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Off-equatorial effects of the
nonlinear interaction of VLF
chorus waves with radiation belt
electrons

John C. Foster* and Philip J. Erickson

Massachusetts Institute of Technology Haystack Observatory, Westford, MA, United States

Nonlinear processes are involved in both the growth of VLF chorus waves and
the energization of radiation belt electrons trapped in the wave potential.
Nonlinear theory has led to analytic formulae describing both these
processes. To investigate these processes, observations from the Van Allen
Probes twin spacecraft provide simultaneous in situ information on VLF chorus
waves, radiation belt and injected electrons, and local plasma parameters. We
combine the theoretical treatment summarized by Omura (2021) with these in
situ observations to investigate the characteristics and effects of nonlinear
radiation belt processes at the off-equatorial location of the spacecraft
observations. We show the smooth phase transition between initial
subpackets of chorus wave elements, conducive to extended trapping and
enhancement of resonant electrons. The structure of the chorus wave element
changes as it propagates away from the equator. Frequency dispersion due to
the variation of parallel wave group velocity with frequency contributes to the
chorus waveform frequency sweep rate observed at an off-equatorial location.
Nonlinear damping at the local value of Y2 f.. progressively erodes wave
amplitude at frequencies above Y2 f.ceq. We examine the important
dependencies of the nonlinear inhomogeneity factor on the time rate of
change of the wave frequency and the field-aligned gradient of the
magnetic field and discuss their implication for the energization of trapped
non-relativistic and MeV electrons. The 0.5-2% energy gain we find for
3-6 MeV seed electrons indicates that prompt local acceleration of highly
relativistic and ultra-relativistic radiation belt electrons can take place
directly through their nonlinear interaction with an individual VLF chorus
wave element.
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1 Introduction

Baker et al., 2014 show that both slow diffusive and rapid
energization are important physical mechanisms for radiation belt
recovery following large geomagnetic storms, as exemplified by
dynamic conditions during March 2013. In particular, the time scale
of energization for relativistic particles can be greatly shortened by
nonlinear processes. The energization of radiation belt electrons is a
multi-step process involving VLF chorus waves and a population of
seed particles (Jaynes et al, 2015). Using in situ Van Allen Probes
observations, Foster et al., 2014 focused on conditions surrounding a
prompt relativistic electron recovery following the major
geomagnetic storm on 17 March 2013. They concluded that
nonlinear processes must be involved to account for the
30-60 min 10x increase in multi-MeV fluxes observed at L ~ 4.

The growth of rising-frequency chorus elements involves
1) with 10-100skeV
electrons that are injected into the inner magnetosphere during

nonlinear cyclotron resonance (n =

substorm dipolarization events (e.g. Foster et al., 1976). The chorus
waves in turn can energize 100 s keV seed electrons to MeV energies
through further nonlinear processes (Kubota and Omura, 2018).
The electrons giving energy to the wave are untrapped resonant
electrons that form a hole in velocity phase space and are decelerated
by the wave electric field, transferring energy to the wave. By
contrast, those electrons accelerated by the wave are trapped by
the wave potential with a number density much less than that of the
untrapped resonant electrons. Demekhov et al., 2006’s theoretical
investigation shows that generating resonant particles are
untrapped, but relativistic/higher energy electrons satisfy the
trapping condition. Important in both these nonlinear processes
is the inhomogeneity factor, S (Omura et al., 2008; 2019). S is a
function of local parameters, the time rate of change of the wave
frequency, df/dt, and the gradient of the Earth’s magnetic field along
the direction of wave propagation, dB/dx (x is distance along the
wave propagation direction away from the wave generation region).
The generation of a wave subpacket with fixed frequencies occurs in
a critical region near the equator where the df/dt term in the S-factor
equations dominates the dB/dx gradient term. For the Van Allen
Probes data we present, the gradient term is dominant and our point
of observation is off-equatorial in the sense that it is outside the
critical region of wave development where the df/dt terms are
dominant. Omura (2021) has provided an extensive review of
the nonlinear theory of the generation of chorus wave elements
and their effect in the nonlinear acceleration of radiation belt
electrons, and notes that the acceleration of electrons >100 keV
and the wave generation by electrons <100keV can be treated
independently.

Combining nonlinear theory with Van Allen Probes
observations, Foster et al, 2017 quantitatively investigated the
energization potential of observed chorus waves, finding good
overall agreement with characteristics of local acceleration of
1-3 MeV radiation belt electron population seen during the
17 March 2013 event. Later, Hsich and Omura (2018) and
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Omura et al. (2019) further extended the theoretical analysis of
the nonlinear energization potential of VLF chorus rising tones to
the case of obliquely propagating waves [e.g. Santolik et al. (2009)],
including both cyclotron (n = 1) and Landau (n = 0) interactions.
They found that nonlinear trapping of relativistic electrons by the
Lorentz force of the perpendicular wave magnetic field resulted in
effective electron acceleration (Omura et al., 2019). The analysis of
Demekhov et al., 2006 concluded that energy gain is independent of
wave amplitude for trapped particles. Artemyev et al. (2012) found
that Landau-resonant acceleration, including low-latitude effects
from magnetic field inhomogeneity driving phase velocity variation,
is most effective for 10-100 keV particles.

In the following sections, we illustrate further aspects of nonlinear
acceleration processes, using a merger of in situ observations with
nonlinear theoretical analyses that focus on the specific off-equatorial
location of the Van Allen Probes observations. We show the smooth
phase transition between initial subpackets of chorus wave elements,
conducive to extended trapping and enhancement of resonant
electrons. Foster et al, 2021 pointed out the steepening of the
observed chorus waveform frequency sweep rate, df/dt, near the
local value of 1/4 £, for several cases and noted that it was generally
seen in their observations of strong chorus elements. Here we address
the effects of frequency dispersion on df/dt with a simple model based
on the off-equatorial observations of df/dt and the frequency
dependences of the wave group velocity, V, and wave normal
angle, WNA. Invoking the theory/simulation studies of Hsieh and
Omura (2018) of chorus wave damping around 1/2 f, half the local
electron cyclotron frequency, we use the observed characteristics of
lower-band chorus emissions to determine both the magnetic field
strength (f.) and starting frequency for the chorus emission in the
equatorial wave generation region.

We employ the theoretical treatment developed in Omura et al,,
2019 to investigate the dependency of the nonlinear inhomogeneity
factors SO and S1, for Landau and cyclotron resonant interactions,
on df/dt and dB/dx using directly observed wave and plasma
parameters. We examine the separate contributions of df/dt and
dB/dx terms to the nonlinear energization of sub-relativistic through
ultra-relativistic seed electrons. We find that prompt local
acceleration of highly relativistic and ultra-relativistic (>3 MeV)
radiation belt electrons can take place directly through their
nonlinear interaction with an individual VLF chorus wave element.

2 17 March 2013 event

During the 17 March 2013 storm, the Van Allen Probes A
and B spacecraft (Mauk et al., 2012) crossed the inner portions of
the outer electron radiation belt at the time of a substorm
injection with ~1h time separation along the same spatial
orbital trajectory. They were well situated to observe the
characteristics and effects of local acceleration through
quantification of conditions before and after energization took
place. As RBSP-A traveled inbound from L ~ 5.5 to L ~ 3, its
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FIGURE 1

observations form a time history of the lower energy (50-several
100 keV) electron population [MagEIS (Blake et al, 2013)],
resultant VLF chorus intensification [EMFISIS (Kletzing et al.,
2012)], and MeV electron recovery [REPT (Baker et al., 2012)].
RBSP-A data for this period are presented in Figure 1, showing
intensification of 2.6 MeV electron flux reaching > 10* cm™s™
st MeV ™" following the onset of intense rising tone chorus and
the earthward injection of 50-100skeV electrons. RBSP-B
preceded RBSP-A across the same region of the outer
radiation belt by ~1h and those data are presented in
Figure 2. Temporal change is seen by comparing RBSP-A
(disturbance)  with of  RBSP-B
(background) over the same spatial region. Both RBSP-A at L
~ 6.0 and RBSP-B at L ~ 4.9 observed a sharp increase of
50-200 keV electron flux at ~15:50 UT, indicative of the
earthward injection of low energy electrons accompanied by
VLF chorus intensification. RBSP-A 2.6 MeV electron flux
began increasing immediately after 15:50, exceeding the

observations those

background RBSP-B observations by 10x over the range of L
from ~5.7 to 4.9. During the event 100 keV electron injection was
accompanied by chorus wave growth at 1-3 kHz frequencies and
an order of magnitude increase in MeV electron flux in ~1 h.
Figure 3 presents the variation of REPT relativistic phase
space density (PSD) observed as RBSP-B preceded RBSP-A along
successive outbound (curves 1 and 2, before the injection/
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RBSP-A in situ observations of the rapid recovery of MeV radiation belt electron fluxes on 17 March 2013. The black line marks the spacecraft
location (L ~ 6; 1.5 MLT) at 15:50 UT.(A) MagEIS spectogram of lower energy electron fluxes associated with chorus wave growth.(B) EMFISIS WFR
electric field spectorgram showing the onset of strong VLF chorus waves. (C) Pitch angle dependence of REPT 2.6 MeV electron flux.

03

recovery event) and inbound (curves 3 and 4, during
recovery) orbits. PSD is labeled by the three phase space
momentum coordinates: the first adiabatic invariant M, the
second adiabatic invariant K, and the drift shell L* associated
with the third adiabatic invariant (Chen et al., 2006). In Figure 3
PSD for M = 2,500 MeV/G, K = 0.25 is plotted vs. L*. At the ~15:
50 UT time of the 100 skeV injection, both RBSP-A at L* =
4.45 and RBSP-B at L* = 3.95 began to see increasing 2,500 MeV/
G PSD as the multi-MeV electron flux began to increase. For the
subsequent 1-h interval, RBSP-A observed a post-injection PSD
that amounted to a 10x increase at L* = 4 with respect to the
RBSP-B observations at that position 1hour earlier. Figure 3
gives clear evidence of the rapid local acceleration (Reeves et al.,
2013) of MeV radiation belt electrons that occurred during this
recovery event.

3 Chorus wave observations

Three-axis burst mode EMFISIS (Kletzing et al, 2012)
observations of wave electric and magnetic fields (28.6 pus time
resolution; ~12 kHz maximum observable frequency) are used to
investigate electron interactions with individual chorus rising tones
on a sub-millisecond time scale. We analyze individual chorus wave
elements following the method described by Foster et al, 2017,
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FIGURE 2

RBSP-B in situ observations following the format of Figure 1. The black line marks the spacecraft location (L ~ 4.8; 1.7 MLT) at 15:50 UT. RBSP-B
observed pre-recovery background conditions across L 6 to 4.8 as it preceded RBSP-A by ~ 1 h. (A) MagEIS spectogram of lower energy electron flux.
(B) EMFISIS WFR electric field spectorgram. (C) Pitch angle dependence of REPT 2.6 MeV electron flux.
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FIGURE 3

Van Allen Probes A and B power spectral density (PSD) vs. L plots showing the onset of the rapid recovery at 15:50 UT seen in Figure 1A. Curve
numbers indicate the order in which the spacecraft crossed L* = 4 as RBSP-B preceded RBSP-A by ~ 1 h along successive outbound (dashed curves
1 and 2) and inbound (solid curves 3 and 4) orbits. A 10x increase in 2,500 MeV/G PSD observed by RBSP-A was associated with the injections and
development of strong VLF risers.
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FIGURE 4

Five well-defined subpackets are seen during a strong chorus element at 16:56:26 UT. A black horizontal line in each panel highlights the 11 ms
interval further analyzed and described in Figures 5, 6, 9-11. (A) Magnetic field aligned (Ez) and right (Eg) and left (E|) circularly polarized components
of the wave electric field reveal an initial slowly growing subpacket followed by a second strong subpacket with Eg reaching 80 mV/m. (B)
Normalized wave frequency (f/f .. local) rises steeply during the strong second subpacket. Time intervals with Eg > 40 mV/v are highlighted in
red in all panels.(C) Subpacket development is characterized by wave normal angle (WNA) < 20 deg (red line). During the second subpacket WNA

decreases steadily from 16 deg to 2 deg.

determining wave magnetic and electric field components, wave
frequency, wave vector, and wave normal angle on a wave cycle by
cycle basis. An example of this analysis is shown in Figure 4 for a
65 msec segment of the chorus element highlighted in the theoretical
study of Omura et al,, 2019. Eg, the right hand circularly polarized
wave electric field, is the dominant wave component throughout the
chorus element [panel (a)].

The chorus element shown in Figure 4 displays five clear
subpackets (Santolik et al, 2014). Foster et al, 2021 give a
detailed description of the characteristics of the strong subpacket
structure observed during the 17 March 2013 event. At the point of
observation (L ~ 5.0, magnetic latitude —3.8 deg), f,./f.c = 3.2. An
initial long (>20 ms) coherent subpacket (times <26.233 s) exhibits
slowly rising frequency [panel (b)], and wave normal angle
(WNA) < 20deg [panel (c)]. A second stronger subpacket
centered near 1/4 f. at the point of observation (~26.24s)
exhibits rapidly rising frequency (df/dt) and small WNA <10 deg.
Figure 5 presents wave magnetic field, Bw, and phase (At measured
across 5 half wave cycles). Wave frequency and phase vary smoothly
both within these first and second subpackets and across the
transition between them, providing appropriate conditions for
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continuous resonant electron phase trapping and leading to good
potential for MeV electron acceleration. Pronounced phase
discontinuities are seen between higher order subpackets. As
described by Zhang et al, 2020, such jumps in phase would
cause de-trapping of electrons, and reduce energization caused by
phase trapping. The noticeable frequency dip between first and
second subpackets has been reported previously in Van Allen Probes
observations (Santolik et al., 2014; Foster et al, 2021) and is in
keeping with numerical simulations of chorus elements (Hanzelka
et al., 2020). Foster et al., 2021 has shown the relative contributions
of first and second subpackets to electron energization. In the
following we address nonlinear effects associated with a single
subpacket and limit our discussion to the strong second
subpacket, shown by the black horizontal lines in Figure 4.

4 Pitch angle effects

The simulation studies of Hiraga and Omura (2020)
examined electron trapping and acceleration for seed electrons
with a wide range of pitch angles. They find that the
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(A) Wave magnetic field (Bw)for the chorus element shown in Figure 4 exhibits a smooth transition between the first and second subpackets at ~
26.233 s |Bw| exceeds 2.2 nT during the strong second subpacket.(B) A smooth phase transition occurred between the first and second subpackets
with sharp discontinuities across higher order subpacket transitions. Wave period is determined across 2.5 wave cycles at 1/2 wave cycle intervals for

Bw shown in panel (A).

interrelationship between the chorus wave propagation velocity
and the electron velocity parallel to Earth’s magnetic field is an
important condition for ultra-relativistic acceleration (URA;
Summers and Omura (2007); Omura et al., 2007). When wave
propagation and parallel electron velocities are nearly the same,
chorus waves cannot interact with electrons traveling in the same
direction as the wave propagation. Electrons with higher or lower
initial equatorial pitch angles, however, interact with a chorus
wave by being either overtaken or catching up with the
chorus wave.

The formulae used in our study determine the resonant
velocity and pitch angle for electrons of a given energy that
are separately in cyclotron or Landau resonance with waves at
frequency w. Eq. 1 gives the relativistic formula for the nth-order
electron resonance velocity Vi™ where Q. is the local electron
cyclotron frequency, y is the relativistic Lorentz factor for an
electron of given energy, and k| is the magnetic field-aligned
component of the wave vector.

v l (w— nQe>
ok y

For the chorus element indicated in Figure 4, the pitch

1)

angles for 500keV-5MeV cyclotron resonant electrons
were <10 deg from perpendicularity as shown in Figure 6A.
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At lower energies (<~1 MeV) resonant electron velocities are
oppositely directed to the wave propagation and the pitch
angles are >90 deg. For Landau resonance, n = 0 and Vg =
w/kj}, the field-aligned wave phase velocity is important. As seen
in Figure 6B, pitch angles for relativistic Landau resonant
electrons lie in the narrow range of 80-83 deg at the off-
equatorial point of observation.

Our calculations of energy increase for a given initial electron
energy in Section 6 consider only those electrons with a resonant
pitch angle (i.e. a fraction of the overall population). We note that
for electrons of given energy the pitch angles for Landau and
cyclotron resonance differ.

5 Off-equatorial effects on subpacket
structure

Van Allen Probes measurements of the chorus waveform
are made at a fixed location along the magnetic field line, some
distance from the chorus subpacket source region near the
equator. Wave frequencies within the rising tone chorus
element are fixed in the near-equatorial critical region of
wave generation where wave growth is dominated by the
df/dt term in S. However, several subsequent processes
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FIGURE 6

Pitch angles for seed electrons resonant with the strong chorus subpacket shown in Figure 4 are shown for (A) cyclotron resonant electrons,
and (B) Landau resonant electrons. For pitch angles >90 deg, the resonance velocity Vg is negative

alter the strength and appearance of the waveform as the
subpacket propagates to the observation point off the
equatorial plane.

Van Allen Probes observations (Santolik et al., 2014)
indicate that chorus generation within the critical region
near the equator is characterized by continuous rising
frequency (positive df/dt) arising from optimum nonlinear
wave growth conditions. Theory shows that beyond the
critical distance away from the equator, convective wave
growth saturates when the flux of resonant electrons
decreases as the absolute resonance velocity value increases
(Omura, 2021). Katoh and Omura (2013; 2016) confirm
through that beyond the distance,
nonlinear wave growth cannot occur as the optimum

simulation critical
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amplitude of growth becomes less than the threshold
amplitude for triggered growth. Our observations in this
study are outside the critical distance.

5.1 Frequency dispersion

From propagation  considerations,
frequency dispersion of VLF waves in the magnetosphere
can lead to pronounced distortions of the frequency sweep
rate observed at distances away from the source, as observed in
whistlers (Storey, 1953). Prominent in our off-equator
observations of strong chorus elements is a large-amplitude

second subpacket with steep frequency sweep rate, df/dt, near

magnetoionic
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msec

Wave parameters evaluated at each 1/2 wave cycle for a chorus wave element observed during the 17 March 2013 event at 16:39:07 UT are
shown in black. (A) Wave electric field (E gr) shows an initial weak subpacket (690-720 msec) ans a strong (50 mV/m) second subpacket
(720-730 msec). (B) Wave group velocity is shown by the solid curve while the parallel group velocity, including the effects of varying wave normal
angle, is shown as circles. (C) Low wave normal angle (<20 deg) is observed through both subpackets with significant variation across the
second subpacket. (D) The frequency sweep rate observed at the off-equatorial location is shown as the solid black curve. Back projection 3,000 km
toward the equator using the observed values of V 4 p.ra €stimates the chorus sweep rate profile at the equator (red circles, shifted forward in time

50 msec for comparison with the observed profile).

the local value of 1/4 f.. (cf. Figure 4). When frequency
dispersion is active, as constant-frequency wave elements
propagate away from the equator, frequencies with greater
field-aligned wave velocities catch up with slower wave
elements. This leads to a distortion of the observed
frequency sweep rate, and such distortion will increase with
distance, x, away from the wave generation region. Foster et al.
(2021) suggested two potential dispersive processes that could
alter the chorus element waveform observed at an off-
equatorial location. First, the wave group velocity (V) has
a maximum at frequencies near the local value of 1/4 f.
Second, the observed decrease in wave normal angle (WNA) as
the wave amplitude increases provides a further increase in
parallel propagation velocity. Both such effects could be
significant for the strong subpackets observed near 1/4 f..
at the Van Allen Probes location.

For each subpacket, observations, theory, and simulations
all indicate a continuous rising frequency generated in the
region of chorus development near the equator. To examine
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the effect of subsequent trajectory-dependent variations of the
parallel group velocity (Vg para) on the observed chorus
element waveform, we have constructed a simple model
using as input the values of df/dt, Vo, and WNA for a
chorus wave element observed during the 17 March
2013 event at 16:39:07 UT (L = 5.2; MLT = 2.1;
—-4.4). By first combining Vg and WNA to
produce an effective Vg .., we then back-project each

maglat =

observed frequency element toward the equator in 1/4 msec
steps to estimate the frequency sweep profile at a given
distance, —x, upstream from the point of observation. For
simplicity and to reflect the qualitative nature of this model, in

the calculation, V is held constant for each frequency and

g para
no variation of f.. along the field line has been included.
Figure 7 presents the observed variation of wave electric field
amplitude, group velocity, wave normal angle, and frequency
in panels (a), (b), (c), and (d) respectively. All parameters are
calculated at each 1/2 wave cycle following the method of

Foster et al., 2017. The resulting back-projected frequency
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(A) The magnetic field spectrogram observed near L = 6.5 by Van Allen Probe B at 22:48:20 UT on 17 March 2013 exhibited clear damping at
frequencies below 1/2 the local electron cyclotron frequency (1/2 f.e). (B) Integrated signal power at each frequency is shown for the ~400 ms of
observations shown in (A). The local value of f.. is observed at the spacecraft and the equatorial value of f..gq is determined from the characteristics

of the damping of the chorus element (from Foster et al. (2021)).

sweep rate at x = —3,000 km (the approximate distance to the
equator) is shown as red circles overplotted on the off-
equatorial observation in (d). These model results show
that variations in Vg .. can, by themselves, produce a
noticeable, but small, sweep rate distortion associated most
closely with the decrease and increase of WNA during the
strong second subpacket (720-730 msec).

The dominant sweep rate characteristics, such as the
steeply rising frequency observed in the strong second
subpackets described in Foster et al., 2021, most likely are
formed within the critical region of wave generation near the
equator as described by e.g. Omura (2021). Beyond this
region, however, the propagation effects just described
generally depend on the variation of V, and WNA with
frequency. We note that the level of variation of Vg 4rq for
the case shown in Figure 7 is typical of that seen in our off-
equatorial chorus observations. However, this match is not
universally the case. For example, modeling of observations
with nearly constant V, and WNA across the observed
waveform would result in no frequency distortion and no
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distortion of df/dt. (Ultimately, the actual variation of V, and
WNA along the wave trajectory is not known from
In addition, the
variations of plasma density and magnetic field along the

measurements at a single location.)

particle trajectory would change the frequency dependence of
Vg and the normalized frequency (f/f..) for each wave element,
producing a different waveform distortion. However, despite
its simplicity, the model results shown in Figure 7, and their
general agreement with aspects of the observed frequency
variation in subpackets, suggest that frequency dispersion
effects the
characteristics of the chorus element waveform observed at

can make a noticeable contribution to

an off-equatorial location.

5.2 Damping at V2 f
The structure of the chorus wave element also changes as it

propagates away from the equator into regions of increasing
magnetic field. Both Tsurutani and Smith (1974) and Omura
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FIGURE 9
The nonlinear inhomogeneity factors for cyclotron (-S1) and Landau (SO) resonance are shown in the upper and lower panels respectively. S
factors have been calculated wave cycle by cycle for a range of resonant electron energies for the subpacket indicated in Figure 4. Each value of
S1and SO has been multiplied by the trapping potential in velocity phase space, F (|S]). White regions on each panelindicate that |S| > 1 where F (|S|) =
0 and trapping does not take place (see text). (A,D) present the full calculations for S1 and SO including both df/dt and dB/dx terms. For panels
(B,E), dB/dx has been set to zero. In (C,F), df/dt = 0.

etal. (2019) predict a gap in chorus at 0.5 f. due to nonlinear
damping. Damping at the local value of ¥ f.. progressively
erodes wave amplitude at frequencies above % f..pq. As a
result, away from the equator, chorus elements are divided
into lower and upper band emissions by a pronounced
amplitude minimum below the local value % f. [e.g.
Tsurutani and Smith (1974)]. Figure 8 presents an example
of this effect, plotting magnetic field spectral power as a
function of time and focusing on the gap between the
lower and upper band emissions. Integrated signal power
across the ~400 ms of observations shown in panel (A) is
plotted in panel (B), and clearly identifies % f..rq as the point
of onset of the ~1,000x decrease in the lower band chorus
element integrated wave power. Thus determined, the value of
feerq also indicates that the frequency of initial chorus element
wave growth occurred near 0.25 f.pqg. The wave power
damping seen between Y% f.. and % f..gq is in keeping with
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the nonlinear damping mechanism described by Hsieh and
Omura (2018). We cannot prove that the gap between the
lower and upper chorus bands is due to nonlinear
damping, but its observation is consistent with that
mechanism.

Beside nonlinear damping around 1/2 f., several other
plausible models exist for the observed lower-upper band
gap. Li et al. (2010) states that very isotropic distributions
at a few keV produced by Landau resonance are commonly
observed in dayside THEMIS data and would contribute
to chorus gap formation. Li et al. (2019) use simulations to
state that initially excited single-band chorus waves alter
the electron distribution immediately via Landau resonance
(and it energies),
dividing electron anisotropy into low and high energy

suppress at  medium naturally
components exciting upper-band and lower-band chorus

waves, respectively. Gao et al. (2016; 2019) posit a natural
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FIGURE 10

Percent energy gain (solid black curves) for electrons with for 30 keV—-10 MeV initial energy in cyclotron (A) or Landau (B) resonance is shown
assuming the electrons remain trapped across the 11 ms subpacket indicated in Figure 4. Panels (A) and (B) respectively show the S-factor
dependencies of the cyclotron and Landau energization. For the black dashed curves in both panels the contribution to the electron energization
from only the dB/dx gradient term is shown (df/dt has been set to zero). For the red curves the dB/dx terms have been set to zero in the
inhomogeneity factors such that the only the contribution to the electron energization is from the frequency variation.

chorus gap emerging from upper band chorus excitation
band second harmonic
generation. Simulations by Fu et al. (2014) predict that
warm and hot chorus components separately drive quasi-

through lower cascade and

electrostatic upper band and electromagnetic lower band
emissions, resulting in a gap. Fu et al. (2015) predict power
gaps at several frequencies (including 0.5 fce) due to sub-
cyclotron resonances between oblique chorus and thermal
electrons.

6 Relativistic electron
acceleration—Effect of the
inhomogeneity factor

For acceleration of energetic electrons, both a smooth
frequency increase and a gradient of the magnetic field are
needed at appropriate magnitudes. Zhang et al., 2018 have
investigated the properties of intense chorus waves, i.e. those

Frontiers in Astronomy and Space Sciences

1

capable of nonlinearly resonating with electrons. They find
that 10-15% of chorus wave packets have sufficient effective
wave amplitude (B,, > 2-3 nT) for nonlinear interaction to
occur and that longer wave packets (>10 wave cycles) are
needed to produce a significant energy increase for trapped
electrons.

The formula for the nonlinear inhomogeneity factor S has
two terms (Eq. 2). The first depends on the frequency sweep
rate, df/dt, and the second on the gradient of the magnetic field
along the field line, dB/dx. Coefficients A and B are derived in
Omura et al., 2019 for each nonlinear resonance. Near the
magnetic equator where dB/dx is ~0 or very small, S is
determined by the frequency sweep rate df/dt, which is
nearly constant through propagation of the wave packet
away from the equator. The critical distance away from the
equator identifies the location marked by a change of the
dominant term of the inhomogeneity factor. Within the
critical region, triggering of nonlinear wave growth due to
frequency variation is and this be

possible can
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Examples of chorus wave elements observed during different injection/acceleration events on 17 March 2013 are shown for RBSP-A at 5.3 Rg
(left panels) and RPSP-B at L = 6.5 Rg (right panels). (top panels) Wave magnetic field, normalized wave frequency, wave electric field, and wave
normal angle. (bottom panels) Percent energy for seed electrons with for 30 keV-10 MeV initial energy in cyclotron (dashed curve) or Landau (red

curve) resonance.

regarded as the generation region of the subpackets forming
chorus emissions. Whether inside or outside the critical
region, we can make the simplified form of S as

df dB

S=A—+B—

at  dx @

The Van Allen Probes observations during the 17 March
2013 event were taken at magnetic latitude = —3.8 deg,
outside the critical distance. To examine the relative
importance of the individual terms in the inhomogeneity
factor at this off-equatorial location, we use a maximum

effect approach and artificially set either df/dt or dB/dx to
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0 for SO and S1 in the for
(S1) and Landau (S0) electron energization in Omura

et al.,, 2019).

equations cyclotron

6.1 Off-equatorials S factor

In Figure 9, we present cycle by cycle calculations of
cyclotron and Landau inhomogeneity factors as functions of
initial electron energy and time across the single strong second
subpacket indicated by the horizontal black line in Figure 4. For
that 11 ms (19 wave cycles) subpacket, |Eg| = 84 mV/m, |Bg| =
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Nonlinear energy gain is shown for relativistic and ultra-relativistic seed electrons.(A) Energy gains for cyclotron and Landau resonant electrons
are shown separately. Landau resonant energization exceeds cyclotron energization at all energies. (B) 0.5%—-2% energy gain is determined for
highly-relativistic and ultra-relativistic seed electrons in their ~11 ms nonlinear interaction with the single strong subpacket denoted in Figure 4.

2nT. Local conditions for RBSP-A at 16:56 UT were L = 4.9,
MLT = 2.3, magnetic latitude = —3.8 deg, local f.. = 6,050 Hz,
fpe = 19,440 Hz, f,/f.. = 3.2. For the gradient terms, dw/dt =
2.5e5 radians/sec and dw./dx = 9.0e-4 radians s™' m™'. White
regions on each panel indicate that |[S| > 1, at which point
trapping does not take place. The number of trapped particles
decreases to 0 as |S| increases from 0 to 1 as the size of the
trapping potential in velocity phase space, F(|S|) is given by
equation 71 of Omura et al.,, 2019, shrinks to zero. The values of
SO and S1, plotted in Figure 9 and used in the subsequent
sections to determine electron energy gain, have been
multiplied by F(|SO|) or F(|S1|) respectively. The fraction of
trapped electrons is a decreasing function of |S|, in a manner
such that S *F(|S|) for maximal nonlinear acceleration occurs
when [S| ~ 0.4.

Panels (A) and (D) of Figure 9 present the full calculations for
S1 and SO including both df/dt and dB/dx terms. For panels (B)
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and (E), the magnetic field gradient has been set to zero, leaving
only the contribution from the df/dt terms to contribute.
Conversely, in panels (C) and (F), df/dt = 0. Panel (B)
indicates that cyclotron acceleration at MeV energies is
significantly reduced when the dB/dx term is cancelled, while
cyclotron acceleration is nearly unchanged at sub-relativistic seed
energies. Panel (E) indicates that the Landau SO factor is
significantly at all relativistic electron energies when the
magnetic field gradient is zero or very small. Cyclotron
acceleration at MeV energies is significant, although reduced
somewhat, while nearly eliminated completely at non-relativistic
energies when frequency sweep rate (df/dt) is near zero [cf.
Panel (C)].

For the majority of the Van Allen Probes cases we've
examined, the dB/dx term dominates the df/dt term in
determining the S factor in keeping with the location of our
observing points outside the critical region. It is to be noted,
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however, that the critical region relates to nonlinear chorus
generation, not to the acceleration of seed electrons.

6.2 S factor dependance of electron
energy gain

Having derived full and modified S factors, we can proceed
with energy gain calculations for seed electrons for each of the
cases shown in Figure 9. As discussed in Section 4, pitch angles
differ for electrons in cyclotron or Landau resonance at a given
energy so that these different populations are treated
separately. In Figure 10, panels 1) and 2) break down the
total cyclotron and total Landau contributions to the
energization for 30 keV-10 MeV initial electron energies,
making the assumption that electrons remain trapped
across the entire 11 ms segment of the subpacket indicated
in Figure 4. In panels 1) and 2) the solid black curve shows the
percent energy gain calculated from equations 69 or 62 in
Omura et al., 2019 respectively with both df/dt and dB/dx
terms in S1 and SO unaltered. For the black dashed curves in
each panel the contribution to the electron energization from
only the dB/dx gradient term is shown (df/dt has been set to
zero). Conversely, for the red curves, the dB/dx terms have
been set to zero in the inhomogeneity factors and only the
contribution from the frequency variation is shown. Again, it
is important to remember that our calculations of seed
electron energy gain relate to the specific conditions at the
point of the observations.

Comparing the solid black curves in Figure 10, it is
apparent that cyclotron acceleration is dominant for this
individual subpacket at this off-equatorial location for the

energization of sub-relativistic seed electrons with
energies  <250keV  and  negative  pitch  angles
of =20 to -30 deg. However, at relativistic

energies >500 keV, Landau acceleration is dominant for
electrons with ~80 deg pitch angle. Setting the df/dt term to
zero reduces the cyclotron energization by up to 60% for non-
relativistic seed electrons [panel (a)], while the Landau
energization is little changed when df/dt = 0 [panel (b)].
Setting dB/dx to zero results in a minor decrease in
but the
energization at all seed energies, reducing the dominant

cyclotron  energization decreases Landau
Landau energization by 90" % for relativistic electrons.

The presentation of our analysis of S-function effects and
radiation belt electron energization has focused on a single
strong chorus wave subpacket observed during the onset of the
MeV radiation belt electron recovery event on 17 March 2013.
We have performed similar analyses for multiple chorus
elements observed at different times and L-space locations
during different storms, with similar results and conclusions
(Foster et al., 2021 discusses aspects of several further

examples). Many of the features presented here are
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repeatable in nearly every observation (strong second
subpacket, steeply rising df/dt near the local value of 1/
4 feo
relativistic seed electron energies).

dominance of cyclotron energization at sub-

However, there is
significant variability among the different cases examined
and this is important to remember for future studies aimed
at generalizing these results. Figure 11 presents examples of
chorus wave elements observed during separate injection/
acceleration events on 17 March 2013 by RBSP-A (left
panels) and RPSP-B (right panels). These cases differ
significantly from the more usual observations shown in
Figures 4, 7. RBSP-A (16:39 UT, L = 5.3) observed the
smooth growth of an initial 50 msec subpacket to apparent
saturation amplitude (Ex 30 mV/m; |Bpp| 0.5 nT). For this
case, cyclotron energization was dominant at electron
energies <300keV. During the later injection
described by Foster et al., 2014, RBSP-B (22:48 UT; L 6.5)
observed weak cyclotron energization such that Landau

event

resonance energization was dominant at all energies.

7 Summary and conclusion

We have examined characteristics and nonlinear effects of
strong VLF chorus elements observed at the off-equatorial
location of their Van Allen Probes observation. The strong
chorus elements we have investigated have maximum wave
amplitudes in the range |E,| ~ 20-100 mV/m. Large wave
amplitude depends on a strong source (injection) of resonant
electrons combined with proper conditions for the growth of
long coherent wave subpackets. For the 16:56 UT subpacket
analyzed in this study, frequency varied from 1,400-1900 Hz
(0.23-0.31 f.) and wave growth was associated with the
injection of 50-100skeV resonant electrons as seen in
Foster et al., 2021. We have shown the smooth frequency
and phase transition between the initial and strong second
subpackets, and have found that frequency dispersion can
contribute to the chorus frequency sweep rate observed at an
off-equatorial location. The frequency gap below 1/2 f_. at the
point of observation is consistent with the effects of
the progressive erosion of wave amplitude at frequencies
above % f..rq by nonlinear damping near the local value
of ¥ f..

The inhomogeneity factor S that controls the effectiveness of
the nonlinear process for electron energization has important
dependence on both the time rate of change of the wave
frequency and the field-aligned gradient of the magnetic field.
Cyclotron acceleration at < MeV energies is significantly reduced
when df/dt is very small, and is little changed at all energies when
dB/dx is reduced. Landau acceleration is greatly reduced at all
relativistic energies when the magnetic field gradient very small
and is slightly reduced at sub-relativistic energies when df/dt is
very small.
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Nonlinear acceleration by strong chorus waves applies
both to seed electrons with sub-relativistic and relativistic
initial energies. In Figure 12 we emphasize the considerable
energy gain experienced by trapped seed electrons with
relativistic (>500 keV) and ultra-relativistic (>3 MeV) initial
energies. Trapped through with a single coherent subpacket, a
3 MeV electron can experience a 1.5% Landau energy gain in
~11 ms. Nonlinear Landau energy gain for a 6 MeV ultra-
relativistic seed electron is 0.75% (45 keV). Significantly, these
findings indicate that prompt local acceleration of highly
relativistic and ultra-relativistic radiation belt electrons can
take place directly through their nonlinear interaction with an
individual VLF chorus element.

In general, the multiple in situ parameters available in the
Van Allen Probes observations permit detailed examination of
the features of the nonlinear theory of VLF chorus wave
development and the acceleration of radiation belt electrons
to MeV energy. In particular, the spacecraft observations
provide important information on the chorus wave element
at an off-equatorial nearly fixed position. This study analyzed
a well sampled and strong subpacket to investigate the
characteristics of the nonlinear inhomogeneity factors and
their effect on sub-relativistic to relativistic electron
acceleration. It is found in this particular case that
cyclotron energization provides the dominant contribution
at sub-relativistic electron energies while at energies >500 keV
Landau acceleration provides the larger contribution. Future
similar studies using a large sample of Van Allen Probes
observed events can help generalize and advance
understanding of this important acceleration pathway for

radiation belt dynamics.

Data availability statement

Publicly available datasets were analyzed in this study. This
data can be found here: Van Allen Probes observations used in
this study can be obtained through instrument websites
(EMFISIS wave data: http://emfisis.physics.uiowa.edu; MagEIS
and REPT particle data: https://rbsp-ect.lanl.gov/rbsp_ect.php.
PSD data presented in Figure 3 can be obtained through the Van
Allen Probes Science Gateway (https://rbspgway.jhuapl.edu/
psd). The S Functions and electron energy gain shown in
Figures 9, 10, and 11 are calculated from the nonlinear
formalism presented in Omura et al., 2019.
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