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This study focuses on a tradable credit scheme (TCS)-based multi-period equilibrium

modeling framework to address the planning problem of a central authority which seeks

to minimize the vehicular emissions in a traffic network over a planning horizon. In

this context, the multi-period TCS equilibrium conditions consist of traffic, and market

equilibrium conditions. To develop an effective TCS design in practice, this study factors

the heterogeneity in travelers’ value of time (VOT) to enable realism in capturing the

traffic equilibrium conditions, and the interest rate to reflect market realism. The VOT

is an important factor in the route choice process as travelers tradeoff the credit

consumption and travel time costs of each route. Further, travelers decide between

selling or transferring unused credits across periods based on the dynamic interest rates

over the planning horizon as they can accrue interest by selling credits in the market.

The study investigates the existence and uniqueness of multi-period equilibrium credit

prices, aggregate link flows and travel demand rates. Then, the equilibrium credit prices

under the multi-period TCS are analyzed and it is demonstrated that while credit price

volatility increases with increasing interest rates, it can be dampened by the ability of

travelers to transfer credits under the multi-period TCS. Finally, a system optimal (SO)

multi-period TCS is designed to determine the TCS parameters (credit allocation and

charging schemes) that minimize vehicular emissions in a traffic network over the planning

horizon. The study insights suggest that the SO design of multi-period TCS provides a

capability to manage network vehicular emissions over the planning horizon. Further, they

suggest that if VOT is not factored, the TCS would be socially inequitable, and ignoring

interest rates creates inefficiencies in achieving desired emissions levels.
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INTRODUCTION

Over the past few decades, human impact on the climate has
been correlated to greenhouse gas (GHG) emissions produced
by human activities such as those related to the use of fossil
fuels. To address this issue, there are worldwide efforts to reduce
GHG emissions in different sectors. For example, the European
Union has targeted at least a 40% reduction of GHG emissions
by 2,030. The transportation sector contributes significantly to
global GHG emissions; it accounted for ∼26% of the total
U.S. GHG emissions in 2014 (U. S. Environmental Protection
Agency, 2016). Vehicular traffic contributes significantly to the
levels of carbon monoxide (CO), nitrogen oxide (NOx), carbon
dioxide (CO2), particulate matter (PM), and hydrocarbons (HC).
Because of its negative effect on living and health conditions
in metropolitan areas, transportation planners (referred to as
“central authority (CA)” in this study) have focused on strategies
to reduce GHG emissions of traffic congestion. In this context,
market-based instruments can be leveraged to develop efficient
strategies to manage travel demand and reduce harmful GHG
emissions in metropolitan areas.

Road pricing is the most well-known market instrument to
tackle traffic externalities in metropolitan areas. Congestion,
pollution and noise are examples of externalities in the traffic
network. Pigou (1920) developed the notion of marginal cost
pricing in which the travelers are charged the external cost (as
toll) that they impose on each other in the traffic network.
It influences the travel choices of travelers so as to reduce
traffic externalities. Studies thereafter have sought to develop
the underlying economic model of road pricing (Vickrey, 1969;
Yang and Huang, 2005) by focusing on the traffic congestion
externality. In the context of addressing the emissions externality,
Johansson (1997) employs the notion of marginal cost pricing to
maximize net social benefit where travelers are charged for their
emissions and the increase in the emissions of other travelers.
Yin and Lawphongpanich (2006) design a pricing strategy to
internalize the emissions externality in the traffic network which
yields a traffic flow distribution with minimum emissions.

Although road pricing is appealing in theory, it has been
sparsely implemented in practice for two reasons. First, travelers
perceive toll as an indirect tax imposed by the CA. Second, it
increases the potential for inequity across road users as low-
income travelers are disproportionately forced to change their
travel habits. To overcome these two issues, Lawphongpanich
and Yin (2010) develop a class of Pareto-improving pricing
scheme in which no traveler is worse off compared to the no-
pricing scheme. However, even this scheme cannot preclude the
transfer of wealth from the travelers to the CA.

To address issues with congestion pricing, quantity-based
instruments have been proposed to increase public acceptance
and address the negative traffic externalities. They have been
applied in different sectors to control air quality, water
pollution and land use (Tietenberg, 2004). The most well-known

Abbreviations: CA, Central authority; ECP, Equilibrium credit price; EU ETS,

European Union emissions trading system; GHG, Greenhouse gas; MPCC,

Mathematical program with complementarity constraints; MPEC, Mathematical

program with equilibrium constraints; O-D, Origin-destination; SO, System

optimal; TCS, Tradable credit scheme

implementation of quantity-based instruments is the European
Union (EU) Emissions Trading System (ETS) with the objective
of reducing CO2 emissions, as a type of GHG emissions, to at
least 80% of the 2005 emissions level by 2,050. In the EU ETS, the
European power plants, factories and other companies receive a
predetermined number of pollution permits by the EU. They are
subject to a predetermined emissions cap and are able to trade
CO2 pollution permits in the market to meet a predetermined
emissions cap (Ellerman and Joskow, 2008). Quantity-based
instruments have been analyzed for controlling congestion and
emissions in traffic networks. Verhoef et al. (1997) investigate
the use of a tradable permit scheme to manage externalities by
allowing travelers to pay tolls using smart cards as well as to
trade the units stored in them. This idea is further examined
by Viegas (2001) to mitigate traffic congestion. Nagurney et al.
(1998) propose the notion of link-based pollution permits to
minimize total vehicular emissions where each link is initially
allocated a certain number of permits. In other words, there is
a cap on the total number of vehicles that can traverse each link.

Along this thread, a tradable credit scheme (TCS) is a strategy
to achieve different system-level goals of CA such as mitigating
congestion or vehicular emissions, by creating artificial markets
for mobility credits. In this scheme, the CA allocates credits free
of cost to travelers who then pay credits to use their vehicles on
a link. Such a scheme can also foster travelers to consider less-
expensive public transit systems. Further, under TCS, travelers
can trade credits amongst themselves in the market. Two types
of equilibrium conditions exist in the traffic network under
TCS, including: (i) traffic equilibrium condition, under which
travelers cannot reduce their travel costs by unilaterally switching
routes, and (ii) market equilibrium condition, under which
the equilibrium credit price (ECP) is positive only if there
are no unused credits in the market. There is potentially less
societal objection to TCS implementation in practice, for two
reasons. First, there is no transfer of wealth from travelers to
the CA. Second, TCS is a more equitable strategy compared to
congestion pricing as low-income travelers, who typically choose
less-expensive travel options, can sell unused credits and gain
monetary benefits.

Yang and Wang (2011) propose a TCS to address the
traffic congestion externality. It is formulated within the static
user equilibrium framework and includes a credit conservation
constraint. Wang et al. (2012) further consider travelers’
heterogeneity in terms of value of time (VOT) in analyzing the
equilibrium condition under TCS. Zhu et al. (2015) address VOT
heterogeneity by adopting a continuous distribution of VOTs
across travelers. Bao et al. (2014) study the effects of travelers’
loss aversion behavior on their route choice decisions under TCS,
where purchasing extra credits is perceived as monetary loss.
Other studies deal with: (i) the assumptions of a competitive
market (Nie, 2012; Shirmohammadi et al., 2013), and (ii)
capturing traffic dynamics under TCS (He et al., 2013; Xiao et al.,
2013). The CA’s objective in the aforementioned TCS studies
is to minimize the total system travel cost by using the total
number of credit endowments and the subsequent link-based
credit charges as control parameters. Aziz and Ukkusuri (2013)
seek to address the vehicular emissions externality through SO
TCS design by deriving credit allocation and charging schemes
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for homogeneous travelers. Miralinaghi and Peeta (2016) label
the aforementioned TCS models as “single-period TCS.” In a
single-period TCS, it is assumed that the traffic network supply
(for example, the link travel cost functions) and travel demand
functions are time-invariant during the planning horizon. Hence,
the single-period TCS is not an appropriate tool to achieve
long-term planning goals, such as addressing traffic congestion
and emissions externalities, as it cannot capture demand and/or
supply fluctuations over the planning horizon (in the order of a
few years).

Miralinaghi and Peeta (2016) propose a framework, labeled
“multi-period TCS” for the planning context which enables the
CA to design a multi-period TCS by factoring the long-term
fluctuations in travel demand and/or traffic network supply. In
this framework, the planning horizon is divided into multiple
periods of equal length. In each period, the CA allocates
credits to travelers at a predetermined rate based on the credit
allocation scheme. For each period, it also predetermines the
credit rate charged per link, labeled the credit charging scheme.
The credit allocation and charging schemes are referred to
as “TCS parameters” hereafter. Travelers consume or transfer
unused credits in the current period based on different factors,
e.g., projected credit prices in future periods, current travel
demand, current TCS parameters, and current traffic network
supply. Hence, unlike in single-period TCS, the traffic andmarket
equilibrium conditions under multi-period TCS depend on the
projected credit prices of future periods. The multi-period TCS
framework enables the CA to assess the progress toward long-
term goals at the end of each period. Then, the CA adjusts
the TCS parameters for future periods based on the current
progress toward system-level goals and updated forecasts of
future travel demands. Further, the multi-period TCS allows the
CA to tradeoff credit price volatility across periods with the
need to achieve long-term goals (for example, traffic network
emissions over the planning horizon). Finally, a multi-period
TCS can foster gradual progress toward goals (such as, reductions
in vehicular emissions), enabling travelers to better adjust to the
TCS in practice. For example, the EU has sought to gradually
reduce the emissions cap from 97% average of the 2005 values
in 2012 to 95% in 2020, and 80% in 2050 (Leggett et al., 2012).
This enables European companies to better adapt to the EU ETS
by investing in more efficient technologies to meet their reduced
emissions caps in future years.

This study focuses on managing traffic network emissions
over a long-term planning horizon in the order of several years.
To do so, we seek to develop the system optimal (SO) TCS
to obtain the TCS parameters (credit allocation and charging
schemes) that minimize vehicular emissions over that horizon.
Similar to the EU ETS, the CA should design the SO TCS so
that travelers would be able to better adapt to the TCS over the
planning horizon by changing locational and/or mode choices.
For example, low-income travelers often choose residential
locations that require longer distances to reach their workplaces
(Aziz and Ukkusuri, 2013). If their travel costs increase abruptly
after a TCS implementation, it can be perceived as inequitable
and is not sustainable in practice. Further, travelers may change
their home locations during the planning horizon to have greater
accessibility to public transit to avoid paying credits. Hence, this

study aims to develop a SO design of the multi-period TCS so
that travelers can gradually adapt to the TCS over the planning
horizon. In this context, as the goal of the CA is to minimize
total vehicular emissions, the SO TCS design can entail low
credit supply and high credit charges for usage of transportation
facilities. This can significantly increase credit consumption costs
across periods, and the travel cost of travelers because it includes
credit consumption costs in addition to travel time costs. Such
significant cost increases in consecutive periods is not sustainable
from travelers’ perspective, implying the need to bound travel
cost increases across periods. To address this issue, we bound
the travel cost of each user class for each O-D pair in the first
period, and further bound cost increases in subsequent periods.
This enables travelers to better adjust to the TCS implementation
in practice.

To achieve an effective, sustainable SO multi-period TCS
design, this study incorporates the VOT heterogeneity of
travelers to foster realism in the traffic equilibrium condition, and
interest rate to more realistically capture the market equilibrium
condition. VOT reflects how travelers view travel time savings.
In the route choice process, travelers tradeoff credit consumption
and travel time costs using VOT. Interest rate is defined as the
rate at which capital grows (Thuesen and Fabrycky, 2001). Due
to the long-term nature of a multi-period TCS, interest rates are
an inevitable factor in traveler decisions related to transferring
credits to future periods as credits have monetary value. Interest
rates are determined by several factors such as the risk of
monetary loss, inflation, and opportunities for investing money
with various outcomes over the long-term planning horizon.
Besides transferring credits to future periods, travelers also have
the option to sell credits and use earned cash toward purchasing
credits in future periods while receiving interest on unspent cash.
There are several ways to earn interest on capital raised by selling
credits in the market. Depositing money in banks is the most
common approach. In this study, the interest rate can vary during
the planning horizon. Further, it is assumed that the CA uses
forecasted bank interest rates as the benchmark of capital growth
to determine TCS parameters through the planning horizon.

Miralinaghi and Peeta (2016) focus on analyzing the
impact of the multi-period TCS on the evolution of the ECP
through the planning horizon. They show that it reduces
fluctuations in the ECP through the planning horizon. However,
they assume the multi-period TCS is known a priori to the
CA and is not necessarily SO as it is not focused on a specific
goal. That is, in contrast to the current study, they do not
determine the SO multi-period TCS design to reduce vehicular
emissions through the planning horizon. Further, they do not
consider the effects of travelers’ VOT heterogeneity and interest
rate. In this study, travelers are divided into multiple discrete
user classes, where the average VOT of each user class is used
to determine the travel cost of each path for that class. The
VOT of each user class is assumed to vary across periods but
is unchanged within a period. If VOT is not factored, the
SO multi-period TCS design can lead to high travel costs for
travelers with lower VOT. Consequently, it can be perceived
as a socially inequitable policy in practice since low-income
travelers often have lower VOT. When interest rate is ignored,
Miralinaghi and Peeta (2016) show that credit price decreases
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monotonically over the planning horizon. However, this may not
be realistic in practice due to several factors such as demand
uncertainty, future credit price uncertainty, and market factors
such as interest rate. Further, as shown through the numerical
experiments in the current study, an SO multi-period TCS
design that does not factor interest rate can lead to less-effective
schemes to minimize vehicular emissions over the planning
horizon.

This study contributes to the literature in five ways. First, it
investigates equilibrium conditions under a given multi-period
TCS by factoring interest rate and travelers’ VOT heterogeneity.
This enhances practical realism and enables the CA to better
forecast the market and traveler behavior in practice. Second,
it demonstrates the solution existence and uniqueness of ECP,
equilibrium link flows, and travel demand rates. Uniqueness of
credit price is a sign of a healthy market; otherwise, travelers
would have to purchase credits with price uncertainty which can
reduce travel choices as credit price increases (Miralinaghi et al.,
2017). Third, it is proved that if travelers can transfer credits in
a multi-period TCS, then credit price volatility reduces through
the planning horizon. The stability of credit price would enhance
public acceptance of a multi-period TCS because travelers can
hedge against potential monetary losses associated with trading
credits. Fourth, this is the first study to address the long-term
emissions goal for a CA through the design of a SO TCS in terms
of the TCS parameters. The proposed SO design also enables the
CA to determine the trajectory of the vehicular emissions during
the planning horizon given the forecast of future travel demand
and traffic network supply. Fifth, the study provides key insights
on the roles of interest rates and travelers’ VOT heterogeneity in
multi-period TCS design. Ignoring travelers’ VOT heterogeneity
in the SO multi-period TCS can lead to socially inequitable
strategies which increase the travel costs of travelers with lower
VOT. Further, if interest rate is not factored, the SOmulti-period
TCS design can lead to less-effective schemes to reduce vehicular
emissions.

As this study focuses on the planning context of the
multi-period TCS framework, it has two assumptions. First,
travelers know the forecasted credit price for each period at the
beginning of the planning horizon; these prices are forecasted
by solving the planning problem a priori. Second, travelers
know the bank interest rate for each period of the planning
horizon. These assumptions would need to be addressed in an
operational context through a rolling horizon approach that
would factor more robust estimates for future periods as time
progresses. Further, the TCS design entails the following specific
assumptions. The transaction cost in the market is assumed to
be negligible and is ignored in this study. Travelers are not
charged for transferring credits to future periods. At the end
of the planning horizon, unused credits expire without gainful
value.

The remainder of the paper is organized as follows. In section
2, some notation is introduced and the TCS types are discussed.

In section 3, the equilibrium condition is proposed under VOT
heterogeneity and interest rate consideration for multi-period
TCS. The existence and uniqueness of the equilibrium aggregate
link flows, traffic network demand rates and credit price are
investigated under the multi-period TCS. In section 4, the
evolution of ECPs under multi-period TCS and multi single-
period TCS are compared. In section 5, with factoring the interest
rate and VOT heterogeneity, the SO design of multi-period
TCS is obtained to minimize the vehicular emissions in a traffic
network over the planning horizon. In section 6, the results of
some numerical experiments are discussed. Section 7 provides
concluding comments.

PRELIMINARIES

Network
DefineG(N,A) as a general traffic network whereN andA denote
the set of nodes and links, respectively. Let t be a time period
in the planning horizon where Ŵ denotes the set of periods with
cardinality of T. LetW denote the set of O-D pairs. Travelers are
divided into discrete classes based on the VOT. Let M be the set
of such user classes where the average VOT of travelers of each
user class m ∈ M in each period t ∈ Ŵ is represented by βm,t .
The travel demand and traffic network supply are assumed to be
constant within each period. That is, within day or day-to-day
fluctuations of traffic conditions in each period are ignored due
to the planning context. The interactions between travel demand
and credit supply are analyzed per unit of time (for example, an
hour). The travel demand rate of user class m for O-D pair w is
denoted by dm,t

w and is assumed to be a function of the minimum
travel cost of user class m for O-D pair w in time period t. Let
Rw denote the feasible route set for O-D pair w ∈ W. The
relationship between flow νm,t

a of user classm on link a, aggregate
link flow νta, and flow of user class m on route r of O-D pair w in
period t, fm,t

r,w , can be expressed as follows:
∑

w∈W

∑

r∈Rw

fm,t
r,w δa,r,w = νm,t

a a ∈ A,m ∈ M (1)

∑

m∈M

νm,t
a = νta a ∈ A (2)

where δa,r,w = 1, if link a is on route r of O-D pair w, and 0
otherwise. The travel cost of each class on each route includes the
monetized cost of route travel time (travel time is transferred into
equivalent monetary value using VOT) and the charged credit
cost of that route. Let Qm,t

w (dm,t
w ) be the inverse demand function

which is continuous and strictly decreasing in dm,t
w .

We denote the travel demand rates, route flows and link
flows in vectors as dM =

(

dm,t
w , t ∈ Ŵ,w ∈ W,m ∈ M

)T
,

fM =
(

fm,t
r,w , r ∈ Rw, t ∈ Ŵ,w ∈ W,m ∈ M

)T
, νM =

(

νm,t
a , a ∈ A,m ∈ M, t ∈ Ŵ

)T
and ν =

(

νta, a ∈ A, t ∈ Ŵ
)T
.

Let � represent the feasible set of travel demand rates, route
flows, and link flows, defined by:

� =







(fM , νM , ν, dM)

∣

∣

∣

∣

∣

∣

∑

w∈W

∑

r∈Rw
fm,t
r,w δa,r,w = νm,t

a
∑

m∈M ν
m,t
a = νta, f

m,t
r,w ≥ 0,

, dm,t
w =

∑

r∈Rw
fm,t
r,w , dm,t

w ≥ 0,

,∀m ∈ M,∀t ∈ Ŵ,∀w ∈ W, r ∈ Rw







(3)
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For simplicity, the link travel time function cta for each
link a ∈ A in period t is assumed to be nonnegative,
separable, differentiable, and monotonically increasing with
link flow vta in period t. The link travel time functions
are assumed to be strictly weighted average monotone over
a given set of VOT for each period t. In other words,
∑

a∈A

∑

m∈M β
m,t(cta

(

νta
)

− cta
(

ν̃ta
)

)(νm,t
a − ν̃m,t

a ) ≥ 0 for any
(

f
M
, νM , ν, d, p, z,Y

T
)

and
(

f̃M , ν̃M , ν̃, d̃, p̃, z̃, ỸT
)

∈ �,

(ν 6= ν̃).

Types of Tradable Credit Schemes
single-period TCS studies focus on the equilibrium state of a
traffic network in which demand and supply are assumed to be
constant during the planning horizon. The credit price under the
single-period TCS is referred to as the “single-period credit price”
and its equilibrium state is referred to as the “single-period ECP.”
In a multi-period TCS, the CA divides the planning horizon into
multiple time periods such that the time required to reach the
equilibrium state in each period is small compared to its length.
Further, travel demand and traffic network supply are assumed
constant within each period. Then, the equilibrium link/route
flows and credit price for each period represent the traffic and
market steady-state conditions. Under the multi-period TCS, the
credit price in a period is labeled the “multi-period credit price”
and its equilibrium value is referred to as the “multi-period ECP.”

Miralinaghi and Peeta (2016) investigate another scheme,
called the “multi single-period TCS”, in which the CA regulates
unused credits at the end of each period so that they are discarded
without any gainful value. Thereby, travelers are only able to
consume or sell credits in each period. The multi single-period
TCS is a special case of the multi-period TCS in which travelers
do not transfer credits across periods. Because the equilibrium
condition in each period can be analyzed independently without
considering transferred credits from other periods, the credit
price in each period is identical to its single-period credit price
and its equilibrium is identical to the single-period ECP.

EQUILIBRIUM CONDITION UNDER
MULTI-PERIOD TCS

Model Formulation
The CA distributes credits among travelers at the rate of ξ t in
period t which is the average number of issued credits per unit of
time. The credit allocation scheme consists of credits distributed
equally among the travelers. Let u = {uta, a ∈ A} denote the class-
agnostic link-based credit charging scheme in period t, where uta
denotes the number of credits that travelers pay to use link a at
any time in period t. Travelers transfer unused credits in a period

t′ at the rate of zt
′,t to a period t > t′ without penalty, where

z = {zt
′ ,t ,∀t′,∀t > t′} denotes the vector of the rates of credit

transfer. Unused credits are discarded in the last period T at the
rate of YT .

Let pt denote the multi-period credit price in period t and
pt

∗
denote the multi-period ECP in that period. p∗ = {pt

∗
,∀t}

represents the vector of multi-period ECPs. The interest rate
st,t+1, at which the invested cash in the bank compounds from

each period t to the next period t + 1, is assumed to be positive.
If travelers sell unused credits in a period t′ and deposit their
monetary value in the bank, the sum of initial investment and
compounded interest in period t is:

σ t′,t = pt
′
t−1
∏

i=t′

(1+ si,i+1) = pt
′
αt

′ ,t ∀t′,∀t > t′ (4)

where σ t′,t denotes the future monetary value of a credit from

period t′ in period t, and αt
′ ,t is the ratio of future value of

bank deposits of period t
′
in period t to that of its present

value. αt
′ ,t is labeled the ratio of future value to present value

(RFP) in the rest of this study. σ t′,t∗ is the future monetary
value of a credit from period t′ under the equilibrium condition
(which is the multi-period ECP of period t′) in period t. Let
(

fM
∗

, νM
∗

, ν∗, dM
∗

, p∗, z∗,YT∗
)

be the vector of multi-period

equilibrium route flows, link flows, aggregate link flows, travel
demand rates, credit prices, credit transfer rates, and rate at
which unused credits are discarded in the last period. The multi-
period equilibrium problem can be formulated as a mathematical
program with complementarity constraints (MPCC):

0 ≤
∑

a∈A

(((

βm,tcta

(

νta
∗
)

+ pt
∗
uta

)

δa,r,w

)

− µm,t
w

∗
)

⊥fm,t
r,w

∗

≥ 0 ∀m, r,w, t (5)

0 ≤ (µm,t
w

∗
− Qm,t

w (dm,t
w

∗
))⊥dm,t

w
∗
≥ 0 ∀m,w, t (6)

(fM
∗

, νM
∗

, ν∗, dM
∗

) ∈ � (7)

T
∑

j=2

z1,j
∗
+
∑

a∈A

u1aν
1
a
∗
= ξ 1 (8)

T
∑

j=t+1

zt,j
∗
+
∑

a∈A

utaν
t
a
∗
= ξ t +

t−1
∑

j=1

zj,t
∗

1 < t < T (9)

∑

a∈A

uTa ν
T
a
∗
+ YT∗ = ξT +

t−1
∑

j=1

zj,T
∗

(10)

0 ≤ zt
′,t∗⊥

(

p∗t′α
t′ ,t − pt

∗
)

≥ 0 ∀t′ < T,∀t > t′ (11)

0 ≤ YT∗⊥pT
∗
≥ 0 (12)

where µm,t
w

∗
is the minimum travel cost of user class m for O-D

pair w. Mathematical operator ⊥ means that vectors x⊥y if and
only if xTy = 0. Complementarity constraints [(5)-(7)] denote
the traffic equilibrium condition. Constraint (5) states that for
each time period t, the travel costs of all utilized routes for O-
D pair w by travelers of class m are equal to µm,t

w
∗
. Constraint

(6) states that if the travel demand of user class m for O-D
pair w is greater than zero, then the inverse demand function
is equal to the minimum travel cost of user class m for O-D
pair w. Constraint (7) ensures the feasibility of travel demand
rates, route flows and link flows. Constraints (8)-(12) represent
market equilibrium condition. Constraint (8) states that the sum
of credit transfer rates to future periods and credit consumption
rate in the first period is equal to the issued credit rate in the first

Frontiers in Built Environment | www.frontiersin.org 5 July 2018 | Volume 4 | Article 33

https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org
https://www.frontiersin.org/journals/built-environment#articles


Miralinaghi and Peeta Multi-Period TCS Incorporating Interest Rate

period. Constraint (9) states that the credit supply rate in each
period, including credit transfer rates from previous periods and
issued credits rate, is equal to the sum of credit consumption rate
and credit transfer rates to future periods. Constraint (10) states
that the sum of credit consumption rate and rate at which credits
are discarded by travelers in the last period is equal to its credit
supply rate. Constraint (11) states that the future monetary value
of a credit from period t′ in period t is higher than the multi-
period ECP of period t. Further, it states that if unused credits are
transferred from period t′ to a future period t > t′, the future
monetary value of a credit from period t′ in period t is equal to
the multi-period ECP of period t. Credits are transferred from
period t′ to a future period t with higher single-period ECP until
the future monetary value of a credit from period t′ in period
t is equal to the multi-period ECP of period t. Hence, the total
monetary value of credits is preserved after transferring credits to
period t. If travelers continue to transfer additional credits from
period t′ beyond the equilibrium point, they tolerate monetary
loss. Hence, travelers cannot benefit by unilaterally storing such
additional credits under the equilibrium condition. Constraint
(12) states that if credits are discarded in the last period T, the
multi-period ECP of period T is equal to zero. It also ensures
that unused credits are discarded at the end of the planning
horizon without benefit for travelers. Next, the existence and
uniqueness of solutions of MPCC (5)-(12), in terms of multi-
period equilibrium aggregate link flows, travel demand rates and
credit prices, are investigated using variational inequality (VI).

Model Properties: Solution Existence and
Uniqueness
It is important to investigate the uniqueness of multi-period
ECP as it signifies a healthy market. Otherwise, travelers will
have to purchase credits at uncertain prices, which can reduce
their travel choices as the multi-period ECP increases. To do
so, we start by exploring the solution existence of MPCC
(5)–(12) by formulating it as a VI problem. Then, sufficient
conditions are established for the uniqueness of multi-period
equilibrium aggregate link flows and travel demand rates. Finally,
the sufficient conditions for uniqueness of multi-period ECP are
established. To illustrate the solution existence of MPCC (5)–
(12), it is reformulated as VI problem (13)–(17) which is proved
to have a solution.

Proposition 1. The following VI problem (13) is equivalent to
MPCC (5)–(12).

∑

t∈Ŵ

(

∑

a∈A

∑

m∈M

βm,tcta

(

νta
∗
)

(νm,t
a − νm,t

a
∗
)

−
∑

w∈W

∑

m∈M

Qm,t
w (dm,t

w
∗
)(dm,t

w − dm,t
w

∗
)

+
∑

t′<t

(

αt
′ ,t − 1

)

(zt
′,t − zt

′,t∗)pt
′∗

)

≥ 0 (13)

T
∑

j=2

z1,j +
∑

a∈A

u1aν
1
a = ξ 1 (14)

T
∑

j=t+1

zt,j +
∑

a∈A

utaν
t
a = ξ t +

t−1
∑

j=1

zj,t 1 < t < T (15)

∑

a∈A

uTa ν
T
a + YT = ξT +

t−1
∑

j=1

zj,T (16)

(fM , νM , ν, dM) ∈ � (17)

Proof.
(

fM
∗

, νM
∗

, ν∗, dM
∗

, p∗, z∗,YT∗
)

solves the VI

problem (13)–(17) if and only if it solves the following linear
optimization problem:

min
∑

t∈Ŵ

(

∑

a∈A

∑

m∈M

cta

(

νta
∗
)

(νm,t
a )−

∑

w∈W

∑

m∈M

Qm,t
w (dm,t

w
∗
)(dm,t

w )

+
∑

t
′
<t

(αt
′
,t − 1)zt

′
,tpt

′ ∗



 (18)

(14)–(17).
Let γ = {γ t ,∀t} denote the set of Lagrangian multipliers

of the credit conservation constraints (14)–(16). The first order
conditions (Karush-Kuhn-Tucker (KKT) conditions) are:

0 ≤
∑

a∈A

(((

βm,tcta

(

νta
∗
)

+ γ tuta

)

δa,r,w

)

−µm,t
w

)

⊥f t
∗

r,w ≥ 0 ∀m, r,w, t (19)

0 ≤ (µt
w − Qm,t

w (dm,t
w

∗
)⊥dm,t

w
∗
≥ 0 ∀m,w, t (20)

T
∑

j=2

z1,j
∗
+
∑

a∈A

u1aν
1
a
∗
= ξ 1 (21)

T
∑

j=t+1

zt,j
∗
+
∑

a∈A

utaν
t
a
∗
= ξ t +

t−1
∑

j=1

zj,t
∗

1 < t < T (22)

∑

a∈A

uTa ν
T∗

a + YT∗
= ξT +

t−1
∑

j=1

zj,T
∗

(23)

0 ≤ zt
′ ,t∗⊥

((

αt
′ ,t − 1

)

pt
′ ∗
+ γ t′ − γ t

)

≥ 0 ∀t′<T, ∀t> t′ (24)

0 ≤ YT∗
⊥γ T ≥ 0 (25)

(fM
∗

, νM
∗

, ν∗, dM
∗

) ∈ � (26)

where µ = {µm,t
w ,∀t,∀w,∀m} is the set of Lagrange multipliers

associated with flow conservation constraint (17). A comparison
of KKT conditions (19)-(26) with MPCC (5)-(12) illustrates that
Lagrangian multipliers γ are equal to the multi-period ECPs

p∗. Hence, the solution
(

fM
∗

, νM
∗

, ν∗, dM
∗

, p∗, z∗,YT∗
)

of VI

problem (13)-(17) is identical to the solution of MPCC (5)-
(12). �

Proposition 2. The VI problem (13)-(17) admits at least one
solution.

Proof. The feasible solution space of VI problem is compact

and convex. Further, cta
(

νta
∗)
, Qm,t

w (dm,t
w

∗
), and (αt

′ ,t − 1)pt
′∗
are

continuous with respect to the route flows, aggregate link flows,
travel demand rates, multi-period ECPs, and credit transfer rates.
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Then, according to Facchinei and Pang (2003), there exists at least

one solution
(

fM
∗

, νM
∗

, ν∗, dM
∗

, p∗, z∗,YT∗
)

to VI problem

(13)-(17). �
Proposition 2 illustrates that there exists a solution

(

fM
∗

, νM
∗

, ν∗, dM
∗

, p∗, z∗,YT∗
)

to MPCC (5)-(12). Next, a

sufficient condition is constructed for the uniqueness of the
multi-period equilibrium link flows and travel demand rates
(ν∗, dM

∗
).

Since the credit charging scheme is known and
constant, the uniqueness of multi-period equilibrium link
flows leads to the uniqueness of credit consumption rate in each
period under the equilibrium condition. Let 1t denote the net
credit transfer rate of period t which is given by:

1t =

t−1
∑

j=1

zj,t −

T
∑

j=t+1

zt,j 1 < t < T (27)

By using Constraint (15), Equation (27) can be re-written as:

1t =
∑

a∈A

utaν
t
a − ξ

t 1 < t < T (28)

The net credit transfer rate in each period is equal to the
consumption rate of transferred credits in that period. If the
credit consumption rate is higher than the issued credit rate
in each period (1t > 0), it implies that travelers consume
transferred credits in addition to issued credits in that period. If
the credit consumption rate is unique, then the net credit transfer
rate is unique under the equilibrium condition. However, the
credit transfer rates z may not be unique as discussed by
Miralinaghi and Peeta (2016). The next proposition investigates
the uniqueness of the multi-period equilibrium link flow
pattern ν∗.

Proposition 3. If the multi-period ECPs are unique, then the
multi-period equilibrium travel demand rates and link flows are
unique.

Proof. Let p∗ = {pt
∗
, ∀t} denote the vector of the multi-

period ECPs through the planning horizon. Then, MPCC (5)-
(12) can be reformulated as following nonlinear optimization
problem:

min
∑

t∈Ŵ

(

∑

a∈A

(

∫ νta

o
cta (ω) dω

)

−
∑

w∈W

(

∫ dm,t
w

o
Qm,t
w (ω) dω

))

+
∑

t∈Ŵ

(

∑

a∈A

∑

m∈M

pt
∗
utaν

m,t
a

βm,t

)

(29)

(fM , νM , ν,dM) (30)

It can be verified that for any given p∗, (ν∗,dM
∗

) solves
nonlinear optimization problem (29)-(30). Because of the
assumed properties of the link travel time and inverse demand
functions, the objective function is convex in terms of the
aggregate link flows and travel demand rates. Hence, MPCC (5)-
(12) yields unique multi-period equilibrium travel demand rates
and link flows. �

Proposition 3 proves that the uniqueness of the multi-
period ECPs is a sufficient condition for the uniqueness of
the multi-period equilibrium travel demand rates and link
flows. Miralinaghi and Peeta (2016) show that the multi-period
ECP in period t is unique if it satisfies at least one of the
following conditions: (i) There exist at least two equilibrium
routes connecting one O-D pair with the same travel cost
and different credit charges, (ii) Credits are transferred from a
previous period with unique multi-period ECP to period t, and
(iii) Credits are transferred from period t to a future period with
unique multi-period ECP. Hence, the linkage of multi-period
ECPs across periods increases the possibility of uniqueness of
multi-period ECPs. Similarly, the next proposition establishes
the uniqueness conditions for multi-period ECPs under traveler
VOT heterogeneity.

Proposition 4. The multi-period ECP in period t is unique if
at least one of the following conditions is satisfied:

1. The multi-period equilibrium aggregate link flows ν∗ are
unique and there exist at least two equilibrium routes
connecting one O-D pair with the same travel cost and
different credit charges for at least one user class in period t.

2. Credits are transferred from a previous period with unique
multi-period ECP to period t.

3. Credits are transferred from period t to a future period with
unique multi-period ECP.

Proof. The proof follows the similar approach to Wang et al.
(2012) and Miralinaghi and Peeta (2016). �

As discussed in Miralinaghi and Peeta (2016), the multi-
period TCS leads to the linkage of multi-period ECPs throughout
the planning horizon; this increases the possibility of unique
multi-period ECPs.

4. Travelers and market behaviors under multi-period TCS.

In this section, travelers’ and market behaviors are compared
under the multi single-period TCS and multi-period TCS. As
discussed earlier, the multi single-period TCS is a special case
of the multi-period TCS in which the credit transfer rates
z are equal to zero. Hence, there is no linkage between the
multi-period ECPs across periods. If credit transfer rates z

in MPCC (5)-(12) are set to zero, the multi-period ECPs
are equal to the single-period ECPs. Because constraint (11)
is satisfied with zero credit transfer rates, the multi-period
ECP can increase or decrease during the planning horizon.
The next proposition investigates the effect of interest rate
on the evolution of multi-period ECPs during the planning
horizon.

Proposition 5. If credits are transferred from period t
′
to a

future period t given a positive interest rate, then themulti-period
ECP of period t′ is lower than the multi-period ECP of period t.

Proof. Constraint (11) implies that if credits are transferred
from period t′ to period t, it follows that:

αt
′ ,tpt

′∗

= pt
∗

∀t′ < T, ∀t > t′ (31)

Since interest rate is positive, then αt
′ ,t > 1, and it follows that:

pt
′∗

< pt
∗

∀t′ < T, ∀t > t′ (32)
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Hence, the multi-period ECP of period t′ is less than the multi-
period ECP in period t. �

Proposition 5 has an important interpretation. As discussed
earlier, travelers can transfer unused credits in the current period
t′ to consume/sell in any future period t. As a special case of the
multi-period TCSwith interest rate,Miralinaghi and Peeta (2016)
demonstrate that if interest rate is equal to zero, then the multi-
period ECP declines during the planning horizon. However, the
realized market credit price may not decrease in practice over
the planning horizon because of several factors such as interest
rate. Proposition 5 illustrates that interest rate is one of the
factors that prevents the multi-period ECP from monotonically
decreasing over the planning horizon. Under a positive interest
rate, travelers accrue interest by depositing the monetary value
of sold credits in the bank. Under the equilibrium condition,
travelers are indifferent between selling unused credits in the
current period t′ or a future period t. Hence, the future multi-
period ECP pt

∗
is strictly greater than that of the current period

pt
′∗

if travelers transfer credits from period t′ to period t under
a positive interest rate. It indicates that the multi-period ECP
can increase or decrease during the planning horizon under a
positive interest rate. Hence, to address the CA’s emissions goals,
it is necessary to factor interest rate and travelers’ ability to
earn interest by selling credits as they affect the multi-period
ECPs, and consequently route choices and travel demand rates.
The next proposition analyzes the difference between the single-
period ECP and multi-period ECP in each period when travelers
can transfer credits to future periods under themulti-period TCS.

Proposition 6. Credits are transferred from period t′ (1t′ <

0) to potentially consume in period t (1t > 0) only if the single-
period ECP of period t′ is lower than the single-period ECP of
period t.

Proof. Suppose credits are transferred from time period t′ for
possible consumption in a period t. According to Proposition 5,
the multi-period ECP in period t is higher than the multi-period
ECP in period t′. So, it is sufficient to prove the following two
points: (i) the single-period ECP is higher than the multi-period
ECP in period t, and (ii) the single-period ECP is lower than the

multi-period ECP in period t′. To prove the first point, let
(

ν̂, d̂
)

be the equilibrium link flows and travel demand rates under the
single-period TCS.Wang et al. (2012) formulate the single-period
TCS as the following optimization problem:

min
∑

a∈A

∑

m∈M

βm,tcta
(

ν̂
t
a

)

(νm,t
a )−

∑

w∈W

∑

m∈M

Qm,t
w (d̂

m,t

w )(dm,t
w ) (33)

∑

a∈A

utaν
t
a ≤ ξ t 1 < t < T (34)

(fM , νM , ν,dM) ∈ � (35)

Constraint (34) states that travelers either consume or discard
credits in period t under the single-period TCS. Given the
single-period ECP p̂

t
, the optimization problem (33)-(35) is as

follows:

minU1 =
∑

a∈A

∑

m∈M

βm,tcta
(

ν̂
t
a

)

(νm,t
a )

−
∑

w∈W

∑

m∈M

Qm,t
w

(

d̂
m,t

w

)

(

dm,t
w

)

+ p̂
t
∗

(

∑

a∈A

utaν
t
a − ξ

t

)

(36)

(fM , νM , ν,dM) ∈ � (37)

Because the single-period equilibrium link flows and travel

demand rates
(

ν̂, ˆdM
)

are the optimal solution, the optimal value

of the objective function U∗
1 can be obtained as:

U∗
1 =

∑

a∈A

∑

m∈M

βm,tcta
(

ν̂
t
a

)

(ν̂m,t
a )−

∑

w∈W

∑

m∈M

Qm,t
w

(

d̂
m,t

w

)(

d̂
m,t

w

)

(38)

If travelers consume transferred credits at the net rate of1t under
the equilibrium condition in future period t under the multi-
period TCS, the optimization problem for multi-period TCS in
period t can be formulated as follows:

min
∑

a∈A

∑

m∈M

βm,tcta

(

νta
∗
)

(νm,t
a )−

∑

w∈W

∑

m∈M

Qm,t
w (dm,t

w
∗
)(dm,t

w )

(39)
∑

a∈A

utaν
t
a = ξ t +1t 1 < t < T (40)

(fM , νM , ν, dM) ∈ � (41)

Constraint (40) states that travelers either consume or transfer
credits to future periods under the multi-period TCS. Since the
credit consumption rate of travelers is higher under the multi-
period TCS compared to the single-period TCS, it follows that the
equilibrium link flows and travel demand rates under the multi-
period TCS (ν∗, d∗) are different than those under the single-

period TCS,
(

ν̂, d̂
)

. Since travelers either consume or discard

transferred credits in the last period T, the net credit transfer
rate of period T, expressed in Equation (27), can be re-written
as follows:

1t =

t−1
∑

j=1

zj,t −

T−1
∑

j=t+1

zt,j − ψ t,T − ϕt,T 1 < t < T (42)

where ψ t,T and ϕt,T denote the rates of consumption and
discarding, respectively, of the transferred credits from period t

in periodT. Let θ t =
∑t−1

j=1 z
j,t−

∑T−1
j=t+1 z

t,j−ψ t,T . By combining

with constraint (42), constraint (40) can be re-written as follows:
∑

a∈A

utaν
t
a = ξ t + θ t − ϕt,T 1 < t < T (43)

Using equality (43), the optimization problem (39)-(41) for the
multi-period TCS can be reformulated as:

min
∑

a∈A

∑

m∈M

βm,tcta

(

νta
∗
)

(νm,t
a )−

∑

w∈W

∑

m∈M

Qm,t
w (dm,t

w
∗
)(dm,t

w )

(44)
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∑

a∈A

utaν
t
a ≤ ξ t + θ t 1 < t < T (45)

(fM , νM , ν, dM) ∈ � (46)

Given the multi-period ECP pt
∗
, the optimization problem (44)-

(46) can be re-written as:

minU2 =
∑

a∈A

∑

m∈M

βm,tcta

(

νta
∗
)

(νm,t
a )

−
∑

w∈W

∑

m∈M

Qm,t
w

(

dm,t
w

∗
)

(

dm,t
w

)

+pt
∗
∗(
∑

a∈A

utaν
t
a − ξ

t − θ t) (47)

(fM , νM , ν,dM) ∈ � (48)

As the multi-period equilibrium link flows and travel demand
rates

(

ν∗, dM
∗
)

are the optimal solution, the optimal value of the
objective function U∗

2 can be obtained as:

U∗
2 =

∑

a∈A

∑

m∈M

βm,tcta

(

νta
∗
)

(νm,t∗

a )

−
∑

w∈W

∑

m∈M

Qm,t
w

(

dm,t
w

∗
) (

dm,t
w

∗
)

(49)

Although the multi-period equilibrium link flows and
travel demand rates

(

ν∗, dM
∗
)

are feasible solutions for the
optimization problem (36)-(37), they are not the optimal
solution. Substituting

(

ν∗, dM
∗
)

into objective function (36), it
follows that:

U∗
1 <

∑

a∈A

∑

m∈M

βm,tcta

(

ν̂
t
a
∗
)

(νm,t∗

a )

−
∑

w∈W

∑

m∈M

Qm,t
w

(

d̂
m,t

w

∗) (

dm,t∗

w

)

+ p̂
t∗
∗(
∑

a∈A

utaν
t∗

a − ξ t) (50)

Further, if the single-period equilibrium link flows and travel

demand rates
(

ν̂, ˆdM
)

are substituted into objective function

(44), it follows that:

U∗
2 <

∑

a∈A

∑

m∈M

βm,tcta

(

νta
∗
)

(ν̂m,t
a

∗
)

−
∑

w∈W

∑

m∈M

Qm,t
w

(

dm,t
w

∗
) (

d̂
m,t

w

∗)

+ pt
∗
∗

(

∑

a∈A

utaν̂
t
a
∗
− ξ t − θ t

)

(51)

By using inequalities (50) and (51) along with Equations (38) and
(49), we have:
∑

a∈A

∑

m∈M

βm,t
(

cta

(

ν̂
t
a
∗
)

− cta

(

νta
∗
)) (

ν̂
m,t
a

∗
− νm,t∗

a

)

+
∑

w∈W

∑

m∈M

(

Qm,t
w

(

d̂
m,t

w

∗)

− Qm,t
w

(

dm,t
w

∗
)) (

dm,t
w

∗
− d̂

m,t

w

∗)

< p̂
t∗
∗

(

∑

a∈A

utaν
t∗

a − ξ t

)

+ pt
∗
∗

(

∑

a∈A

utaν̂
t
a
∗
− ξ t − θ t

)

(52)

As the travel time functions are strictly average monotone
over the VOTs (β) and the inverse demand function is strictly
decreasing, inequality (52) implies that

0 < p̂
t∗
∗

(

∑

a∈A

utaν
t∗

a − ξ t

)

+ pt
∗
∗

(

∑

a∈A

utaν̂
t
a
∗
− ξ t − θ t

)

(53)

Four possible cases exist for single-period ECP and multi-period
ECP in period t. In the first case, themulti-period ECP and single-
period ECP are positive. Then, constraints (34) and (45) are
binding. The credit consumption rates are equal to ξ t+ θ t and ξ t

under the multi-period TCS and single-period TCS, respectively.
Then, inequality (53) can be re-written as:

0 < (p̂
t∗
− pt

∗
)θ t (54)

Since θ t is positive, it follows that the single-period ECP is greater
than the multi-period ECP in period t.

In the second case, the multi-period ECP is positive while the
single-period ECP is equal to zero in period t. Then, inequality
(53) can be re-written as:

0 < pt
∗
∗

(

∑

a∈A

utaν̂
t
a
∗
− ξ t − θ t

)

(55)

Since the multi-period ECP is positive, constraint (34) is binding.
Then, this case is infeasible according to inequality (55).

In the third case, the single-period ECP is positive while the
multi-period ECP is equal to zero in period t. Then, inequality
(53) can be re-written as:

0 < p̂
t∗
∗

(

∑

a∈A

utaν
t∗

a − ξ t

)

(56)

This case is feasible according to inequality (56), and the single-
period ECP is greater than the multi-period ECP.

In the fourth case, the single-period ECP and multi-period
ECP are equal to zero. Similar to the second case, this case is also
infeasible according to inequality (53). Hence, the single-period
ECP is greater than the multi-period ECP in period t.

Similarly, it can be demonstrated that the single-period ECP is
less than the multi-period ECP in period t′. As the multi-period
ECP in period t is greater than the multi-period ECP in period t′,
the single-period ECP of period t is also greater than the single-
period ECP in period t′. Hence, credits are transferred from a
period t′ with lower single-period ECP for possible consumption
in a period t with higher single-period ECP. �

Proposition 6 establishes a necessary condition for the credit
transferring behavior of travelers across periods under the multi-
period TCS. Travelers store unused credits in a period with
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lower single-period ECP under the multi-period TCS. They can
either sell or consume transferred credits in future periods with
higher single-period ECP. Consequently, the multi-period credit
price increases in the period with lower single-period ECP and
decreases in the period with higher single-period ECP. The flow
of credit continues until the monetary value of a credit in the
current period is equal to the multi-period ECP in the future
period of interest. Under traveler homogeneity, Miralinaghi
and Peeta (2016) show that the multi-period TCS reduces the
fluctuation in ECPs. This enables travelers to hedge against
potential monetary loss due to credit price volatility through the
planning horizon. Next, it is shown that themulti-period TCS can
reduce credit price volatility compared to the multi single-period
TCS independent of whether travelers are homogeneous.

Proposition 7. The multi-period TCS dampens credit price
volatility over the planning horizon.

Proof. To demonstrate that the credit price volatility is
dampened under themulti-period TCS compared tomulti single-
period TCS, it is sufficient to prove that the difference between
multi-period ECPs of any two periods is less than or equal to
their single-period ECPs. If travelers do not transfer credits across
periods, the credit supply of each period remains unchanged
during the planning horizon. Then, the multi-period ECPs
are equal to the single-period ECPs throughout the planning
horizon, and credit price fluctuations are identical. Suppose
travelers transfer credits from period t′ for potential consumption
in future period t under the multi-period TCS. Then, the credit
supply of period t′ decreases while it increases for period t
under the multi-period TCS. According to proposition 6, the
multi-period ECP of period t′ is greater than the single-period
ECP.

p̂
t′∗
< pt

′∗
(57)

Further, the single-period ECP of period t is greater than the
multi-period ECP.

pt
∗
< p̂

t∗
(58)

From inequalities (57) and (58), it follows that:

pt
∗
− pt

′∗
< p̂

t∗
− p̂

t′∗
(59)

The left hand side of inequality (59) denotes the difference
between the multi-period ECPs, which is less than the difference
between the single-period ECPs. �

Proposition 7 shows that ECP has less fluctuations under
multi-period TCS compared to multi single-period TCS since
credits can be consumed or transferred across periods. In the EU
ETS, credit price volatility is also dampened by issuing credits for
longer trading periods (Ellerman and Joskow, 2008). Hence, the
multi-period TCS enables the CA to implement TCS with stable
credit prices, thereby enhancing public acceptance as travelers
can hedge against the potential monetary losses due to credit
price fluctuation.

Although it is shown that the multi-period TCS can reduce
credit price volatility, interest rate is an important factor
affecting the degree of reduction in credit price volatility. Next,

proposition 8 proves that if the interest rate is higher than a
specific bound, travelers sell their credits to collect interest on the
monetary value of credits in the bank instead of transferring them
to future periods. Then, the multi-period TCS model reduces
to multi single-period TCS model in which there is no linkage
between the multi-period credit prices across periods.

Proposition 8. The multi-period TCS is equivalent to the
multi single-period TCS if at least one of the following conditions
is satisfied for any two periods t′ and t > t′:

1. The single-period ECP of period t is lesser than the single-
period ECP of period t′.

2. Ratio of the single-period ECP of period t to the single-
period ECP of period t′ is less than or equal to the RFP of bank
deposits from period t′ to period t.

Proof. To demonstrate that the multi-period TCS is
equivalent to the multi single-period TCS, it is sufficient to prove
that there is no transfer of credits under the given conditions.
For condition 1, it is demonstrated that travelers transfer credits
from a period with lower single-period ECP to a period with
higher single-period ECP. Hence, if there are no two periods t′

and t > t′ where the single-period ECP of period t′ is higher than
the single-period ECP of period t, then credits are not transferred
across periods and the multi-period TCS is equivalent to the
multi single-period TCS. For condition 2, it is proved that if
travelers transfer credits from period t′ to consume in period t,
then the ratio of the single-period ECP of period t to the single-
period ECP of period t′ is greater than the growth rate of bank
deposits from period t′ to period t. If credits are transferred from
period t′ to consume in period t, it follows from constraint (11)
and inequality (59) that:

(αt
′ ,t − 1)pt

′∗
< p̂

t∗
− p̂

t′∗
(60)

By combining inequality (57) and inequality (60), we have

(αt
′
,t − 1)p̂

t′∗
< p̂

t∗
− p̂

t′∗
(61)

Inequality (61) can be re-written as:

αt
′ ,t <

p̂
t∗

p̂
t′∗

(62)

Inequality (62) implies that if credits are transferred from period
t′ to period t, the growth rate of bank deposits is lesser than
or equal to the ratio of single-period ECP of period t to single-
period ECP of period t′. Hence, if the growth rate of bank deposits
is greater than the ratio of single-period ECP of period t to
single-period ECP of period t′, travelers do not transfer credits
across periods, and the multi-period TCS reduces to the multi
single-period TCS. �

Proposition 8 provides sufficient conditions where if at least
one of them holds, travelers do not transfer credits across periods.
If the single-period ECPs decrease during the planning horizon,
then travelers consume or sell credits instead of transferring
to future periods (condition 1). Further, if the RFP of bank
deposits of period t′ in a future period t is greater than or
equal to the ratio of the single-period ECP of period t′ to the
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single-period ECP of period t, then travelers can gain more
benefits by selling the credits in current period and depositing
the monetary value of these credits in the bank (condition 2).
Since the RFP of bank deposits depends on interest rates in
Equation (4), there is no transfer of credits across periods if RFPs,
and consequently interest rates, are higher than the specified
bound. These conditions cause travelers to not transfer credits
across periods; then, the multi-period TCS reduces to the multi
single-period TCS.

SYSTEM OPTIMAL DESIGN OF
MULTI-PERIOD TCS

The multi-period TCS can be an effective, controlled strategy to
enable steady progress toward the system-level goal of reducing
vehicular emissions (such as CO, CO2, NOx, PM, and HC)
over the long-term planning horizon. Carbon monoxide is an
important indicator of vehicular emissions (Alexopoulos et al.,
1993) as: (i) CO has more environmental impact than other
pollutants, (ii) vehicles are the main source of CO emissions,
and (iii) the emissions functions of other pollutants are similar
to that of CO. Hence, in this study, we focus on reducing CO
emissions. The rate of vehicular CO emissions on link a in period
t is denoted by a separable emissions function eta(ν

t
a) that depends

on the link flow vta of period t. Wallace et al. (1998) propose a CO
emissions function (in g/veh) for each link a. Based on it, in the
proposed context of the multi-period planning horizon, the CO
emissions function eta

(

νta
)

of link a in period t can be written as:

eta
(

νta
)

= ht · cta
(

νta
)

· exp

(

0.7962 ·
lta

cta
(

νta
)

)

∀t (63)

where lta is the length (in kilometers), cta
(

νta
)

is the travel time (in
minutes) of link a in period t, and ht is the emissions coefficient
with the value 0.2038.

To minimize the total network vehicular emissions, the
CA seeks to design the SO multi-period TCS to derive TCS
parameters for all periods at the beginning of the planning
horizon. Using the MPCC (5)-(12), the SO design of multi-
period TCS can be formulated as a mathematical program with
equilibrium constraints (MPEC):

min
ν,q,u,ξ

∑

t∈Ŵ

∑

a∈A

eta
(

νta
)

νta (64)

(5)-(12)
It can be verified that for any positive credit price, if the
CA allocates a very small number of credits and charges an
infinite number of credits for travel on a link, the multi-
period equilibrium demand rate approaches zero due to
increase of travel costs. Then, the objective of MPEC [(5)-
(12),(64)] becomes equal to zero. In other words, the SO
credit allocation and charging schemes derived by MPEC [(5)-
(12),(64)] can substantially increase the credit consumption
costs, and consequently the travel costs, leading to significant
reductions in travel demand rates over the planning horizon.

As discussed earlier, this is not sustainable in practice. To
address this issue, the CA introduces bounds on the increase in
generalized costs in consecutive periods. Let φ1 denote, for the
first period, themaximum ratio of the travel cost of eachO-D pair
compared to the one without implementation of multi-period
TCS. Let φt denote the maximum ratio of the travel costs in
period t and period (t−1), which is assumed to be constant across
O-D pairs. Hereafter, we refer to φt as the maximum ratio of the
travel cost. In this study, φt is assumed to be >1 to enable the
CA to gradually increase the travel costs through the planning
horizon so that the travel demand rates, and consequently the
vehicular emissions rates, decrease.

Then, the following constraints are included in the SO multi-
period TCS design:

µm,1
w

ηmw
≤ φ1 (65)

µm,t
w

µ
m,t−1
w

≤ φt ∀t > 1 (66)

where ηmw denotes the travel cost of each user class m for O-D
pair w when a multi-period TCS is not implemented in the first
period. Constraint (65) bounds the ratio of travel cost of each user
classm for O-D pair w under multi-period TCS to ηmw in the first
period. Constraint (66) bounds the ratio of travel cost of each
user class m for O-D pair w under multi-period TCS in period
t to the one in the previous period (t − 1). Hence, the SO multi-
period TCS design [(5)-(7),(64)-(66)] enables the CA tominimize
vehicular emissions while bounding travel cost increases over the
planning horizon.

NUMERICAL RESULTS

Numerical experiments are conducted to explore the impacts
of interest rate and traveler VOT heterogeneity on traffic and
market equilibrium conditions under the multi-period TCS.
Further, the effect of bounding the generalized costs on the
vehicular emissions rates is investigated under the SO multi-
period TCS. Figure 1 presents a small network with 6 nodes and
10 links. The link travel time functions are assumed to follow
the BPR (Bureau of Public Roads) function. The network supply
parameters of link travel time functions, free flow travel times and
capacities, are presented in Table 1.

In this network, travelers from two user classes travel on O-
D pair (1,4). Class 1 travelers have a higher VOT, 1.1 ($/min),
and class 2 travelers have a lower VOT, 0.9 ($/min), which are
unchanged over the planning horizon. The inverse travel demand
function for user classes 1 and 2 is:

Qm,t
16

(

dm,t
16

)

= −200 ln
dm,t
16

ρ
m,t
16

∀m,∀t (67)

where ρm,t
16 is the potential travel demand rate, i.e., travel demand

rate with zero travel cost, of travelers of classm in period t.
The planning horizon of interest is divided into 10 periods.

It is assumed that the emissions coefficient ht decreases through
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FIGURE 1 | The network.

TABLE 1 | Link parameters for the six-node network.

Link ID Start node-end

node

Capacity Free flow travel

time (min)

# of credits

charged

1 2-4 45 7 10

2 3-5 22.5 3 3

3 1-2 45 3 3

4 1-3 45 5 5

5 2-5 22.5 6 6

6 3-4 22.5 4 7

7 2-3 22.5 1 1

8 5-4 22.5 1 0

9 5-6 45 3 8

10 4-6 45 2 2

the planning horizon due to technological advances in the
automotive industry leading to lower vehicular emissions.
Table 2 shows the potential travel demand rate ρm,t

16 of each user
class in each period, emissions coefficient ht and issued credit
rate ξ t . The MPCC [(5)-(12)] and SO multi-period TCS design
[(5)-(12),(64)-(66)] models are tested using the CONOPT solver
(Drud, 1995) in GAMS (Rosenthal, 2015). The interest rate, st,t+1

is assumed to be constant through the planning horizon and
equal to 5% unless stated otherwise for specific experiments.
The issued credit rates and credit charging scheme, reported in
Tables 1, 2, respectively, are used in section 6.1 to analyze the
evolution of the multi-period ECP and the travel demand rates
of the two user classes, and perform sensitivity analysis with
respect to interest rate. Section 6.2 focuses on the optimal design
of multi-period TCS to reduce the vehicular emissions.

Analysis of Multi-Period TCS
Figure 2 shows the evolution of ECPs under the multi-period
TCS and multi single-period TCS. As proved in proposition 7,
the multi-period TCS reduces the fluctuations in ECP compared
to the multi single-period TCS. As the second and third periods
have higher single-period ECPs compared to the first period,
credits are transferred from the first period to the second and
third periods consistent with proposition 6, which leads to the
reduction of the multi-period credit prices in those periods.
Travelers continue transferring credits until the multi-period
ECPs in the second and third periods become equal to the sum

TABLE 2 | Issued credit rates, potential travel demand, and emissions coefficients

over the planning horizon.

Time period ρ
1,t
16

ρ
2,t
16

ht ξ t

1 100 120 0.2038 1200

2 102 122.4 0.1997 400

3 104.04 124.848 0.1957 500

4 106.1208 127.345 0.1918 1400

5 108.2432 129.8919 0.1880 2100

6 110.4081 132.4897 0.1842 1400

7 112.6162 135.1395 0.1805 400

8 114.8686 137.8423 0.1769 500

9 117.1659 140.5991 0.1734 800

10 119.5093 143.4111 0.1699 1300

of the multi-period ECP of the first period and the accumulated
interest of the second and third periods, respectively. Hence,
the multi-period ECPs of periods 1, 2 and 3 increase at the
interest rate of 5%, consistent with proposition 5. Similarly,
travelers transfer credits from periods 4–6 with lower single-
period ECPs to periods 7–9 with higher multi-period ECPs.
Figure 2 also validates proposition 7 that the multi-period TCS
reduces credit price volatility compared to the multi single-
period TCS irrespective of traveler heterogeneity and interest
rate, highlighting its practical benefits in enabling travelers to
better adapt to the TCS.

Figure 3 shows the travel demand rates for the two user
classes through the planning horizon under themulti-period TCS
and multi single-period TCS. The demand rates of both classes
are more stable under the multi-period TCS, consistent with
proposition 7, further reinforcing the benefits of implementing
a multi-period TCS. Since class 2 travelers have a lower VOT and
higher potential travel demand rate (as shown in Table 2), they
have a higher travel demand rate compared to the travelers of
class 1. Travelers store and transfer credits in periods 1, 4, 5 and
6 under the multi-period TCS; hence, the multi-period ECP is
higher than the single-period ECP for those periods.

Figures 4, 5 illustrate the effects of interest rate on the
evolution of multi-period ECP and the cumulative rate of stored
credits over the planning horizon, respectively. As seen in
Figure 4, the multi-period ECPs decrease with time if the interest
rate is zero, consistent with the findings of Miralinaghi and Peeta
(2016). As interest rate increases, travelers transfer fewer credits
to future periods since they can gain higher monetary benefit
by depositing these credits in the bank. Hence, in the context
of addressing real-world goals (such as long-term reduction in
emissions), it is important to factor the market effects arising
from travelers’ ability to earn interest by selling credits in different
periods. This also highlights further the need for a multi-period
TCS framework to capture both themarket and traffic flow effects
to address long-term planning goals. Figure 4 also illustrates that
the fluctuation in multi-period ECPs increases with the interest
rate. This is because travelers prefer to sell credits and earn
interest rather than transfer credits as interest rate increases.
Hence, as shown in Figure 5, the cumulative rate of credits that
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FIGURE 2 | Equilibrium credit prices under the multi single-period TCS and multi-period TCS.

FIGURE 3 | Travel demand rates for the two user classes under the multi-period TCS and the multi single-period TCS.

FIGURE 4 | Impact of interest rate on the evolution of multi-period equilibrium credit price.
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are stored over all periods reduces as interest rate increases. If
the interest rate increases beyond a certain value which can be
derived using proposition 8, the multi-period TCS reduces to
the multi single-period TCS. As can be noted in Figure 4, the
multi single-period TCS has a high level of credit price volatility
consistent with proposition 7 and the insights from Figure 2.

System Optimal Design of Multi-Period
TCS
This section investigates the SO design of multi-period TCS to
reduce vehicular emissions through the planning horizon. When
the TCS is not deployed, the evolution of vehicular emissions rate
and total network traffic demand rate are shown in Figures 6,
7 (which is labeled as NoTCS in these figures). Despite the
increase of travel demand rates, the vehicular emissions rate
decreases because of reduction of emissions coefficient through

the planning horizon. To design SO multi-period TCS, the
maximum ratio φt of travel cost for each O-D pair in period
t compared to that of period t − 1 is assumed to be constant
through the planning horizon. The evolution of optimal vehicular
emissions rate and total travel demand rate through the planning
horizon under different values of φt are shown in Figures 6, 7
respectively. As can be seen in Figure 6, the vehicular emissions
rate in each period increases as the maximum ratio of travel
cost decrease. This is because the CA cannot implement a multi-
TCS that increases the travel costs beyond that permitted by the
maximum ratio. Under each maximum ratio φt , the vehicular
emissions rates also decrease through the planning horizon for
two reasons. First, the emissions coefficient decreases through the
planning horizon. Second, as discussed earlier, the CA gradually
increases credit consumption costs, leading to a decrease in the
travel demand rates through the planning horizon, as shown
in Figure 7. The CA can use this framework to determine

FIGURE 5 | Impact of interest rate on the cumulative rate of stored credits over the planning horizon.

FIGURE 6 | Evolution of vehicular emissions rate through the planning horizon under different maximum ratios of the travel cost.
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FIGURE 7 | Evolution of travel demand rate through the planning horizon under different maximum ratios of the travel cost.

FIGURE 8 | Cumulative value of consumed credits and cumulative expenditure of transacted credits under different maximum ratios of the travel cost.

the trajectory of the system-level goal (reduction in vehicular
emissions) during the planning horizon, by simultaneously
incorporating the objectives of reduced vehicular emissions and
bounding travel costs. This enables the CA to outline the system-
level emissions goals similar to the EU ETS under multi-period
TCS.

Figure 8 illustrates the cumulative value of consumed credits
and cumulative expenditure of transacted credits through the
planning horizon under different maximum ratios of the travel
cost. The cumulative value of consumed credits is the total
monetary value over the planning horizon of those credits that
are paid to the CA for enabling travel. As credits are allocated
freely to travelers, the cumulative expenditure of transacted
credits under the TCS is the cumulative monetary amount of

those credits that are purchased from other travelers in the
market over the planning horizon. The cumulative value of
consumed credits and cumulative expenditure of transacted
credits decrease as the maximum ratio increases due to the
reduction in travel demand. Further, as the maximum ratio
increases, the cumulative expenditure approaches zero because
travelers choose routes with credit charges identical to their
credit endowments to avoid increasing credit consumption costs.
As discussed in Nie and Yin (2013), any congestion pricing
scheme has a TCS mirror that is equally effective in managing
congestion, implying that the cumulative collected toll under
that congestion pricing scheme is equal to the cumulative
value of consumed credits under the TCS. As can be seen
in Figure 8, the cumulative expenditure of transacted credits
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under the TCS is less than the cumulative value of consumed
credits, which implies that travelers incur lower costs under
the TCS compared to congestion pricing. Further, travelers
who sell unused credits in the market are reimbursed for
incurred emissions generated by other travelers. These two
characteristics can increase public acceptability of TCS compared
to congestion pricing. If the CA aims to generate revenue for
operating roads, it can charge travelers at subsidized levels,
or charge different amounts for different user classes, for
receiving credit endowments instead of allocating credits for
free (as assumed in this study). Then, the CA can increase
the cumulative expenditure of transacted credits under multi-
period TCS. Themaximum cumulative expenditure of transacted
credits under the TCS is equal to the revenue generated
under congestion pricing. Hence, the CA can tradeoff the
need to generate revenue to operate roads with the need to
reduce travelers’ transacted credit expenditures to increase public
acceptance. In this context, the study can be extended by

modifying MPCC (5)-(12) to incorporate charges for credits
allocated.

To illustrate the importance of factoring the effects of
travelers’ VOT heterogeneity, we consider the case where
the VOTs of classes 1 and 2 are 5 ($/min) and 1 ($/min),
respectively. However, the CA designs the SO multi-period
TCS assuming that all travelers are homogeneous in terms of
VOT, with a value of 3 ($/min), and sets the credit price in
each period to 1. Figure 9 illustrates the ECPs when the CA
ignores VOT heterogeneity in the SO multi-period TCS design.
The ECPs are significantly higher as illustrated by the prices
being much higher than the CA-set value of 1. This reduces
the ability of low-income travelers to purchase credits in the
market, highlighting that issues of equity and sustainability
arise when VOT heterogeneity is ignored. Figure 10 provides
further insights by considering the case where the SO design
factors the VOT heterogeneity correctly, labeled “Heterogeneous
design” along with the incorrectly designed one assuming VOT

FIGURE 9 | Equilibrium credit prices under value of time heterogeneity, but with the system optimal TCS design assuming value of time homogeneity.

FIGURE 10 | Equilibrium travel costs under system optimal multi-period TCS design.
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FIGURE 11 | Vehicular emissions rates under system optimal multi-period TCS design with and without interest rate consideration.

FIGURE 12 | Equilibrium credit prices under the system optimal multi-period TCS design.

homogeneity, labeled “Homogeneous design.” As seen in the
figure, the equilibrium travel costs of class 2 (which has the
lower VOT) significantly increase under the SO multi-period
TCS with homogeneous design compared to the case where
the VOT heterogeneity is correctly accounted for in the design.
As travelers with lower incomes often have lower VOT, this
scheme can be perceived as inequitable. Consequently, it will
not be sustainable in practice. By contrast, when the SO
design accounts for the VOT heterogeneity among travelers,
the equilibrium costs reduce for class 2 travelers as the
ECPs are lower when the CA correctly accounts for VOT
heterogeneity.

To illustrate the importance of factoring interest rate for
achieving long-term goals, we analyze the emissions rates over
the planning horizon for two cases: (i) when interest rate is
considered in SOmulti-period TCS design, and (ii) when interest
rate is not considered in the design. Note that as stated earlier, the
interest rate is equal to 5% over the planning horizon. Figure 11
shows the vehicular emissions rates under these two cases. When

the interest rate is not considered, overallocation of credits occurs
under SO TCS design for periods 1–7 because the CA does not
capture the higher monetary benefit of travelers resulting from
selling credits and collecting interest. This ability of travelers
to sell credits increases the credit supply in the market, which
reduces the credit price in the market. The equilibrium credit
prices under the TCS design that does not factor interest rate are
shown in Figure 12. It leads to lower credit prices for periods 1–
7, which leads to higher travel demands and emissions rates in
those periods. After period 7, the credit allocation rates under
the design that does not factor interest rate are lesser compared
to the credit needs of travelers, which leads to higher credit
prices in those periods. This results in higher travel demands
and lower emissions rates in periods 8–10. As shown by the
areas under the curves in Figure 11, the cumulative vehicular
emissions over the planning horizon are correspondingly also
higher. Hence, the consideration of interest rate leads to a
more effective design relative to the long-term goal of reducing
emissions.
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CONCLUDING COMMENTS

This paper investigates the SO design of multi-period TCS
to minimize vehicular emissions over a planning horizon, by
considering interest rate to enhance realism in the market
equilibrium condition and traveler VOT heterogeneity to foster
realism in the traffic equilibrium condition. In the planning
context, the proposed TCS-based multi-period equilibrium
modeling framework enables the CA to determine TCS
parameters in advance for the planning horizon by dividing it
into multiple periods. Travelers are divided into user classes
based on their VOT characteristics; the average VOT of each
user class is used to determine the travel cost of each route for
that class. Further, since travelers can either sell unused credits
or transfer them to future periods under the multi-period TCS,
they can also earn interest on the monetary value of credits sold
in the market, requiring the consideration of interest rate in the
SO multi-period TCS design.

To design the multi-period TCS, this study first determines
the equilibrium condition under VOT heterogeneity and interest
rate consideration. The multi-period equilibrium condition is
formulated as a VI problem, and existence and uniqueness
of the equilibrium link flows, travel demand rates and ECPs
are analyzed. It is shown that while multi-period ECPs can
increase or decrease under positive interest rates, the credit
price volatility decreases under the multi-period TCS compared
to a multi single-period TCS. This enables travelers to better
hedge against monetary losses arising from credit price volatility.
Further, it is proved that if travelers can gain more monetary
benefits by depositing the monetary value of sold credits in
the bank, they do not transfer credits across periods; then, the
multi-period TCS reduces to the multi single-period TCS. Using
the multi-period equilibrium condition, the SO design of the
multi-period TCS is proposed. It also includes a bound on the
increase in travel costs in consecutive periods, which allows
travelers to better adapt to credit consumption costs through the
planning horizon, and consequently enhances public acceptance.
Numerical experiments illustrate that the SO design of multi-
period TCS enables the CA to determine the trajectory of system-
level goals during the planning horizon. Further, they suggest
that a multi-period TCS can entail increased public acceptance
compared to congestion pricing.

The study findings suggest that the multi-period TCS should
be designed by factoring interest rate and traveler VOT
heterogeneity as they can significantly affect ECPs and the ability
of CA to achieve system-level goals. Ignoring interest rate in
the market can lead to a less-effective TCS to reduce vehicular
emissions over the planning horizon. Further, even if unstable
economic conditions lead to significant fluctuations in interest
rates, the resulting credit price volatility can be dampened by
travelers’ ability to transfer credits across periods. Finally, if
travelers’ VOT heterogeneity is not accounted for, the TCS design
can lead to socially inequitable strategies.

In this study, MPCC (5)-(12) (equilibrium condition under
given multi-period TCS parameters) and MPEC [(5)-(12), (64)]

(SO design of multi-period TCS) have been solved for a small
network. However, there is a need to develop algorithms to solve
these models for larger networks. For the SO TCS design, it
has been shown that the central authority can reduce emissions
rates using the multi-period TCS. This reduction depends on
the maximum ratio of travel costs during the planning horizon,
which can vary from 5 to 100%. Such percentage reductions
are consistent with real-world targets of various agencies. For
example, under the Paris agreement, the goal is to limit the
worldwide temperature increase to 1.5◦C. It has been shown that
this reduction is equivalent to 80% by 2,033 to meet this goal
(Tanaka and O’Neill, 2018). It shows that the TCS is capable
of achieving this goal. Despite this capability, it is necessary
to conduct further studies on the willingness of travelers to
participate in this scheme and their willingness to pay, to
determine the maximum ratio of travel costs during the planning
horizon.

In this study, the link-based credit charging scheme is
traveler-agnostic relative to emissions generated, and does not
factor the traveler’s vehicle type and travel mode which can
significantly impact vehicular emissions. Hence, there is the
need to explore TCSs that charge travelers according to their
travel emissions levels. This could potentially motivate travelers
to consider shifting to public transit, or vehicle types with
lower emission levels. In this context, a future research direction
is to investigate the design of multi-period TCS with class-
specific credit charging schemes. Another research direction is to
incorporate considerations such as equity in the design of amulti-
period TCS. Further, there is the need to investigate the impact
of the imperfect knowledge of travelers related to future interest
rates. This can be captured by integrating this framework with
a rolling horizon approach. Rather than solving for the entire
planning horizon in the first period, the rolling horizon enables
the use of near-term and medium-term forecasts with a higher
degree of reliability, to derive the SO multi-period TCS design in
each period for the next few periods. It can lead to more effective
TCS parameters for minimizing vehicular emissions through the
planning horizon. Finally, another interesting research direction
is to implement the multi-period TCS over a large network with
considering continuous heterogeneity of travelers in terms of
VOT.
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