
Analysis of Reconstructed Modified
Symmetric Teleparallel f(Q) Gravity
N. Myrzakulov1,2*, S. H. Shekh3, A. Mussatayeva1,4 and M. Koussour5

1Department of General and Theoretical Physics, L. N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan, 2Ratbay
Myrzakulov Eurasian International Centre for Theoretical Physics, Nur-Sultan, Kazakhstan, 3Department of Mathematics, S. P. M.
Science and Gilani Arts and Commerce College, Ghatanji, India, 4S. Seifullin Kazakh Agro-Technical University, Nur-Sultan,
Kazakhstan, 5Quantum Physics and Magnetism Team, LPMC, Faculty of Science Ben M’sik, Casablanca Hassan II University,
Casablanca, Morocco

The existing analysis reports a reconstruction scheme of the newly proposed gravity say
f(Q) gravity through the scale factor of the form a(t) � a0tn � 1

1+z by describing the power-
law cosmology. The reconstructed f(Q) gravity models disclosed how this modified gravity
model is capable to replicate dissimilar epochs of the cosmological history. Also, the
reconstructed f(Q) gravity models are castoff to develop the expressions for density and
pressure and the equation of state parameter. We reconstruct two cases of interacting fluid
scenario ghost and pilgrim dark energy with pressureless dark matter. The physical
behavior of the models is talked over the evolution of the Universe is accelerated.
Moreover, the well-known cosmological planes i.e., (ωD − ωD′ ) and (r − s) constructed
for our models, also include a comparison of our findings of these dynamical parameters
with observational constraints. It is also quite interesting to mention here that the results of
the equation of state parameter, (ωD − ωD′ ) and (r − s)-planes coincide with the modern
observational data.
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1 INTRODUCTION

Currently the modern theoretical observational data like type-Ia supernovae (Riess, 1998;
Perlmutter, 1999), Cosmic Microwave Background Radiation (CMBR)(Spergel, 2003; Komatsu,
2011), Baryon Acoustic Oscillations (BAO) and Weak Lensing (WL) (Jain and Taylor, 2003;
Eisenstein, 2005) Large Scale Structure (LSS) (Tegmark, 2004; Seljak, 2005), have been
accounted for an accelerating expansion of the Universe. Fundamentally there are two apparent
access for this kind of accelerating expansion of the Universe. First is the modified theories of gravity
can also explain such an accelerating expansion of the Universe. In the foregoing epoch, a lot of
investigation has been primed in the modified theories of gravitation such as
f(R), f(R, T ), f(G), f(R,G), and f(T, B) gravity, where R, G, T and T denotes the Ricci scalar,
Gauss-Bonnet invariant, trace of energy-momentum tensor and torsion scalar of the Universe
respectively. Innumeral works have been established in the framework of this modified theories of
gravity and interesting results have been found in (Capozziello et al., 2007; Nojiri and Odintsov 2007;
Azadi et al., 2008; Capozziello et al., 2008; Nojiri and Odintsov 2008; Harko et al., 2011; Daouda et al.,
2012;Wei et al., 2012; Sharif and Yousaf 2013; Sahoo et al., 2014; Abbas et al., 2015; Chirde and Shekh
2015; Chirde and Shekh, 2016a; Chirde and Shekh, 2016b; Sharif and Fatima 2016; Bhatti et al., 2017;
Bhoyar et al., 2017; Chirde and Shekh, 2018a, Chirde and Shekh, 2018b; Chirde and Shekh, 2019;
Pawar et al., 2018; Shekh and Chirde, 2019; Shekh and Chirde, 2020; Shekh et al., 2020b; Dagwal and
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Pawar 2020; Sahoo and Bhattacharjee 2020; Shekh et al., 2020a;
Shekh and Chirde 2020; Shekh et al., 2021; Shekh, 2021a; Shekh
2021b). Among the all determinations, one model which is based
on the so-called f(Q) gravity theory or symmetric teleparallel
gravity, where the nonmetricity scalar Q is works as gravitational
interaction. The theory of f(Q) gravity was first introduced by
Jimenez et al. (2018) later on Lazkoz, (2019) investigated an
interesting restrictions on f(Q) gravity theory by involving the
polynomial functions of the redshift in Lagrangian and
successfully derived using data from the expansion rate, type-
Ia Supernovae, Quasars, Gamma-Ray Bursts, BAO data, and
CMBR distance. An examination on f(Q) theory of gravity
have been speedily progressed as well as astrophysical data
observational constraints to provoke it in contrast to the
formulation of standard Einsteinian General Relativity. Mandal
et al. (2020a) analyzed the cosmography in f(Q) gravity while the
same author in Mandal et al. (2020b) gave a full of energy
conditions constraints like weak, strong, dominant and null
energy conditions for two models of f(Q) gravity theory.
Frusciante, (2021) focused on a specific model of f(Q) gravity
theory which at the background level is indistinguishable from
ΛCDM model, while demonstrating measurable and peculiar
signatures at linier perturbation level.

Second is dark energy which can be represented by using the
equation of state parameter (ωD) and characterized as ωD � pD

ρD
.

More about the ωD parameter is that, if ωD ≈ − 1: it behaves like a
standard cosmology, if ωD > − 1: the dark energy quintessence
model behavior or ωD < − 1: dark energy phantom model
behavior and the probability ωD ≪ − 1 is governed out by
existing cosmological data as well as K-essence, Chaplygin gas
and several supplementary limits of ωD are acquired from
observation data results which come from the combination of
data SNe-Ia and CMBA as well as Statistics of Galaxy Clustering
which are −1.66 < ωD < − 0.62 and −1.33 < ωD < − 0.79
respectively. − 1.44 < ωD < − 0.92 from luminosity, CMB
anisotropy, galaxy clustering statistics and distances of high
red-shift SNe-Ia. Notwithstanding the fact that it is preferred
by the observational data, the ΛCDM model tests cosmological
constant problems. To overwhelm the theoretical observations
mentioned above, various models of dark energy have been
proposed in literature. A dynamical dark energy model one,
known as ghost dark energy which has a remarkable some
non-trivial properties for the expanding Universe having non-
trivial topological formation which resolve U(1) problem
(Witten, 1979; Kawarabayashi and Ohta, 1980; Nath and
Arnowitt, 1981). Sheykhi and Movahed, (2012) observed
expansion of the Universe using model parameter constraints
in general relativity for an interacting ghost dark energy model.
Sadeghi et al. (2013) computed dynamical parameters such as
deceleration and equation of state parameters numerically to
examine the behavior of the Universe in an interacting ghost dark
energy models by varying Λ as well as G. Next is the pilgrim dark
energy which devours a phantom-like Universe to prevent the
formation of black hole (2012). Sharif and Jawad, (2013) observed
the cosmic evolutionary actions of pilgrim dark energy with event
horizons and apparent using non-flat Universe while considering
the different IR-cutoffs as particle horizon, event horizon and

conformal age of the Universe. Sharif and Zubair, (2014) noted
cosmological evolution of pilgrim dark energy whereas Jawad
et al. (2016a) investigated cosmic behavior of pilgrim dark energy
in loop quantum cosmology using Hubble horizon in forms IR-
cutoff for interacting scenario. By assuming the interacting
scenario of unified pilgrim ghost dark energy and cold dark
matter in the flat FRW Universe framework. Jawad et al. (2017)
have constructed the equation of state parameter which exhibits
the transition from region of quintessence and then approaches to
region of phantom at z = −0.9 whereas Jawad et al. (2016b)
illustrated the cosmic acceleration of the Universe under two
interacting dark energy models say pilgrim dark energy with
Granda-Oliveros cut-off and its generalized ghost version in the
DGP braneworld framework and observed that the equation of
state parameter behaves like the phantom era of the Universe
while the deceleration parameter shows the accelerated expansion
of the Universe. Keep in mind an interaction between pilgrim
dark energy as a future event and apparent horizons with cold
dark matter. Rani et al. (2016) studied the cosmic acceleration in
dynamical modified Chern-Simons gravity in the framework of
non-flat FRW Universe.

Nevertheless, for the certain geometrical models ascending
from the modifications of Einstein’s gravitational field equations,
the equation of state (ωD) is no longer playing a vital role and its
influence becomes unclear. Consequently, a new diagnosis is
required to discriminate all classes of cosmological models. In
order to accomplish these classes Sahni et al. (2003) introduced
the pair of parameters (r, s) which has no dimension or so-called
statefinder parameter of the form:

r � a
...

aH3
, s � r − 1

3 q − 1/2( ) (1)

As, the Universe involving with two component fluid matter
Ωm and exotic form of energyΩD. In this situation the statefinder
parameters attains the form (Sahni et al., 2003)

r � 1 + 9ωD

2
ΩD 1 + ωD( ) − 3 _ωD

3H
ΩD (2)

s � 1 + ωD − _ωD

3ωDH
(3)

where ωD is the equation of state parameter of dark energy.
In the past works so many authors have effectively validated

the statefinder diagnostic that it can distinguish a series of
cosmological models. In case of ΛCDM and CDM models, the
statefinder parameters respectively are fixed as (r, s) = (1, 0) and
(r, s) = (1, 1). Also, for quintessence field the trajectories of (r − s)
plane lie in the range (s > 0, r < 1) whereas for chaplygin gas which
look a lot like to (s < 0, r > 1). In addition to the geometrical
diagnostic say statefinder diagnosis, there is another one
dynamical diagnostic which was firstly intended by Caldwell
and Linder, (2005) and verified the deeds of quintessence
scalar field dark energy model through this plane called
(ωD − ωD′ )-plane analysis and also used extensively in the
literatures. In the (ωD − ωD′ )-plane, ωD′ signifies the
advancement of ωD. Over and done with this plane, the
models can be considered as in two different classes as
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thawing and freezing. The thawing region is described as
ωD′ > 0,ωD < 0 while freezing region as ωD′ < 0,ωD < 0 on
(ωD − ωD′ )-plane.In this paper, we study the correspondence
scheme with ghost dark energy and pilgrim dark energy model
using reconstruction technique in f(Q) gravity. The paper is
prearranged in the following format. Section 2, contains FRW
Universe with the source of fluid as an interaction betweenmatter
and dark energy from which the equation of state parameter is
derived in Section 3 while Section 4, 5 enclose the brief discussion
of cosmographic observations through cosmic diagnostic
parameters and phase planes by reconstructing f(Q) gravity
model with the help of ghost and pilgrim dark energy
respectively. Finally, we conclude our results in Section 6.

2 FRW UNIVERSE WITH INTERACTING
SOURSE

Consider the spatially homogeneous and isotropic Friedman-
Robertson-Walker (FRW) line element of the form:

ds2 � −dt2 + a2 t( ) dr2

1 − kr2
+ r2dθ2 + r2 sin2 θdϕ2[ ], (4)

where a be the scale factor of the Universe.The angle θ and ϕ are
the usual azimuthal and polar angles of spherical coordinates.
Also, k is a constant which represent the curvature of the
Universe. If k = 1, 0, −1, then this corresponds to closed, flat,
open Universe.The energy momentum tensor for dark matter and
dark energy are defined as

T̂ � T μ] + �T μ] (5)
where T μ] and �T μ] are the energy momentum tensors for
pressureless dark matter and dark energy, defined as T μ] �
ρmuμu] and �T μ] � (ρd + pd)uμu] + pdgμ] in which ρm,
ρd are the energy densities of dark matter and dark energy
respectively and pd is the pressure of dark energy, ui is the
four velocity of the fluid. Also, ui � δi4 is a four-velocity vector
which satisfies

gμ] � uμu] � −xμx] � −1 and uμx] � 0 (6)
For a Universe where dark energy and dark matter are

interacting to each other the total energy density satisfies the
continuity equation as following:

_ρD + 3H ρD + pD( ) � 0 (7)
where ρD be the combine energy density of two fluids of the form
ρD = ρm + ρd.The curvature energy density ρk and the critical
energy density ρcr as usual defined by (Yang, 2020):

ρk �
3k

8πGa2
and ρcr � 3H2 (8)

Now, the three fractional form of energy densitiesΩD,Ωm and
Ωk as (Yang, 2020):

ΩD � ρD
ρcr

� ρD
3H2

, (9)

Ωm � ρm
ρcr

� ρm
3H2

(10)

Ωk � ρk
ρcr

� k

H2a2
(11)

Then from the above Eqs 9–11, the Friedmann equation can
then be written as:

1 +Ωk � ΩD +Ωm. (12)
Consider the interaction between two fluids. So, the energy
densities of two fluids do not conserve separately, the
continuity of matter of two fluids yields (Yang, 2020)

_ρD + 3H ρD + pD( ) � −Γ (13)
where Γ represents the interaction between dark matter and dark
energy. In general Γ should be a function with units of inverse of
time. For the convenience, choose the following form of
interaction term:

Γ � 3ηH ρm + ρD( ) � 3ηHρD 1 + u( ) (14)
where η be the coupling parameter. Considering η = 0, the
equation of continuity reduces to the non-interacting case.
Here u is defined as:

u � ρm
ρD

� Ωm

ΩD
� 1 −ΩD

ΩD
(15)

Under the above defined parameters, the equation of state
parameter for dark energy can be derived as (Yang, 2020):

ωD � − 1
2 −ΩD

1 − Ωk

3
+ 2η
ΩD

1 + Ωk( )( ) (16)

For flat Universe after taking k = 0, the equation of state
parameter for dark energy from Eq. (16) can be rewritten as
(Yang, 2020):

ωD � − 1
2 −ΩD

1 + 2η
ΩD

( ) (17)

There exist several dynamical dark energy models, in literature,
presented by various authors both in general relativity and inmodified
theories of gravitation. The most of the authors who have analyzed
some cosmological models with dark energy both in general relativity
and modified theories of gravitation, some of them are mentioned in
Ref. (Chirde and Shekh, 2015, Chirde and Shekh, 2018a; Bhoyar et al.,
2017; Shekh andChirde 2020); Naidu et al., 2012; Sarkar andMahanta
2013; Kiran et al., 2015; Santhi et al., 2017; Aditya and Reddy, 2018).
The reconstruction phenomenon of a well-known PDE model with
f(G) gravity in the presence of power law scale factor Jawad and Rani,
(2015) have reconstructed f(G) models with respect to two values of
PDE parameter; that is, u = 2, −2 and checked the significant
cosmological aspects of these reconstructed models while Jawad
et al. (2016a); Jawad et al. (2017) studied the cosmological
consequences of pilgrim dark energy model in the framework of
generalized teleparallel gravity by considering the reconstruction
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scheme for f(T) models with power law scale factor taking Hubble
horizon and Nojiri-Odintsov length as infrared cut-offs also
observed that the Hubble parameter lies within observational
suggested ranges while deceleration parameter represents the
accelerated expansion behaviour of the Universe and the model
corresponds to the quintessence region and phantom region for
different cases of pilgrim dark energy parameter u under pilgrim
dark energy models in fractal Universe while very recently Shekh,
(2021a) analyzed the dynamical investigation of different models of
holographic dark energy using Friedman-Lemâitre-Robertson-
Walker cosmological model in the context of same f(Q) gravity
by governing the features of the model in view of the relation
between cosmic time and redshift which yields a purely
accelerating evolving Universe.In order to obtain the analytic
solution, consider the following form of dimensionless scale
factor as of the form:

a t( ) � a0t
n (18)

where the subscript 0 denote the value of a quantity at present, a0 is a
constant represents the present day value of the scale factor and
moreover set a0 to 1.The deceleration parameter (q) of the Universe,
reads ast

q � −a€a
_a2

� −1 + 1
n

(19)

The cosmic scale factor in terms of the deceleration parameter
may be written as

a t( ) � t1/ 1+q( ) (20)
From the above Eq. (20), it is observed that q > − 1 is the

condition for expanding Universe in the power-law expansion
cosmological model.

The expansion history of the Universe and the present
expansion rate of the Universe are respectively described by
the Hubble parameter as:

H � 1
1 + q

( )t−1 and H0 � 1
1 + q

( )t−10 (21)

The above Eq. (21), shows that the expansion history of the
Universe in power-law cosmology depends on the two
parameters say H0 and q.

Considering the connection between a and z, the time
derivatives of H using Eq. (21) are obtained as:

H � H0 1 + z( )1+q, _H � −H0 1 + z( )2 1+q( ),
€H � 2H0 1 + z( )3 1+q( ) and H

... � −6H0 1 + z( )4 1+q( ). (22)

3 SOME BASICS AND FIELD EQUATIONS
OF F(Q) GRAVITY

Let us consider the action for f(Q) gravity of the form (Shekh,
2021b)

S � 1
2κ2

∫f Q( ) + ∫ £m( ) ���−g√
d4x, (23)

where f(Q) is a general function ofQ,Lm is the matter Lagrangian
density and g is the determinant of metric gμ].

The non-metricity tensor and its traces are such that

Qγμ] � ∇γgμ], (24)
Qγ � Qγ

μ
μ
, ~Qγ � Qμ

γμ. (25)
Moreover, the superpotential as a function of non-metricity

tensor is given by

4Pγ
μ] � −Qγ

μ] + 2Q μγ]( ) − Qγgμ] − ~Q
γ
gμ] − δγ

γQ]( ), (26)

where the trace of non-metricity tensor Eq. (20) has the form

Q � −Qγμ]P
γμ]. (27)

Expression for energy-momentum tensor for the matter,
whose definition is

Tμ] � − 2���−g√ δ
���−g√ Lm( )
δgμ] . (28)

Variation of action Eq. (18)with respect to metric tensor, one can
obtain gravitational equation

2���−g√ ∇γ
���−g√

fQP
γ
μ]( ) + 1

2
gμ]f + fQ PμγiQ]

γi − 2QγiμP
γi
]( )

� −κ2T̂ μ], (29)
where fQ � df

dQ. The variation of Eq. (24) with respect to the
connection term, obtain

∇μ∇γ
���−g√

fQP
γ
μ]( ) � 0. (30)

For isotropic, homogeneous and spatially FRW space-time
provided in Eq. (4), one can find the modified Friedmann
equations for f(Q) gravity as

_H + 3H2 +
_fQ

fQ
H � 1

2fQ
κ2pD + f

2
( ) (31)

3H2 � 1
2fQ

−κ2ρD + f

2
( ) (32)

The overhead dot represents the differentiation with respect to
cosmic time t.

Also, the modified Friedmann equations enable us to write the
pressure and the density for the Universe as

κ2ρD � f

2
− 6H2fQ (33)

κ2pD � _H + 3H2 +
_fQ

fQ
H( ) 2fQ( ) − f

2
(34)

which are the pressure and the density for the f(Q) gravity.For the
spatially homogeneous and isotropic FRW Universe, the non-
metricity Q term is defined as Q = 6H2. With the use of Eq. (22),
the term Q is observed as
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Q � 6H2
0 1 + z( ) 2+2q( ) (35)

4 RECONSTRUCTION OF GHOST DARK
ENERGY F(Q) GRAVITY

As, we know the ghost dark energy model is one of the dynamical
dark energy model whose energy density is defined as (Pawar
et al., 2018)

ρGDE � αH (36)
where α is an arbitrary model constant parameter having square
dimension. We establish the correspondence between ghost dark
energy and f(Q) gravity model by equating the corresponding
densities. Using Eqs 33, 36, it follows that

1
2
f − 6H2fQ � αH (37)

The re-arrangement of the above Eq. (37) provide

fQ − 1
12H2

( )f � − α

6H
(38)

which is the first order linear differential equation in Q whose
solution is of the form as

f Q( ) � c lnQ + c1( )Q1/2 (39)
where c and c1 both are the positive constants of integration.Eq.
(39), represents the reconstructed ghost dark energy f(Q) gravity
model. The plot which shows the behavior of reconstructed ghost
dark energy f(Q) gravity model versus redshift and the non-
metricity parameter are respectively presented in Figures 1, 2
which described that the reconstructed ghost dark energy f(Q)

FIGURE 1 | Plot of reconstructed ghost dark energy f(Q) gravity model
versus redshift for the appropriate choice of constants c = 0.1 and c1 = 3.0.

FIGURE 2 | Plot of reconstructed ghost dark energy f(Q) gravity model
versus non-metricity parameter for the appropriate choice of constants c = 0.1
and c1 = 3.0.

FIGURE 3 | Plot of the pressure of the reconstructed ghost dark energy
f(Q) gravity model versus redshift for the appropriate choice of constants.

FIGURE 4 | Plot of the energy density of the reconstructed ghost dark
energy f(Q) gravity model versus redshift for the appropriate choice of constants.
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gravity model is always positive and increases exponentially with
respect to both z andQ. Also, it is noted that the values of positive
constants of integration not affect on the behavior of f.

4.1 Cosmographic Observations in
Reconstructed Ghost Dark Energy f(Q)
Gravity Model
Using Eq. (39) in Eqs 33 and 34, the expression for energy density
and pressure are obtained as:

κ2ρ � c + c1 + c lnQ( )Q1/2 (40)
κ2p � 2 _H + 6H2( ) c + c1

2
+ c

2
lnQ( )Q−1/2

+ 2H
−c1
4

− c

4
lnQ( ) _QQ−3/2 − c1

2
+ c

2
lnQ( )Q1/2 (41)

The behavior of both pressure and energy density versus
redshift of reconstructed ghost dark energy f(Q) gravity model
is clearly shown in Figures 3, 4 respectively. Figure 4 depicted that
the energy density of reconstructed ghost dark energy f(Q) gravity
model is always positive and exponentially increases (see Figure 4)
while pressure is always negative and shows negatively decreasing
behaviour (see Figure 3) for all z = −1 to z > 0. Hence, such a
behavior of pressure is the evidence of existance of dark energy.

4.1.1 Equation of State Parameter

ωD � −1
2 − c + c1 + c lnQ( )Q−1/2

c + c1 + c lnQ( )Q−1/2 − 2η
c + c1 + c lnQ( )Q−1/2( )

(42)
Eq. (42) represents the expression for equation of state parameter

of ghost dark energy f(Q) gravity model. Figure 5 represents the
dynamical evolution of the equation of state parameter of ghost dark
energy f(Q) gravity model for three consecutive values of η. One can
see in Figure 5 that at late Universe (z < − 1) towords η = 0.10, 0.15

and 0.20 the value of equation of state parameter of ghost dark energy
f(Q) gravitymodel is less than−1 i.e. (ωD)GDE< − 1 which represents
the model involve phantom field dark energy whereas for present
Universe (z = 0), it is a little bit upper than −1 i.e. (ωD)GDE> − 1 and
early Universe (z > 0) it has the value (ωD)GDE> 0. Hence the present
Universe consist of a quintessencefield dark energy and earlyUniverse
involve barotropic fluid. Also, notice that by increasing the value of
interaction parameter η, equation of state parameter takes more
negative values, below the -1. It is observed that the equation of
state in our framework can cross the phantomdivide line as supported
by recent astrophysical observations as well as the analysis of
holographic dark energy inflation with Hubble’s cut-off analyzed
by Shekh, (2021a) and also with Jawad and Rani, (2015), Jawad,
(2015).

4.1.2 (ωD − ωD′)-plane
The derivative of Eq. (42) with respect to ℓn(a), gives

ωD′ � c/2 + c1/2 + c/2( ) lnQ( ) _QQ−3/2

2 − c + c1 + c lnQ( )Q−1/2 2η − 2η − c + c1 + c lnQ( )Q−1/2

c + c1 + c lnQ( )Q−1/2 2 − c + c1 + c lnQ( )Q−1/2( ){ } (43)

The plot of ωD′ with respect to ωD for the ghost dark energy f(Q)
gravity model is shown in Figure 6. Figures 5, 6, indicates that when
ωD < 0 then also ωD′ < 0 which represents freezing region.

4.1.3 (r−s)-plane

r �
1 − 9

2
1

2 − c + c1 + c lnQ( )Q−1/2
c + c1 + c lnQ( )Q−1/2 − 2η

c + c1 + c lnQ( )Q−1/2( ) 1 + −1
2 − c + c1 + c lnQ( )Q−1/2

c + c1 + c lnQ( )Q−1/2 − 2η

c + c1 + c lnQ( )Q−1/2( )( ) ×

c + c1 + c lnQ( )Q−1/2 − 3
2

2η _Q

2 − c + c1 + c lnQ( )Q1/2( + c + c1 + c lnQ( ) _Q − 2η _QQ−1/2

2 2 − c + c1 + c lnQ( )Q−1/2[ ]2Q3/2
⎛⎝ ⎞⎠ × c + c1 + c lnQ( )Q−1/2

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(44)

s � 1 + −1
2 − c + c1 + c lnQ( )Q−1/2

c + c1 + c lnQ( )Q−1/2 − 2η
c + c1 + c lnQ( )Q−1/2( )

+
2η _Q

2− c+c1+c lnQ( )( Q + c+c1+c lnQ( ) _Q−2η _QQ−1/2

2 2− c+c1+c lnQ( )Q−1/2[ ]2Q5/2
( )

3 c+c1+c lnQ( )Q−1/2−2η
c+c1+c lnQ( )Q−1/2( ) (45)

Figure 7, shows the evolution trajectory for ghost dark energy f(Q)
gravity model in (r − s)- plane towards different value of η. From
Figure 7, the evolution trajectories of (r − s)- plane favors the
chaplygin gas model with s < 0 and r > 1. Hence, our results are

FIGURE 5 | Plot of equation of state parameter of ghost dark energy f(Q)
gravity model versus redshift for the appropriate choice of constants.

FIGURE 6 | Plot of ωD′ of ghost dark energy f(Q) gravity model versus
redshift for the appropriate choice of constants.
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consistent with the analysis of Wu and Yu, (2006) and the authors
who have achieved the state finder diagnostic for the phantom
and quintom dark energy model (Sharif and Zubair, 2014; Sharif,
2018).

5 RECONSTRUCTION OF PILGRIM DARK
ENERGY F(Q) GRAVITY

Proceeding the same as it is in section 3. In this section, we
reconstructed the pilgrim dark energy f(Q) gravity model.For this
consider an interesting model for the description of dark energy is
pilgrim dark energy in which the total energy in a box of size L
could exceed the mass of a black hole of the same size
i.e., ρpL

3 ≥m2
plL, where mpl be the Plank reduced mass.

Therefore, the first property of pilgrim dark energy is (Jawad
et al., 2016b)

ρp ≥m
2
plL

−2 (46)

the simplest way to set the above equation is:

ρp � 3n2m4−s
pl L

−s (47)
where n and s are the conventional constant and pilgrim dark
energy parameter respectively. Thus, from Eqs 46, 47,
L2−s ≥ms−2

pl � ℓ
2−s
pl , where mpl � 1/

����
8πG

√
is the reduced Planck

length, which is extremely short length. Obviously, since L > ℓpl in
general, it is required that

s≤ 2 (48)
Keeping the box of size L = 1/H towards Hubble’s cutoff, the
dynamical pilgrim dark energy model whose energy density from
Eq. (47) is obtained as

ρPDE � 3n2m4−s
pl H

s (49)
We establish the correspondence between pilgrim dark energy
and f(Q) gravity model by equating the conforming densities.
Using Eqs 33, 49, it follows that

1
2
f − 6H2fQ � 3n2Hu (50)

The re-arrangement of above Eq. (50) provide

fQ − 1
12H2

( )f � −3n
2Hu

6H2
(51)

which is the first order linear differential equation in Q whose
solution is of the form as

f Q( ) � −c2Qu
2 + c3Q

1/2 (52)
where c2 � n2

(u−1)6u/2−1 and c3 be the constant of integration.Eq. (52)
represents the reconstructed pilgrim dark energy f(Q) gravity
model. The plot which shows the behavior of reconstructed
pilgrim dark energy f(Q) gravity model versus redshift and the
non-metricity parameter are respectively presented in Figures 8,
9which described that the reconstructed pilgrim dark energy f(Q)
gravity model is always negative and decreases negatively with
respect to both z and Q.

FIGURE 7 | Plot of r and s of ghost dark energy f(Q) gravity model versus redshift for the appropriate choice of constants.

FIGURE 8 | Plot of reconstructed pilgrim dark energy f(Q) gravity model
versus redshift for the appropriate choice of constants c2 = 0.0018 and c3
= 0.1.
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5.1 Cosmographic Observations in
Reconstructed Pilgrim Dark Energy f(Q)
Gravity Model
Using Eq. (52) in Eqs 33 and 34, the expression for energy density
and pressure are obtained as:

ρ � c2 1 − u( )
2

Qu/2 (53)
p � _H + 3H2( ) c2uQ

u
2−1 + c3Q

−1/2( )
+ H

2
c2u u − 2( ) Qu

2−1 − c3Q
−1/2( ) _Q

Q
− c2

2
Qu/2 − c3

2
Q1/2 (54)

The behavior of both pressure and energy density versus
redshift of reconstructed pilgrim dark energy f(Q) gravity
model is clearly seen in Figures 10, 11 respectively. The

FIGURE 9 | Plot of reconstructed pilgrim dark energy f(Q) gravity model
versus non-metricity parameter for the appropriate choice of constants c2 =
0.0018 and c3 = 0.1.

FIGURE 10 | Plot of the pressure of the reconstructed pilgrim dark
energy f(Q) gravity model versus redshift for the appropriate choice of
constants.

FIGURE 11 | Plot of the energy density of the reconstructed pilgrim dark
energy f(Q) gravity model versus redshift for the appropriate choice of
constants.

FIGURE 12 | Plot of equation of state parameter of pilgrim dark energy
f(Q) gravity model versus redshift for the appropriate choice of constants.

FIGURE 13 | Plot of ωD′ of Pilgrim dark energy f(Q) gravity model versus
redshift for the appropriate choice of constants.
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energy density of reconstructed ghost dark energy f(Q)
gravity model is always positive and exponentially increases
(see Figure 11) whereas pressure is always negative and
shows negatively decreasing behevior (see Figure 10) for
all z = −1 to z > 0 which is the evidance of existance of dark
energy.

5.1.1 Equation of State Parameter

ωD � − 1
2 − c2 1 − u( )Qu

2−1 1 + 2η
c2 1 − u( )Qu

2−1( ) (55)

Eq. (55) represents the expression for equation of state
parameter of pilgrim dark energy f(Q) gravity model.
Figure 12 represents the dynamical evolution of the equation
of state parameter of pilgrim dark energy f(Q) gravity model
for three consecutive values of η. One can see in Figure 12
that at late Universe (z < − 1) towords η = 0.10, 0.15 and 0.20
the value of equation of state parameter of pilgrim dark energy
f(Q) gravity model is less than −1 i.e., (ωD)PDE< − 1 which
represents the model involving phantom field dark energy
which is the same as that of ghost dark energy f(Q)
gravity model whereas for present (z = 0) and early Universe
(z > 0), the equation of state parameter of pilgrim dark
energy f(Q) gravity model is a little bit upper than -1 i.e.
(ωD)PDE> − 1. Hence the present and early Universe consist
quintessence field dark energy. Also, in the pilgrim dark
energy f(Q) gravity model it is noticed that by increasing
the value of interaction parameter η, equation of state takes
more negative values, below the −1. It is observed that the
equation of state in our framework can cross the phantom
divide line as supported by recent astrophysical observations
along with the work holographic dark energy inflation with
Granda-Oliveros cut-off and Renyi holographic dark energy in
both Hubble’s as well as Granda-Oliveros cut-off investigated by
Shekh, (2021b) also with the work of Jawad and Rani, (2015),
Jawad et al. (2015).

5.1.2 (ωD − ωD′) plane

ωD′ � 2ηc2 1 − u( ) u/2 − 1( )Qu
2−2 _Q

2 − c2 1 − u( )Qu
2−1( ) − c2 1 − u( ) u/2 − 1( )Qu

2−2 _Q

2 − c2 1 − u( )Qu
2−1( )2

+ 2η u/2 − 1( )
2 − c2 1 − u( )Qu

2−1( )2
_Q

Q

(56)
The plot of ωT′ with respect to ωT for the pilgrim dark energy f(Q)
gravity modelis shown in Figure 13. Figures 12, 13, indicates that
when ωT < 0, ωT′ > 0 it represents thawing region.

5.1.3 (r−s)-plane

r �
1 − 9

2
c2 1 − u( )Qu/2−1

2 − c2 1 − u( )Qu
2−1 1 + 2η

c2 1 − u( )Qu
2−1( ) 1 − 1

2 − c2 1 − u( )Qu
2−1 1 + 2η

c2 1 − u( )Qu
2−1[ ]( )

−3c2 1 − u( )
2H

2ηc2 1 − u( ) u/2 − 1( )Qu
2−2 _Q

2 − c2 1 − u( )Qu
2−1( ) − c2 1 − u( ) u/2 − 1( )Qu

2−2 _Q

2 − c2 1 − u( )Qu
2−1( )2 + 2η u/2 − 1( )

2 − c2 1 − u( )Qu
2−1( )2

_Q

Q
⎛⎝ ⎞⎠Qu/2−1

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(57)

s �
1 − 1

2 − c2 1 − u( )Qu
2−1 1 + 2η

c2 1 − u( )Qu
2−1( ) − 1

3H
2ηc22 1 − u( )2Qu−3 _Q
2η + c2 1 − u( )Qu/2−1( )+

1
3H

c22 1 − u( )2 u/2 − 1( )Qu−3 _Q
2 − c2 1 − u( )Qu/2−1 − 2ηc2 1 − u( ) u/2 − 1( )Qu/2−1

2 − c2 1 − u( )Qu/2−1( ) _Q

Q

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(58)

Figure 14, shows the evolution trajectory for pilgrim dark energy
f(Q) gravity model in (r − s)- plane towards different value of η.
From Figure 14, the evolution trajectories of (r − s)- plane favor
the quintessence field dark energy model with s > 0 and r < 1.
Hence, our results are consistent with the analysis of (Sharif and
Zubair, 2014; Sharif, 2018).

6 CONCLUSION

In the present analysis, to talk over the evolution of the Universe
We have considered the interacting f(Q) gravity with
pressureless matter in an FRW Universe via the

FIGURE 14 | Plot of r and s of pilgrim dark energy f(Q) gravity model versus redshift for the appropriate choice of constants.
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reconstruction scheme with power-law form of the scale
factor. For this purpose, we have used a newly proposed
ghost and pilgrim dark energy model which has a strong
repulsive force without a formation of black holes also these
are the remarkable models that solves the recent cosmic
acceleration problem. The Hubble horizon is taken as the IR
cutoff, which provides reliable results with interaction. To
establish the correspondence between ghost, pilgrim dark
energy and f(Q) gravity model, the corresponding densities
have been considered equal. The physical motivation and the
consequence of considering this equality show whether the
reconstructed model is a realistic one or not. Such methods
i.e. equating two densities have been extensively studied in the
literature on ghost and pilgrim dark energy in the framework
of different modified gravities.To discuss the ghost and
pilgrim dark energy f(Q) gravity models, We have explored
the evolution trajectories of the equation of state parameter, the
(ωD − ωD′ )-phase plane, and the state finder (r − s)- plane.The
final results in both ghost and pilgrim dark energy models are
respectively concise as follows.

6.1 Ghost Dark Energy f(Q) Gravity Model
(1) The reconstructed ghost dark energy f(Q) gravity model

represents increasing behavior forever with respect to both
z and Q which shows that the reconstructed model is a
realistic one.

(2) The equation of state parameter represents the late Universe
it involves phantom field dark energy while the present
Universe consist of a quintessence field dark energy and
early Universe involve barotropic fluid. Also, we should
notice that with the different increasing value of interaction
parameter η, equation of state parameter takes more
negative values below the -1. Hence, our results are
consistent with the current accelerated cosmic behavior
and hence I conclude that the ghost dark energy f(Q)
gravity model favors the dark energy phenomenon. The
equation of state in our framework can crosses the phantom
divide line as supported by recent astrophysical
observations.

(3) The evolutionary behavior of the (ωD − ωD′ )-phase plane
towards all η represents freezing region which confirmed the
cosmological expansion is more accelerating in interacting
Ghost dark energy f(Q) gravity model.

(4) The corresponding trajectories of (r − s)-plane indicate
Chaplygin gas model for all η. Furthermore, it attains
CDM limit but cannot achieve ΛCDM limit.

6.2 Pilgrim Dark Energy f(Q) Gravity Model
(1) The reconstructed ghost dark energy f(Q) gravity model is

always negative and decreases negatively with respect to both
z and Q.

(2) The equation of state parameter at late Universe is less
than -1 which represents the model involved phantom
field dark energy which is the same as that of Ghost dark

energy f(Q) gravity model whereas for present and early
Universe it is a little bit upper than -1. Hence the present
and early Universe consists of a quintessence field dark
energy. Also, in the Pilgrim dark energy f(Q) gravity
model, it is noticed that by increasing the value of
interaction parameter η, equation of state takes more
negative values, below the -1. It is observed that the
equation of state in our framework can cross the
phantom divide line as supported by recent
astrophysical observations.

(3) The evolutionary behavior of the (ωD − ωD′ )-phase plane
towards all η represents thawing region in an interacting
Ghost dark energy f(Q) gravity model.

(4) The corresponding trajectories of (r − s)- plane favor the
quintessence field dark energy model for all η. Furthermore,
it crosses ΛCDM limit.

Hence, the results obtained in both the reconstruction
scheme under ghost and pilgrim dark energy are rusumbles
with the recent modern theoretical observational data as well as
the work analyzed by (sharf and Zuber, 2014; Jawad and Rani,
2015; Jawad et al., 2016a; Wu and Yu, 2006; Shafiz and Saba,
2019).
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