reduced to a 1-D problem
by projecting the foot standing points on the footbridge
centerline (green dots in Figure 9). Note that this
simplification would not be appropriate if a torsional
mode contributed to the structural response.

• Instants of application of the single foot forces are
evaluated as the instants when pedestrian α occupies
the positions identified by red dots in Figure 9. Note
that the initial time when the pedestrian starts to walk on
the footbridge depends on its initial position as well as the
path followed in the 60 m preceding the footbridge
(Figure 2). Moreover, this method allows accounting
for the fact that a pedestrian may stop walking and
then restart. In this case, in fact, a larger time gap
between two successive steps would be observed.

• The velocity in correspondence of each step is obtained by
combining the instantaneous velocities in X and Y
directions. Figure 10A presents the time varying position
(in X direction) and velocity of the same pedestrian of
Figure 9. Blue and red dots identify velocities and
positions of the considered footsteps along with the
corresponding instants of application.

• For each footstep j, the velocity magnitude is converted into
a pacing frequency through the following relation proposed
by Bruno and Venuti (2008) based on the experimental data
presented in Bertram and Ruina (2001):

f js,α � 0.35(vjα)3 − 1.59(vjα)2 + 2.93vjα (19)

• where f js,α is expressed in Hz and vjα in m/s. The applicability
limits for this empirical relation can be assumed either as
vjα � [0.2 − 2.5]m/s or vjα � [0.23 − 2.2]m/s, in accordance
with Bruno and Venuti (2008) or Bertram and Ruina (2001),
respectively.

• The period Tj
s,α is evaluated from f js,α as T

j
s,α � 1/f js,α. The step

duration Tj
c,α is, in turn, obtained as Tj

s,α + Δt.

TABLE 2 | Ranges of variation and optimal values of the updating parameters.

Model parameter Range of variation Optimal value

rα (m) 0.22–0.45] 0.31
λα (-) [0–0.7] 0.31
Aα,1 (m/s2) [0.5–4.0] 1.7
Bα,1 (m) [0.15–0.45] 0.28

FIGURE 6 | Crowd density and velocity from criterion 1 (blue dots) and
criterion 2 (green dots) and simulated speed-density relation (red dots)
obtained from the calibrated model. Black curve: theoretical speed-density
relation.

A B

FIGURE 7 |Crowd density and velocity from criterion 1 (blue dots) and criterion 2 (green dots) and simulated speed-density relation (red dots) obtained considering
(A) Aα,1 � 0.5 m/s2 and (B) Bα,1 � 1 m. Black curve: theoretical speed-density relation.
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• Starting from the pedestrian weight Gα and the step duration
Tj
c,α, the single foot force P

j
α(t) is evaluated through Eq. 18.

• Finally, the single pedestrian walking force is obtained by
adding the contribution of all footstep forces, each one
applied in the position and at the time instant previously
evaluated.

Figure 10B shows the temporal sequence of footstep forces for
the pedestrian α, which have to be added to obtain the single
pedestrian walking force. This procedure is repeated for each
pedestrian in the crowd and, finally, the crowd loading is obtained
by the superposition of the individual pedestrian forces.

5.3 Footbridge Response Simulation
The footbridge response is evaluated by numerically integrating
the equation of motion in the modal space considering the
footbridge as a single degree of freedom system and time
increments of 0.001 s (see, for instance, Bassoli et al. (2018a)).
To calculate the modal force, the crowd loading of Section 5.2 is
weighted by the amplitude of the mode shape in correspondence
of the footfall positions. The variable representative of the
response is chosen as the mid-span acceleration. The vibration
response is assessed using a 1-s root-mean-square (RMS) moving
average value from the acceleration time history.

Finally, the effects of the crowd-bridge interaction in terms of
added mass are evaluated. In particular, the mean number of
pedestrians simultaneously present on the footbridge during the
time interval T1 − T2 (section 3.2) is added to the footbridge mass

and the corresponding reduction in the footbridge natural
frequency is estimated.

5.4 Results and Discussion
In the following, results obtained for pedestrian groups of 100 and
350 pedestrians are presented. Table 3 lists the values of the mean
density and velocity obtained from criterion 2 (see section 3.2)
for each of the 10 analyses performed, together with the mean
walking frequency estimated from Eq. 19. Simulations with 100
pedestrians lead to mean pedestrian densities ranging from 0.51
to 0.84 ped/m2 and corresponding velocities from 1.20 to 1.02 m/
s2, while 350 pedestrians involve densities in the range
[1.61–1.90] ped/m2 and velocities from 0.85 to 0.78 m/s2.
Velocities from criterion 2 give an indication of the pedestrian
velocity. However, in the crowd load simulations, the velocity of
each pedestrian is evaluated on a step-by-step basis as detailed in
section 5.2. Note that group dimensions of 100 and 350
pedestrians are chosen as representative of correlated and very
dense traffic, respectively. In the first case pedestrian movements
are not completely free but partially constrained by the presence
of other pedestrians, while in the second case they are highly
constrained by other pedestrians. Moreover, it has to be stressed
that the Fourier coefficients of Eq. 18 are defined for step
frequencies in the range [1.60–2.40] Hz. Nevertheless,
numerical simulations are performed considering also
frequencies out of this range, as a consequence of the
velocities involved.

The maximum RMS accelerations obtained for pedestrian
groups of 100 and 350 pedestrians and for footbridge natural
frequencies in the range [0.5–3.0] Hz are shown in Figure 11. In
particular, for each group size and for each natural frequency the
footbridge response is evaluated 10 times starting from the results
of the 10 SFM simulations. These results are indicated with black
dots in Figure 11, while mean values are highlighted in red. As
expected, accelerations caused by 100 pedestrians are lower than
those due to 350 pedestrians. The main amplifications of the
structural response are obtained for frequencies between 1.5 and
2 Hz for the case of 100 pedestrians, while they are observed also
for lower structural frequencies in the second case. This is an
effect of the lower pedestrian velocities (and consequently step
frequencies) characterizing higher pedestrian densities.

FIGURE 8 | (A)Comparison between the simulated speed-density relation (red curve) and experimental measurements of pedestrian flows. Black dots: Weidmann
(1993), green dots: Oeding (1963), grey dots: M�ori and Tsukaguchi (1987), orange crosses: Older (1968), light blue dots: Seyfried et al. (2005), blue circles: Fruin (1987)
(B) Simulated speed-density relations obtained considering different footbridge width: 3.0 m (red curve), 2.5 m (black curve), 4.5 m (blue curve) and 7.0 m (magenta
curve).

FIGURE 9 | Example of pedestrian trajectory (black line), foot positions
on the trajectory (red dots) and projection of the foot positions on the bridge
centerline (green dots).
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Moreover, it is observed that, in both cases, amplifications of the
structural response are obtained for a wide range of footbridge
frequencies because each pedestrian in the crowd contributes
differently to the modal excitation depending on his own pacing
frequency, which changes step-by-step.

Finally, the effects of the pedestrian mass are evaluated. The
mean number of pedestrians simultaneously present on the
footbridge during the time interval T1 − T2 is 20 and 54 for
the case of 100 and 350 pedestrians, respectively. As also shown in
Figure 3A, the number of pedestrians on the footbridge is
significantly lower than the pedestrian group size considered
in the analyses. Indeed, this latter is necessary to obtain a
roughly stationary pedestrian flow with a certain density. The
presence of 20 and 54 pedestrians causes a reduction of the
footbridge natural frequency of 1.42% and 3.64%, respectively.
Mean accelerations obtained accounting for the effects of the
pedestrian mass are represented by the dashed green light in
Figure 11. Considering, for instance, a footbridge natural
frequency of 2 Hz, the added pedestrian mass causes a
reduction of the acceleration by 2.9% and 12.1% for the case
of 100 and 350 pedestrians, respectively.

6 COMPARISON

Results of section 5 are compared with those obtained from the
multiplication factor approach proposed by Caprani et al. (2012).

In particular, they evaluate a set of enhancement factors for
predicting the response due to a crowd based on the predicted
accelerations of a single pedestrian. Enhancement factors are
evaluated for crowd densities ranging from 0.44 ped/m2 to 2.11
ped/m2 (namely 0.44, 0.55, 0.75, 1.5 and 2.11 ped/m2) and
synchronization proportions of 0,

��
N

√
, 0.135, 0.2, 0.5, 0.75N

and N, being N the pedestrian number. This latter represents the
proportion of pedestrians considered to be synchronized with
each other, namely walking in phase at the same frequency. In
addition, they consider footbridge natural frequencies of 1.94, 2.0
and 2.1 Hz. The crowd loading enhancement factor m is defined
as the ratio of the characteristic response due to the crowd to the
characteristic response due to a single pedestrian. Consistent with
the aim of this work, enhancement factors obtained without
taking into account crowd-structure interaction are considered.

In this study, the single pedestrian load is based on the single
step load model of Li et al. (2010) (Eq. 18). In contrast to the
crowd loading of section 5.2, in this case it is assumed that the
pedestrian produces the same footfall force at each step leading to
a periodic walking force. In line with Caprani et al. (2012), the
pedestrian weight G and step length ls are assumed equal to,
respectively, 73.85 kg and 0.66 m (Barela and Duarte, 2008), while
the pedestrian velocity is evaluated from the results of the social
force model according to the criterion 2 (Table 3). This means to
consider that the single pedestrian is moving with a velocity
corresponding to the mean crowd velocity. For the purpose of
comparison, results for natural frequencies of 1.94, 2.0 and 2.1 Hz

FIGURE 10 | Example of (A) pedestrian velocities (blue line and dots) and positions in X direction (red line and dots) vs. time and (B) consecutive footfall forces.

TABLE 3 | Mean densities and velocities from criterion 2 and corresponding frequencies.

Group size 100 pedestrians 350 pedestrians

Analysis n
(-)

Density
(Ped/m2)

Velocity
(m/s2)

Frequency
(Hz)

Density
(Ped/m2)

Velocity
(m/s2)

Frequency
(Hz)

1 0.53 1.19 1.82 1.61 0.85 1.56
2 0.57 1.15 1.80 1.81 0.80 1.51
3 0.51 1.20 1.83 1.63 0.86 1.57
4 0.63 1.17 1.81 1.79 0.80 1.51
5 0.61 1.13 1.78 1.90 0.78 1.49
6 0.84 1.02 1.71 1.90 0.78 1.49
7 0.69 1.24 1.86 1.82 0.80 1.51
8 0.51 1.16 1.80 1.79 0.79 1.49
9 0.55 1.15 1.80 1.84 0.78 1.48
10 0.55 1.15 1.80 1.71 0.82 1.53
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are presented. Hence, for each pedestrian group and footbridge
natural frequency, 10 values of the single pedestrian acceleration
are calculated considering the pedestrian velocities of Table 3.
Finally, the multiplication factors m are evaluated as the ratio of
the crowd-induced acceleration to the corresponding single
pedestrian acceleration.

Multiplication factors are plotted in Figure 12 together with the
values of m proposed by Caprani et al. (2012). The multiplication
factor obtained from each simulation is associated to the
corresponding mean crowd density listed in Table 3. Results
from 350 pedestrians, representing crowd densities typical of
constrained traffic, are mainly consistent with those proposed
by Caprani et al. (2012) for synchronization levels from 0.5N to
N. On the contrary, results from 100 pedestrians, describing
densities typical of correlated but not constrained traffic, are in
quite good agreement with those of Caprani et al. (2012) for
synchronization proportion lower than 0.2N. This findings are in
line with the fact that pedestrians tend to synchronize more and
more with increasing crowd density.

7 CONCLUSIONS

This paper proposes a parameter calibration of the Helbing’s
social force model (Helbing et al., 2005) performed adopting the

response surface methodology. Model parameters are calibrated
so as to describe the fundamental relation between mean walking
speed and density of pedestrian crowds. The calibrated social
force model enables a detailed simulation of unidirectional
pedestrian flows on footbridges suitable for vibration
assessment purposes. The updated model is adopted in this
paper to simulate pedestrian flows and results are compared
with the multiplication factor approach proposed by Caprani
et al. (2012).

The speed-density relation obtained from the calibrated
social force model shows a pretty good match with the
theoretical curve, with larger discrepancies observed for ρ <
0.3 ped/m2. However, the simulated curve obtained
considering Aα,1 � 0.5 ped/m2

fits very well the theoretical
curve up to pedestrian densities of 0.5 ped/m2. This value can
be adopted to simulate unconstrained pedestrian traffic
alternately to the optimal value. Finally, calibration results
demonstrate the importance of a proper model parameter
calibration. Indeed, it is highlighted that changes in the model
parameters imply an inaccurate description of the crowd
behavior, which does not represent the theoretical one
assumed as reference.

The social force model allows for the evaluation of the
instantaneous position and velocity of each pedestrian in the
crowd, assumed as the input of a step-by-step simulation of the
pedestrian loads. Simulations presented in the paper highlight the
advantages of a discrete crowd model, that is the direct possibility
of modeling the variability of the crowd loading and the
suitability for low and medium traffic densities and
discontinuous pedestrian distribution. being the traffic
continuity not required.

The main drawback of the presented crowd model is that
analyses can be time-consuming, especially for high pedestrian
densities. Moreover, the random nature of the crowd loading
requires a statistical characterization of the response,
incrementing the computing time.

It is worth noting that the proposed calibrated parameters
are adequate to simulate pedestrian flows on footbridge with
different dimensions than those adopted in this study, with
exception of width lower than 3.0 m. In these case, in fact, the
simulated speed-density relation is slightly lower. However,
for each geometry variation, the pedestrian group size

FIGURE 11 | Maximum RMS accelerations caused by (A) 100 and (B) 350 pedestrians for different footbridge natural frequencies: results for each of the 10
analyses (black dots) and mean values (red line). Green dotted line: mean accelerations obtained accounting for the added pedestrian mass.

FIGURE 12 | Multiplication factors m obtained from 100 pedestrians
(black markers) and 350 pedestrians (blue markers) for footbridge natural
frequencies of 1.94 Hz (.), 2.0 Hz (+) and 2.1 Hz (×). Colored lines: multiplication
factors of Caprani et al. (2012) for different synchronization proportions.
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needed to reach a certain pedestrian density has to be
evaluated as well as an adequate length of the access route
and way out.

The comparison with the multiplication factors proposed by
Caprani et al. (2012) shows a good agreement with the simulation
results, even though they are scattered. In particular, the
coherence of multiplication factors obtained for high
pedestrians densities with those of Caprani et al. (2012) for
high levels of synchronization, and vice versa for low
pedestrian densities, demonstrates the ability of the model to
describe the crowd behavior without the need to define in
advance the synchronization level.
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