
An Auroral Alfvén Wave Cascade
C. C. Chaston*

Space Sciences Laboratory, University of California, Berkeley, CA, United States

Folding, kinking, curling and vortical optical forms are distinctive features of most bright
auroral displays. These forms are symptomatic of non-linear forcing of the plasma above
auroral arcs resulting from the intensification of electrical currents and Alfvén waves along
high-latitude geomagnetic field-lines during periods of disturbed space weather. Electrons
accelerated to energies sufficient to carry these currents impact the atmosphere and drive
visible emission with spatial structure and dynamics that replicate themorphology and time
evolution of the plasma region where the acceleration occurs. Movies of active auroral
displays, particularly when combined with conjugate in-situ fields and plasma
measurements, therefore capture the physics of a driven, non-linearly evolving space
plasma system. Here a perspective emphasizing the utility of combining in-situ
measurements through the auroral acceleration region with high time and spatial
resolution auroral imaging for the study of space plasma turbulence is presented. It is
demonstrated how this special capacity reveals the operation of a cascade of vortical flows
and currents through the auroral acceleration region regulated by the physics of Alfvén
waves similar to that thought to operate in the Solar wind.
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INTRODUCTION

Earth’s discrete aurora is a consequence of the closure of geomagnetic field-aligned electric currents
through the ionosphere and propagating Alfvén waves. The concentration of Earthward field-aligned
current from a magnetospheric source due to the convergence of the geomagnetic field requires
electron acceleration (Knight, 1973). The region where this acceleration occurs is known as the
auroral acceleration region (Paschmann et al., 2003). Qualitatively, this region is bound at low
altitudes by the topside ionosphere, below which densities rapidly increase, and at high altitudes by
the capacity of hot ambient electrons to carry the current with little or no acceleration. Observations
show that the auroral acceleration region extends from >2,000 to ∼10,000km in altitude depending
on local time, season and solar activity (Karlsson, 2012).

The auroral acceleration region is host to a variety of non-linear processes including the formation
of double layers and phase space holes (Ergun et al., 2004) as well as meso-scale plasma instabilities
(Selyer and Wu, 2001) that shape the evolving form of auroral displays. These processes decouple
magnetospheric convection from the ionosphere through the formation of parallel electric fields. An
outer-scale for the operation of these dynamics can be defined by considering the relationship
between the cross-field potential in the magnetospheric generator region and that in the ionosphere.
Observations above discrete aurora suggest that the field-aligned current (J‖) and the potential ϕ
along an auroral the field-line can be modeled by the current voltage relation J‖I � K(ϕM − ϕI)
(Lyons, 1981) where theM and I subscripts refer to locations in the magnetosphere and ionosphere
respectively. Here, K � ∫ σdz is the conductance along the geomagnetic field and σ the local
conductivity. On the other hand, Ohm’s law at the ionosphere provides J‖I � ∑P∇2

⊥IϕI where ΣP is the
height integrated ionospheric Pedersen conductivity and ∇ · J � 0 is used to replace the horizontal
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current, J⊥i with J‖I . Equating J‖I from the current voltage relation
with that from Ohm’s law provides,

ϕM � (1 − λ2MIλ∇
2
⊥I)ϕI (1)

after Lysak and Song (1996) where λMI � (ΣP/K)1/2 is the
magnetosphere-ionosphere coupling scale length. Typically,
λMI � 50–100 km at 100 km altitude. It is apparent from Eq. 1
that for gradient scale-lengths less than λMI the majority of the
cross-field potential of the generator will not map to the
ionosphere but instead will appear along the geomagnetic field
above the ionosphere in the form of parallel electric fields. The
altitude range over which these parallel fields exist is the auroral
acceleration region.

For time varying potential structures or Alfvén waves the same
procedure can be performed by replacing the current voltage
relation with the cold plasma wave impedance relationship
(Stasiewicz et al., 2000),

E⊥ � b⊥VA

�������
1 + k2⊥λ

2
e

√
(2)

and using Ampere’s law with E⊥ ≈ − ∇⊥ϕ⊥, to provide the result,

ϕM ≥ μoΣP

�������
VAMVAI

√ (1 + k2⊥Mλ
2
eM)ϕI (3)

Here, λeM and k2⊥M are the electron inertial length and
perpendicular wavenumber in the magnetosphere, and the
wave is mapped along the geomagnetic field to the ionosphere
using the WKB approximation. Reflection of incoming Alfvén
wave Poynting flux from inhomogeneities, particularly at the base
of the acceleration region (Chaston, 2006), means that the WKB
estimate provides an upper limit for the magnitude of ϕI relative to
ϕM - hence the inequality inEq. 3. Here, it has also been assumed that
nM/nI ≪B0M/B0I so we can take k2⊥Iλ

2
eI → 0 (n is the plasma density

andB0 is the geomagnetic field strength). For an acceleration region at
1 Earth radius above the surface and densities of the order of 1 and
105 cm−3 in the acceleration region and ionosphere respectively, one
finds ϕI/ϕM < 1 for a weakly conducting ionosphere (ΣP � 1mho)
but more typically ϕI/ϕM ≪ 1 above auroral arcs where the
conductivity is large and the transverse scales are often of the
order of acceleration region λe (Borovsky, 1993).

For the interpretation of auroral imagery the large size of ϕM ,
relative to ϕI , has the significant implication that fast transverse
motions in auroral luminosity on scales less than λMI more likely
correspond to structured E × B flows in the magnetosphere than
flows in the ionosphere. These flows advect acceleration
structures whose motion is projected onto the ionosphere/
upper atmosphere by the precipitating accelerated electrons
that such structures drive. The guiding center of these
electrons follow ballistic trajectories below the acceleration
region subject to the conservation of the first adiabatic
invariant along the geomagnetic field before depositing their
energy in the upper atmosphere. These trajectories are largely
independent of the plasma dynamics operating below the
acceleration region and through the topside ionosphere except
via coupling/feedback on the acceleration region fields (Lysak,
1990) that drive them Earthward. While the low altitude
dynamics may have a turbulent character (Kintner and Seyler,

FIGURE 1 | Spectral statistics above “Alfvenic” aurora. (A) Average
spectral energy density in magnetic field variations (bY ) perpendicular to the
geomagnetic field as a function of frequency (fsp) measured in the spacecraft
frame. The inset plot shows the same result but as a function of the
wavenumber measured perpendicular to the geomagnetic field (kx ). The offset
in these curves at ∼10 Hz is due to the transition from fluxgate to search coil
magnetometer measurements. The later are recorded only during intervals of
enhanced auroral activity where spectral energy densities are larger leading to
the offset. (B) Average spectral energy density in electric field variations (Ex )
perpendicular to both the geomagnetic field and the magnetic field variations
shown in part (A). The two curves shown correspond to measurements made
in survey and burst instrument modes with the burst mode data downshifted
by 4 orders of magnitude for visibility. The black bars are composed of points
representing individual measurements in each frequency bin. (C) Observed
average value (red) of the ratio Ex/by as a function of perpendicular
wavenumber (kx ) and fsp. The blue line shows the ratio given by the dispersion
relation for inertial Alfvén waves based on locally observed parameters
[Modified from Chaston et al. (2008)].
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1985; Pécseli, 2015) this turbulence is not the topic of this
“Perspective” article. This distinction is supported by the fact that
observed ionospheric electric fields in and around auroral arcs (e.g.,
Vondrak, 1981) are insufficient to account for the rapid motions of
optical features in the aurora; while in contrast, the electric fields
observed in-situ, in and around regions of auroral electron
acceleration have magnitudes and orientations consistent with
these motions (Hallinan, 1981). Consequently, the motion of
optical elements within regions of luminosity provide the capacity
to image flows and electric fields in the acceleration region (Hallinan,
1981). This capacity is augmented by the fact that auroral luminosity
for the most commonly observed lines in bright discrete aurora is
proportional to the energy flux of field-aligned precipitating electrons
(Rees and Jones, 1973). This relationship has been demonstrated via
simulation and observations specifically for Alfven wave accelerated
electron distributions (Chaston et al., 2003). Themotion and intensity
of bright discrete auroral forms can therefore be considered
projections of the plasma dynamics and field-line integrated
dissipation through the auroral acceleration region.

In the following we draw on previously reported
observations to present a perspective on the relationship
between the spectral scaling of field structures through the
acceleration region and the motions of optical elements within
auroral forms. The consistency of the spectral scaling observed
in-situ with that observed via auroral imaging supports the
connection of E × B drifts through the acceleration region to
small-scale auroral motions and provides evidence for the
operation of a turbulence-like Alfvén wave cascade above
bright dynamic auroral arcs.

THE TURBULENT ALFVÉNIC AURORA

Figure 1 shows spectrograms of the spectral energy density in
electric and magnetic fields through the auroral acceleration region
as derived from statistics reported from the FAST mission
(Chaston et al., 2008). FAST had the unique capacity to
measure the electric field at several points in the spacecraft spin
plane allowing unambiguous measurement of k⊥ (kx in Figure 1).
Under the assumption that at each spacecraft frame frequency this
measurement applies to both the magnetic and electric fields, the
k-spectra in b⊥ (by in Figure1A) and E⊥ (Ex in Figure1B) were
derived. Themeasurements shown in Figure 1, apply specifically to
what is termed the “Alfvénic” aurora. The “Alfvénic” aurora is
characterized by electric andmagnetic field variations that obey the
local Alfvénic impedance relation of Eq. 2, as shown in Figure 1C
where the finite gyro-radius term is included. In the example
shown here, the Alfvénic nature of the fields extends over the range
10− 4(k⊥(10− 1 m−1 or scales from ∼60 km, representative of
λMI , down to 10 s of meters, encompassing λe and even reaching
ion gyro-radii (ρi). Significantly, over the range from
10− 4(k⊥(10− 2 m−1 there exists a distinct power-law scaling
where the energy density of the fluctuation varies as
b2⊥/Δk⊥ ∝ k−7/3⊥ . These relationships along with an analysis of
structure functions motivated Chaston et al. (2008) to suggest
the operation of a Kolmogorov-like turbulent cascade above
“Alfvenic” aurora much in the manner of critically balanced

cascades postulated by Goldreich and Sridhar (1997) and more
recently by Howes et al. (2008) in the Solar wind. The operation of
such a cascade above dynamic aurora was first proposed by Seyler
(1990) based on 3-D fluid-kinetic simulations.

Indeed, the measurements shown in Figure 1 bear remarkable
similarity to those reported in turbulent Alfvénic fields on kinetic
scales in the solar wind. In the work of Bale et al., (2005), for
example, spectral energy densities with a Kolmogorov
b2⊥/Δk⊥ ∝ k−5/3⊥ dependency are observed on scales larger than
Alfvén wave dispersive scale lengths, while within the dispersive
range (i.e. k⊥ρia1) a scaling close to b2⊥/Δk⊥ ∝ k−7/3⊥ is found.
While this is much like that shown in Figure 1 an important
difference, is that above aurorae, β<me/mi where β is plasma beta
andme andmi are respectively the electron and ion masses. Under
these circumstances the largest dispersive scale length for Alfvén
waves is λe rather than ρi. As a consequence, while the turbulent
fields on kinetic scales in the solar wind are sometimes described as
kinetic Alfvén waves, in the auroral acceleration region a more
appropriate description is that of inertial Alfvén waves (Stasiewicz
et al., 2000). Here, the reflection of magnetospherically driven
Earthward propagating waves off the ionosphere naturally provides
the counter-propagation required to facilitate the cross-scale
cascade. The study of the operation and consequences of this
cascade process above aurorae has the special advantage that its
operation is manifest in visible emissions that can be imaged.

IMAGING AN ALFVÉNIC CASCADE

The Reimei spacecraft (Sakanoi et al., 2003) provided conjugate
measurements of accelerated electrons and high temporal/spatial
resolution imaging of evolving auroral luminosity. Example
measurements of a rapidly evolving “Alfvénic” auroral arc are
shown in Figure 2. This identification is based on the relatively
flat electron spectra shown in Figure 2A as opposed to the clear
mono-energetic peak or inverted-V attributed to “quasi-static”
discrete aurora. The snapshots in Figure 2B-F show luminosity
over a 66 by 66 km field of view (FOV) at 110 km altitude and
∼670 nm on a logarithmic scale. Note that this prompt emission is
a consequence of energetic electron precipitation (Lanchester
et al., 2009; Frey et al., 2010). A bright feature with evolving
vortical forms at the upper edge of the region of luminosity can be
identified in each snapshot. This feature moves upward through
the FOV with the location of the magnetic foot-point of the
spacecraft on each image shown by the white box. This allows
identification of the electron spectrogram in Figure 2A driving
the luminosity at that location. Following this bright “arc” is a
region of swirling variations in luminosity corresponding to
larger vortical features. These snapshots are at a cadence of
0.6 s or every fifth frame retuned by the Reimei camera.

By cross-correlating the consecutive images at full resolution it is
possible to measure the velocity field of the features observed in
regions of luminosity. At the time of these observations the camera
looked along the geomagnetic field nearly normal to the Earth’s
surface so that the velocities observed are perpendicular to B0, The
cross-correlation is performed using a wavelet approach as
described in Chaston et al. (2010). This technique allows the
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decomposition of the optical motions as a function of scale subject
to a cross-spectral correlation factor that allows the removal of
noise. The analysis is performed on the 2-D spatial derivative of the
luminosity on scales defined by the wavelet used. Results from this
analysis using Paul wavelets (Torrence and Compo, 1998) applied
to the central snapshot shown in Figures 2D, and the snapshot
0.12 s later (not shown) for scales of 3.6 and 11 km are presented in
Figures 2G,H. Here the arrows indicate the direction and
magnitude of the velocity at half resolution while the color scale
shows the vorticity (Ω‖ � ∇ × v⊥) derived by finite differencing the
velocity field measurements. B0 is into the page with blue showing
clockwise rotation about B0 while red is anticlockwise. If these flows
correspond to E × B drifts, then blue corresponds to converging
electric fields, or negative space charge for electrostatic fields. The
regions in black in each frame indicate those regions where a reliable
determination could not be found.

Figure 2G shows there is considerable structure in the
vorticity on small scales distributed over the width of the
bright “arc”. As indicated by the arrows these features arise
from fast motions of the order of 20 km/s composed of both
shears and rotational flows. Nested regions of positive and
negative vorticity are observed representing structured electric

fields on kilometer scales. On larger scales the flow is smoother
and a prominent peak in negative vorticity or clockwise
rotation can be identified in the center right portion of
Figure 2H. Performing the same analysis for subsequent
image pairs shows rapid temporal variations in the small-
scale vorticity with these features advected in the larger scale
flow. Compiling statistics over the whole image sequence
shown in Figures 2B–F provides the spectrum presented in
Figure 2I. Here, each point represents the average of the
distribution in vorticity at each scale normalized by the
bandwidth occupied by each spectral bin in k-space. The
error bars shown correspond to the standard deviation. The
spectrum is well described by a power law varying as
Ω‖(k⊥)/Δk1/2⊥ ∝ k5/6⊥ over the range 2 × 10− 4 ( k⊥ < 3 × 10− 3
where k⊥ � 2π/λF and λF is the Fourier wavelength of the
wavelet (Torrence and Compo, 1998).

DISCUSSION AND CONCLUSION

The in-situ measurements and auroral imagery presented above
suggest the operation of a turbulent cascade of inertial Alfvén waves

FIGURE 2 | Reimei spacecraft measurements above an “Alfvenic” auroral arc. (A) Omni-directional electron energy spectrogram. (B–F) Snapshots at ∼670 nm of
the evolving luminosity. Yellow trace shows the trajectory of the spacecraft mapped onto each image with the white box indicating the spacecraft magnetic foot-point at
the snapshot time. (G–H)Optical vorticity measurements derived from cross-spectral analysis between snapshot d and the next frame capture (not shown) at the scales
indicated. Arrows show optical flow direction and relative speed. (I) Vorticity spectrum derived from the full resolution measurements over the time-range
comprising the sequence (B–F). Red dots show the log normal average in each k⊥ bin while the error bars show 1 standard deviation.
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in the auroral acceleration region. Over a range of scales extending
from ∼60 km down to 10 s of meters perpendicular to B0 the
relationship between the electric andmagnetic fields is that expected
from a broad k-spectrum of Alfvén waves. This range comprises
physical length scales extending from λMI , down to less than λe in
the acceleration region. The spectral scaling of the magnetic field
over the wavenumber subrange from 10− 4(k⊥(10− 2 m−1 is well
described by the power law, b2⊥/Δk⊥ ∝ k−7/3⊥ while the imaged
optical vorticity, within the same range, scales as
Ω‖(k⊥)/Δk1/2⊥ ∝ k5/6⊥ . A direct comparison between the in-situ
fields measurements and imaged vorticity measurements requires
conjugate measurements, however these spectral results are
statistical in nature and both pertain to “Alfvénic” aurora. This
allows a test to determine if the motions observed in the luminosity
are statistically consistent with those expected of flows in the
measured in-situ electromagnetic fields, and moreover, if the
spectral trends observed reflect those expected from a turbulent
cascade of Alfvén waves.

In inertial Alfvén waves the plasma moves at the E × B drift

speed so that the eddy turnover time is τ ∼ 1/k⊥v⊥ �
B0/b⊥k⊥VA

�������
1 + k2⊥λ

2
e

√
where based on the result shown in

Figure 1C we use E⊥ � b⊥VA

�������
1 + k2⊥λ

2
e

√
(Eq. 2). On the other

hand, the energy transport rate through the cascade is

ε(k) � H(k)/τ(k), So taking H � b2⊥/2μo and substituting for

τ provides ε(k) � b3⊥k⊥VA

�������
1 + k2⊥λ

2
e

√
/2μoB0. Noting that in

classical turbulence, ε(k) is invariant with scale (Frisch, 1995)

one finds after rearranging,

b2⊥/dk⊥ ∝ k− 5/3 (1 + k2⊥λ
2
e)−1/3 (4)

which for k⊥λe > 1 provides b2⊥/dk⊥ ∝ k− 7/3 as observed. On the

other hand, defining the vorticity as Ω‖ � ∇ × v⊥ and again using

E⊥ � b⊥VA

�������
1 + k2⊥λ

2
e

√
with b2⊥/dk⊥ ∝ k− 7/3 provides,

Ω‖(k⊥)/dk1/2⊥ ∝ k−1/6⊥

�������
1 + k2⊥λ

2
e

√
(5)

which in the limit k⊥λe > 1 returnsΩ‖(k⊥)/dk1/2⊥ ∝ k5/6⊥ as derived
from the imagery. Eq. 4 and Eq. 5 provide an internally consistent
description of the observed spectral scaling in the fields and
optical vorticity for k⊥λe > 1 based on the constancy of energy
transport across scales through a cascade of Alfvén waves. The
same scalings are returned by 3-D fluid-kinetic simulations of
auroral structures (Chaston et al., 2011)

While this model may describe the large wavenumber
portion of the spectrum, Figures 1A and 2I respectively
show that the b2⊥/dk⊥ ∝ k−7/3⊥ and Ω‖(k⊥)/dk1/2⊥ ∝ k5/6⊥ scalings
extend to k⊥λe(1. Consequently, there is additional physics
operating at large scales or small k⊥λe. A clue as to the nature of
this physics is provided by the fact that the lower limit of the
range over which this scaling prevails is qualitatively consistent
with the M-I coupling scale length which depends on the
effective field-line conductivity. If we define σ � 1

μoλ
2
e ]
, where

] is an anomalous collision frequency, the impedance
relationship for the inertial Alfvén wave becomes (Lysak and
Carlson, 1981),

E⊥ � b⊥VA

���������������
1 + k2⊥λ

2
e(1 + i]/ω)

√
(6)

Where ω is the wave frequency. Re-deriving Eq. 4 and Eq. 5 using
Eq. 6 shows that the expression under the radical in both cases is
replaced by that in Eq. 6. Since ω≪Ωi, ] can be quite small
relative to Ωi while still providing

∣∣∣∣k2⊥λ2e(1 + i]/ω)∣∣∣∣> 1 even if
k⊥λe(1. Under these circumstances the observed scaling
relations, b2⊥/dk⊥ ∝ k−7/3⊥ and Ω‖(k⊥)/dk1/2⊥ ∝ k5/6⊥ , will be
retained in the Alfvén wave model on scales larger than
several inertial lengths.

An estimate for the value of ], independent of that required to
account for the observed spectral scaling, is not currently
available and the physics it represents goes beyond the scope
of this article. It may however, be a consequence of localized
irregularities in phase space (Ergun et al., 1998) or non-local
kinetic effects (Rankin et al., 1999) intrinsic to current closure in
Alfvén waves for finite electron temperatures in the converging
geomagnetic field. In either case, the requirement for finite
field-line conductance on large scales parameterized here in
terms of ], highlights the importance of electron kinetics in
defining the cross-scale cascade observed in “Alfvénic”
aurora.

Finally, an analysis similar to that above has been performed to
examine the scale dependency of variations in auroral luminosity
(Chaston, 2015), albeit within an “inverted-V” or “quasi-static”
auroral arc with a different scaling in b2⊥/dk⊥. That analysis
showed that the integrated dissipation through the acceleration
region predicted by the Alfvén wave cascade model reproduces
the observed scale dependency of luminosity, and, similar to those
results derived above, requires an effective field-line conductivity
to reproduce the observed scaling at small k⊥λe. Given that this
dissipation should reduce the spectral index of the energy cascade
it is surprising how well the observed k-spectra in b2⊥/dk⊥
replicates the predicted spectral-scaling from the Kolmogorov-
like treatment developed above. This result suggests that either
the energy transport rate across scales is sufficiently rapid that the
losses through dissipation are relatively small, or that the
dissipation on scales less than λMI is such that the effect is
uniform across the observed range. This a topic requiring
further investigation. Nonetheless, the fact that the observed
statistics describing the spectral scaling in k-space of the
magnetic energy density, vorticity and luminosity can all be
derived from the assumption of a constant cross-scale energy
transport rate is evidence that a turbulent cascade operates above
“Alfvénic” aurora.
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