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Introduction: A two-warehouse deterministic inventory system for purchases 
of short-expiry items with low purchasing costs is modelled. The total cost of 
the replenishment cycle is arrived at by implementing multiple just-in-time (JIT) 
purchases for the slotted backlogged customers. It avoids the loss of impatient 
customers who are virtually waiting for a long time.

Methods: The inventory system consists of an own warehouse (OW) with finite 
capacity and an integral rental warehouse (RW) with unlimited capacity. Handlingand 
selling items with short expiry is a challenging task in revenue generation in commercial 
inventory management. Two categories of identical items are purchased: Category 1 
consists of items whose expiry date falls within the replenishment cycle period, while 
Category 2 includes items with longer expiry dates. Unlike the traditional assumption 
in the literature, the items in Category 1 are purchased for a low price and stored in 
RW. Items in Category 2 are stored in OW. Due to short expiry of items, demands are 
first satisfied from the RW. The items in the RW are emptied before the expiry date 
of the items, due to expiry date-dependent deterioration and constant demand. At 
the same time, the items in the OW are decreasing due to exponential demand and 
constant deterioration. All customers are backlogged during the stock-out period 
and slotted into three intervals. The finite number of JIT purchases is employed to 
satisfy the backlogged slotted demands that occur before the last slot.

Results and Discussion: We optimize the total cost of the replenishment 
cycle, RW utility, and total items purchased. The model is illustrated with an 
appropriate numerical example, and extensive sensitivity analysis is conducted 
on the system’s performance.
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1 Introduction

Just-in-time (JIT) purchasing is a strategic approach to 
establishing and managing the supply chain that effectively minimizes 
inventory, facilitates frequent purchases, ensures high quality, fosters 
strong supplier relationships, and improves production efficiency. This 
study is based on an unusual two-warehouse inventory model with a 
finite JIT purchase to satisfy the backlog slots. Supply chain 
management is the main portfolio of any industrial system. JIT 
production and JIT purchasing policies have revolutionized cost 
optimization in supply chain management for large-scale industries. 
The inventory model assists managers in controlling inventory levels 
by addressing the queries of how much, when, and what to buy to 
purchase in order to maintain sufficient quantities of inventory to 
meet customer demand. The supplier offers discounts on the purchase 
of items that either have a short expiration date or are purchased in 
bulk. Any commercial business faces business risks that lead to an 
inadequate amount of profit due to some uncertainties, including 
changes in environmental conditions, customer needs and preferences, 
item deterioration, and heavy and increasing competition in the 
market. Retailers often make risky decisions to maximize profits by 
purchasing items with short expiration dates, items on discount, and 
items at regular prices. It increases their income if all items are sold 
within the stipulated time limit. The literature study that contributed 
to initiating the current study is as follows:

The article (1) links supply chain management, just-in-time 
delivery, and quality management and analyzes how these elements 
contribute to improved company performance. The results exhibit the 
organization’s point of view on the links at both strategic and operational 
levels. In Ismail Salaheldin (2), it is identified that JIT performance is 
strongly related to human resource modification initiatives. The findings 
indicate that, with careful consideration of each unique enterprise, the 
JIT concept can be  effectively applied to Egyptian manufacturing 
enterprises. JIT is a strategic theory that encourages uniqueness and 
worth. It has practical consequences. In the work of Duclos et al. (3), 
Toyota Motor Company was commended for creating and executing a 
strategy that boosted its competitiveness in the automobile industry. JIT 
is defined by the American Production and Inventory Control Society 
as a production excellence mindset focused on organized waste removal 
and continued output growth. It covers all phases of the production 
process, from raw material conversion to the level of distribution. The 
JIT purchasing method was investigated in Christensen (4) as an aspect 
of the Freight Transport Association’s response to the transportation 
argument and was found to reduce container movements due to 
improvements in technology and vehicle utilization. It also allows the 
company to show advancements, environmental advantages, and 
customer relations and suggests additional savings.

The supplier–manufacturer ties in the JIT setting and their 
influence on the effectiveness of JIT execution is discussed in Wafa 
et  al. (5). Additionally, it investigates the functions of data, 
collaboration, vendor relationships, and supplier closeness in JIT 
performance. A metric for assessing JIT effectiveness is proposed, 
incorporating both monetary and non-monetary factors. The existence 
of complementarity among the internal and external JIT  bundles is 
tested in Furlan et al. (6). It is shown that the upstream and downstream 
of JIT are complemented by analyzing the international research 
project data set in optimizing operational performances. In Hwang and 
Hahn (7), it examines the best strategy for purchasing items with the 
assumption that the demand rate is a function of the present stock level 

and that each unit has an expiry date. The susceptibility of decision 
factors while changing the parameter values is investigated using a 
mathematical model and solution technique. An inventory model with 
price, freshness, and stock-dependent demand is proposed in Feng 
et al. (8). They determine unit price, total cycle time, and ending-
inventory level, which maximize the total profit. The study (9) examines 
a more realistic scenario in which a product’s deterioration rate steadily 
rises as the expiration date approaches. The factors of choice that 
minimize the overall cost are the optimum cycle duration and the cycle 
fraction of no shortages. The model is validated by a numerical example.

The retailers’ and suppliers’ purchasing policies are established in 
Hsu et al. (10) with the constraints of product deterioration, expiry 
date, lead time, capital limits, and seasonal demand. Total order 
quantity, stock-out period, optimum replenishment cycle, and source 
handling cost for the supplier are estimated. In Wu et al. (11), an 
EOQ model for retailers is suggested to determine the optimum 
credit period and cycle time for the supplier-retailer–buyer supply 
chain. It explains how to increase sales and income while increasing 
trade credit. This article (12) shows that the optimum restocking 
cycle time for a store is not just something that happens; it is also 
unique, making it easier to identify a solution. The DCF analysis is 
used to calculate all pertinent costs. Both numerical examples and 
risk analysis are used to explain the different issues and gain 
management insights. The optimum lot-sizing strategies for retailers 
who sell deteriorating goods to trade payables while providing partial 
trade credit to reduce risk are suggested in Wu et al. (13). The pseudo-
convex fractional functions are used to attain the best answer and to 
get better discrimination terms. A deterministic replenishment 
system involving multiple warehouses with restricted storage space 
and a time-dependent demand rate is discussed in Zhou (14). The 
products from the rented warehouse are moved to the owned 
warehouse in a continuous release pattern.

A two-storage inventory system was developed for deteriorating 
goods with advanced payment, a constant partial backlog, and selling 
price-dependent demand (15). Product promotion is an essential 
component of inventory research, as both price and availability play a 
vital role in attracting customers. The study (16) considered these 
aspects along with deteriorating items of price- and stock-dependent 
demand in partially backlogged storage. A two-storage inventory 
approach with an advance payment option has been developed in 
Khan et  al. (17) for three different scenarios based on varying 
beginning times for degradation in both warehouses. Three optimal 
issues have been identified, and their optimality is mathematically 
demonstrated. An algorithm is suggested to solve the model. This 
article (18) includes an EOQ inventory model based on the price and 
stock-dependent demand with the shortfalls in backlog. The inventory 
issue is transformed into a non-linear constraint optimum issue, and 
the cycle duration and overall cost are calculated using the Taylor series.

The study by Mashud et al. (19) explores product deterioration in a 
production-inventory newsboy model using just-in-time deliveries. The 
classical optimization techniques of the distribution-free approach are 
employed with the consideration of a return and post-sale warranty 
policy to improve business and attract customers. Validity is 
demonstrated through theoretical development and numerical examples. 
The article by Mashud et al. (20) presents a two-warehouse sustainable 
inventory model by considering the factors of price-dependent demand, 
non-instantaneous deterioration rate, discount facility, partial backlog, 
and various payment options for both retailers and suppliers. The 
classical optimization technique is employed to maximize the total profit 
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of the system. In Mashud et al. (21), the study on the inventory model 
explores optimal pricing and inventory strategies for deteriorating 
products with price-dependent demand and advanced payment systems, 
incorporating time-dependent holding costs. It highlights how advanced 
payment periods, installment numbers, product lifecycle, purchasing 
cost, and demand function significantly impact total profit. A solution 
to the problem involves placing two orders one period apart, with the 
second order designed to fulfill any demand unmet by the first order 
(22). It facilitates the reduction of shortages and minimizes the total costs.

The study (23) facilitates anyone to know the impact of monetary 
inflation on a two-warehouse inventory system by emphasizing stock-
dependent demand and flexible payment options in attaining optimum 
total cost. The article (24) projects a two-warehouse inventory model 
with ramp-type demand and constant deterioration, utilizing a rental 
warehouse for surplus goods and prepayment in equal installments. 
Stock-outs are addressed through emergency purchases, and the model’s 
effectiveness is demonstrated through numerical examples. The article 
(25) investigates two-warehouse inventory systems integrated with a 
production unit, aiming to optimize the total production cycle and cost. 
It employs an analytical optimization approach using the discriminant 
method, focusing on unit utility, fluctuating deterioration rates, and 
varying demand and production parameters. The sensitivity of unit 
utility, fluctuating deterioration rates, variable demand, and production 
parameters are revealed by numerical values. The article (26) analyses a 
single product inventory with two warehouses, varying storage costs to 
maintain quality and prevent deterioration, and unpredictable demand 
patterns. It proposes an instantaneous replenishment policy and assumes 
payment delays, demonstrating the optimal overall cost.

In today’s unpredictable market conditions and due to rapidly 
changing customer demands, any business faces a stock-out state in 
the course of the entire replenishment cycle. Customers’ behaviors are 
presently more unpredictable and less dependable, which results in a 
small percentage of customers only willing to wait for the product 
until it gets replenished in the inventory during the stock-out period. 
The complementary percentage of the customer is treated as lost 
customers. It is a great challenge to retailers, and they are forced to go 
for a finite number of JIT purchases by slotting the stock-out time 
interval. Since the JIT purchase policy is not always profitable in 
scenarios of inventory management, the cost price of the product also 
increases continuously. Moreover, retailers are offered a variety of 
discount offers upon bulk ordering.

The article flow is depicted in Figure 1.

2 Notations and assumptions

2.1 Notations

This model is developed with the following notations:

( ) ( ),I t I tO R On-hand inventory levels at ‘ ’t  in OW  and 

,RW  respectively.

D Constant rate of demand for the items in RW .

λAe t Exponential demand rate for the items in OW , 

where λ >, 0.A

L Expiry time point for the items in RW .

( )φ t
Expiry date-dependent deterioration rate of the 

items in RW , where ( ) 10 1
1

φ≤ = ≤
+ −

t
L t

.

θ Constant deterioration rate of the items in OW .


Total number of items purchased per 

replenishment cycle.


Total number of expiry date-constrained items 

that are purchased.

WO Maximum OW capacity.

WR
Expiry date-constrained items which are stored 

in RW .

i Number of JIT  purchasing quantity to satisfy 

the slot- i  backlog customers, i = 1, 2.

3
Number of backlogs in slot-3 is satisfied from 

ordered  items.

I
Ordering cost for the regular order.

Ji Ordering cost of the i JITth purchase order, 

where = 1,2i .

1P
Purchasing cost of an expiry date unconstrained 

item.

2P
Purchasing cost of an expiry date-constrained 

item.

Pi Purchasing cost of the JIT  purchase item for a 

customer in the slot i , where = 3,4i .

,h hR O Holding cost of tan item in RW  and OW  

respectively.

,d dR O Deterioration cost of an item in RW  and ,OW  

respectively.

b
Cost for backlogging a customer.

1t Non-instantaneous deterioration length of OW

.

2t Time interval in which the RW  becomes 

empty.

3t Time interval in which the OW  becomes 

empty.

4t The time point in which the first JIT  purchase 

was made.

5t The time point in which the second JIT  

purchase was made.

6t
Total replenishment cycle length.

∗
2t , ∗

6t
Optimal values of ,2 6t t .

∗TC Optimal value of the total cost .TC

https://doi.org/10.3389/fams.2025.1410533
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org


Thilagavathi et al. 10.3389/fams.2025.1410533

Frontiers in Applied Mathematics and Statistics 04 frontiersin.org

2.2 Assumptions

The optimization study of the model proceeded with the 
following assumptions:

 • The rate of replenishment is infinite, and replenishment 
happens instantly.

 • The lead time is negligible.
 • The planning horizon is limited.
 • All items are subject to deterioration, and items should never 

be sold just after their’ expiry date L  not even for a lower cost.
 • A finite number of JIT ordering strategies is implemented.
 • Items with unconstrained expiry date (That means the items 

whose expiry date falls after the time point 6t ) are stored in OW .
 • Items with constrained expiry date (That means, the items whose 

expiry date ends at L  which lies within the time point 6t ) are 
stored in RW .

 • The space of OW  is limited, but RW is of infinite capacity.
 • The deterioration cost of an item in OW  is smaller than the 

deterioration cost of an item in RW .
 • The first and second JIT  purchases satisfy the backlog customers 

of slot-1 and slot-2, respectively.
 • The slot-3 backlog customers are satisfied by the purchase of 

constrained expiry date items at the start of the next 
replenishment cycle.

 2 1 3 4.P P P P< < <

 • Items in OW are of a non-instantaneous deteriorated nature.

3 Model formulation and solution

The retailer purchases   (includes the fraction of constrained 
expiry date items) items at first. It is stored OW  number of 
unconstrained expiry date items in OW  as it is its maximum capacity. 
The remaining 3R OW W= − −   items are stored in RW  after 
satisfying the 3  backlogs of slot-3 of the previous cycle. The items in 
RW  reach zero at 2t  due to the joint effect of demand and 
deterioration. Once RW  is empty, further demands are satisfied by 
the items from OW . Items in OW  are subject to non-instantaneous 
deteriorated nature, which prolongs time 1t . After the time point 2t , 
the items in OW  start to decline because of the demand and 
deterioration; finally, it reaches zero at 3t . The demands in the 
stock-out period are partitioned into three slots, say slot-i, 1,2,3i = . 
First JIT  purchase is made at the time point 4t  to satisfy the 

backlogged customers in slot-1, and second JIT  purchase is made at 
5t  to satisfy the backlogged customers in slot 2. Such an 

implementation of JIT  purchase helps to avoid and reduce the 
backlog customers’ waiting time in the system. Backlogs in the interval 

5 6,t t    are satisfied by the constrained expiry date items at the 
beginning of the next replenishment cycle (see Figure 2).

The occurrence of dynamic change of items in the RW  is subject 
to the expiry date-dependent deterioration and constant demand. It 
is represented by the following differential equation, which depicts 
that the rate of change of the inventory level in the RW  is equal to 
the decrease in the inventory level ( )RI t due to deterioration among 
the items and the occurrence of demand. The inventory level ( )RI t  
at any time point 10,t t∈    in RW is governed by the 
following equation:

 
( ) ( )1

1R R
d I t I t D
dt L t

+ = −
+ −  

(1)

Solving Equation 1, with the boundary condition ( )2 0RI t = , 
we get Equation 2

 
( ) ( )

2

11 ln ,
1R

L tI t D L t
L t

 + −
= + −  + −  20,t t∈    

(2)

At the same time, there is no demand for the items in OW  up to 
the time point 1t . However, item deterioration starts after the time 
point 1t  as the effect of non-instantaneous deterioration. The 
following differential equation represents the inventory 
level at 1 2,t t t∈   .

 
( ) ( ) 0O O

d I t I t
dt

θ+ =
 

(3)

Solving Equation 3 with the boundary condition, ( )1O OI t W= , 
we get Equation 4

 ( ) ( )1 ,t t
O OI t W eθ −= 1 2,t t t∈    

(4)

After 2t , the demands are satisfied by the items stored in the OW  
because the RW  becomes empty at 2 0t = . So, the inventory level at 
the OW  decreases due to both exponential demand rate and constant 
deterioration, and the inventory level at 2 3,t t t∈   is expressed by the 
following differential equations,

Section-1
Introduction 

Section-2
Assumptions &

Notations

Section-3
Model Formulation &

Solutions

Section-5
Conclusion & 
Future Works

Section-4
Numerical Example 
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FIGURE 1

Diagram for the article flow.
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( ) ( ) t

O O
d I t I t Ae
dt

λθ+ = −
 

(5)

Solving Equation 5 by applying the boundary 
condition, ( )3 0OI t = , we get Equation 6.

 
( ) ( ) 3 ,t t t

O
AI t e eθ λ θ λ

θ λ
+ − = −  + 2 3,t t t∈    

(6)

After the time point 3t , the demands are fully backlogged and 
considered as three slots, such as the backlogs in the intervals 

3 4 4 5, , ,t t t t       , and 5 6,t t   . The number of demands in the stock-out 
period is of exponential demand. The following differential equation 
represents the number of backlogs in the stock-out period, irrespective 
of the slots.

 
( ) t

O
d I t Ae
dt

λ=
 

(7)

The Equation 7 may be solved by using the conditions ( )3 0OI t =
, ( )4 0OI t = , and

( )5 0OI t = , we get Equation 8

 

( )

3

4

5

3 4

4 5

5 6

, ,

, ,

, ,

t t

t t
O

t t

A e e t t t

AI t e e t t t

A e e t t t

λ λ

λ λ

λ λ

λ

λ

λ

  − ∈    

  = − ∈    
  − ∈      

(8)

The total number of backlogged occurred in the three slots are 
represented in Equations 9–11.

 
( ) 4 31 4

t t
O

AI t e eλ λ
λ
 = = − 

 
(9)

 
( ) 5 42 5

t t
O

AI t e eλ λ
λ
 = = − 

 
(10)

 
( ) 6 53 6

t t
O

AI t e eλ λ
λ
 = = − 

 
(11)

The total number of items purchased from the regular supplier is 
derived as Equation 12.

 ( ) ( ) 30 0O RI I= + + 

 
( ) 6 5

2

11 ln
1

t t
O

L AW D L e e
L t

λ λ
λ

 +  = + + + −   + − 


 
(12)

The cost functions of the model are presented from 
Equations 13–18.

 1) Ordering Cost: Ordering costs are the charges a business incurs 
when placing an order with a supplier for goods, services, or 
raw materials. They are sometimes referred to as procurement 
costs or start-up costs. Here, we are considering three orders, 
such as ordinary, JIT 1 and JIT 2.

 1 2OC I J J= + +  (13)

FIGURE 2

Flow of the inventory system per cycle.
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 2) Purchasing Cost: Purchasers must pay suppliers a certain 
sum called a purchasing cost when purchasing an inventory 
item. Here, we consider four purchasing costs, namely the 
purchase cost for a regular order, the purchase cost for expiry 
date constrained items, and the purchase cost for JIT 1 and 
JIT 2 items.

Purchasing cost is associated with the cost of

 ( )1 2 3 3 1 4 2O RPC PW P W P P= + + + +  
 

(14)

 3) Holding Cost: Holding costs are the costs incurred to store 
inventory. Here, Rh  represents the holding cost per unit of 
time in RW . Moreover, Oh  represents the holding cost per 
unit of time in .OW

 
( ) ( ) ( ) ( )2 1 2 3

1 20 0

t t t t
R R O O O Ot t

HC h I t dt h I t dt I t dt I t dt   = + + +      ∫ ∫ ∫ ∫

 

( ) ( )2 2
22

2

1 11ln
2 1 4 2R
L L tL tHC h D

L t

  + + +  = + −   + −    

 

( )( )
( ) 3 2 3 2 3

1 2
1 1

t t t t t
t tO

O O
W A e e e eh t W e

θ λ θ λ λ λ
θ

θ θ λ θ λ

+ −
−

  − −  + + − + +
 +     

(15)

 4) Deterioration Cost: This cost is the amount of money lost due 
to inventory deterioration during storage.

 
( ) ( ) ( )2 2 3

1 20
1

1
t t t

O R R O Ot t
DC d I t dt d I t dt I t dt

L t
θ   = + +   + −   ∫ ∫ ∫

 

( )

( )( ) ( ) 3 2 3 2 3
1 2

2
2

1 L1 In
1

1

O

t t t t t
t tO

R

DC d D L t
L t

W A e e e ed e
θ λ θ λ λ λ

θθ
θ θ λ θ λ

+ −
−

  +
= + −  + −  
  − −  + − + +

 +     

(16)

 5) Backlog Cost: The term “backlog cost” refers to the cost of 
running out of products. The loss of potential item sales 
profit, the damage to goodwill resulting from a permanent 
customer loss, and the resulting loss of future sales profit are 
all included in this cost. Therefore, the backlog cost is 
calculated as follows:

 
( ) ( ) ( )4 5 6

3 4 5

t t t
O O Ot t t

BC b I t dt I t dt I t dt = + +  ∫ ∫ ∫

 
( ) ( ) ( ) ( )6 3 3 4 54 3 5 4 6 5

1 t t t t tbABC e e e t t e t t e t tλ λ λ λ λ
λ λ
 = − − − − − − −    

(17)

 6) Total cost of the system: The total cost of the system in a unit 
of time is the sum of all the associated costs.

 
( )2 6

6

1Total cost ,TC t t OC PC HC DC BC
t

= = + + + +  

 

( )

( )
( )

( )

( )( )
( )

( )

1 2

3 2 3 2 3

1 2 1 2 3
2

23 1 4 2
2

22

1

2 6
6

2

1 1ln
2 1

1
4 2

1

1, 11 ln
1

O R

R

t tO
O

t t t t tO

O

I J J PW P W

L L
L tP P h D

L tt

Wt W e

h A e e e e

TC t t Ld D Lt
L t

θ

θ λ θ λ λ λ
θ

θ λ θ λ

−

+ −

+ + + + +

  +  +     + − + + +   
  + 

+ −    
 + − 
 +   − −  + +

 +   
=  +

+ +
+ −



 

( )( )
( )

( ) ( )
( ) ( )

1 2

3 2 3

2 3

6 3 3

4 5

2

4 3

5 4 6 5

1

1

t tO

t t t
R

t t

t t t
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The classical analytic optimization method for two variables is used 
to optimize the system’s total cost ( )2 6, .TC t t  The following algorithm 
using MATLAB code is designed to achieve cost optimization:

Step 1: Initialize all the parameters.

Step 2: compute 
( )2 6

2

,TC t t
t

∂

∂
 and 

( )2 6

6

,TC t t
t

∂

∂
. Apply the below 

necessary conditions to arrive at the critical points of the cost surface:

 

( ) ( )2 6 2 6

2 6

, ,
0; 0.

TC t t TC t t
t t

∂ ∂
= =

∂ ∂

Step  3: Find all second-order partial 

derivatives
( )2

2 6
2

2

,TC t t

t

∂

∂
, 

( )2
2 6
2

6

,TC t t

t

∂

∂
, 

( )2
2 6

2 6

,TC t t
t t

∂

∂ ∂
.

Step 4: Generate the Hessian matrix as follows:

 

( )

( ) ( )

( ) ( )

2 2
2 6 2 6
2 2 62

2 6 2 2
2 6 2 6
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,
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∂ ∂ ∂
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∂ ∂ 
 ∂ ∂ ∂ 

Check for the critical points for which all second derivatives are 
as follows:

If, 
( )2

2 6
2
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,
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TC t t
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∂
>

∂
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( )2
2 6
2
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,
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∂
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∂
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2 6

2 6

,
0

TC t t
t t

∂
>

∂ ∂

https://doi.org/10.3389/fams.2025.1410533
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org


Thilagavathi et al. 10.3389/fams.2025.1410533

Frontiers in Applied Mathematics and Statistics 07 frontiersin.org

Select the critical point that yields the discriminative value 
as follows:

 

( ) ( ) ( )2 2 2
2 6 2 6 2 6
2 2 2 62 6

, , ,
0

TC t t TC t t TC t t
t tt t

∂ ∂ ∂
− >

∂ ∂∂ ∂

Then, the Hessian matrix will be positive definite for such a point. 
Hence, the surface of the total cost function ( )2 6,TC t t is convex 
in nature.

Otherwise, go to step 3 and proceed with other critical points.
Step  5: Best optimum total cost is identified and 

denoted by ( )2 6,TC t t∗ .
Step 6: Stop the procedure.
The time point 2t∗  and 6t∗ , which minimizes the total cost 

function, TC say TC ∗ . It leads us to obtain the optimum total order 
quantity and backlog period.

4 Numerical example and sensitivity 
analysis

4.1 Numerical example

The model is validated in the particular environment with the 
following parameter values:

1 800J = ; 2 80J = ; 3 85J = ; 1 58P = ; 2 352; 62P P= = ; 4 64P = ; 
3Rd = ; 5Od = ; 100OW = ; 7Rh = ; 6Oh = ; 3.8A = ; 7D = ; 

0.23θ = ; 10.29; 7.7; 1.7L tλ = = = ; 3 7t = ; 4 7.4t = ; 5 7.6t =  in 
appropriate units.

We have arrived at the optimum outputs as follows:
2 4.06t∗ = ; 6 7.92t∗ = ; 2067.20TC ∗ = ; 149.85∗ = ;  

1 12.27B∗ = ; 2 6.69B∗ = ;
3 11.17B∗ = ; 9581.00PC ∗ = ; 5056.90HC ∗ = ; 705.97DC ∗ = ;  

42.97BC ∗ =
The total cost function for the above-said environment is 

presented in Figure 3.

4.2 Sensitivity analysis

Any situation that involves decision-making may encounter a 
shift in parameter values due to uncertainty. The sensitivity 
analysis will play a significant role in decision-making when 
examining the effects of these adjustments. The sensitivity analysis 
of factors was performed using the same parameters considered 
in the same environment as in the numerical illustration. First, the 
demand parameter λ  is varied from 0.19 to 0.31. Furthermore, 
the demand parameter A  is varied from 3.4 to 4.6. The 
corresponding optimum measures of the model are listed in 
Table 1.

Based on the values in Table 1, we infer the following results: 
If the demand parameters λ and A  are increased, then the 
optimum JIT ordering quantities 1B∗  and 2B∗  are also increased 
by the impact of the decrease in the optimum total length of the 
cycle. As a result, the total optimal cost per unit of time also 
increases in an exponential trend. Such effect is depicted in 
Figures 4, 5.

That is, the increase in both λ and A  values are negatively 
correlated with optimum total cycle length, which is true in 
nature, and positively correlated with optimum JIT purchasing 
quantities and optimum time interval in which the RW becomes 
empty. As a result, the optimum total cost is increased. Such an 
effect is depicted in Table 1.

Additionally, the effect of variation of deterioration parameter 
θ  and expiry date L  on the optimum measures is shown in 
Table 2.

The following managerial insights are obtained based on the 
computational findings.

It emphasizes the impact of the deterioration parameter θ  on 
purchase cost, holding cost, and deterioration cost. One may 
observe that the purchasing cost exhibits an increase, reflecting 
higher procurement expenses to compensate for the faster rate of 
deterioration. Holding cost demonstrates a decrease, indicating 
reduced storage costs due to decreased inventory levels caused by 
deterioration. Deterioration cost increases, corresponding to the 
amplified deterioration rate within the inventory system. It 
increases the optimum total cost of the system. It provides critical 
insights into the model’s performance, showcasing its robustness 
and effectiveness in capturing real-world dynamics. The observed 
trends are shown in Table  2 and Figure  6, reinforcing the 
soundness and practical applicability of the inventory model in 
managing costs under varying deterioration rates.

Now, it is discussed the influence of prolonging the items’ 
expiry date L  in inventory modeling for optimizing the total 
cost. As the expiry date L  extends, purchasing cost increases, 
indicating short-expiry items are purchased for less price. 
Holding costs demonstrate a decrease, reflecting reduced storage 
expenses as inventory can be managed more efficiently over time, 
and deterioration costs experience a decrease, too. This results in 
a decrease in the total system’s optimum cost. It confirms the 
model’s robustness in adapting to variations in expiry dates while 
achieving cost optimization. The findings are substantiated by 
Table 2 and Figure 7, illustrating the model’s capability to address 
practical scenarios effectively and affirming its sound 
performance in inventory management.

FIGURE 3

Total cost function.
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5 Conclusion and future work

We have developed a two-warehouse deterministic inventory 
model with multiple purchases. The unconstrained expiry date 
items are stored in the OW . In addition, we incorporate finite JIT
purchases for the partial backlog customers to avoid the lost sale. 
The model suggested the effect of reducing the lost sales by a finite 
number of JIT  purchases in the stock-out interval. The model is 
validated in a specific environment by numerical examples, and it 
suggests that the retailer should opt for appropriate managerial 
decisions to optimize his total cost.

 • The effect of changes in exponential demand parameters, 
deterioration rate, and extension of the constrained expiry date 

of the items on optimizing the cost functions are listed in tables 
and depicted in the figures, which are the recommendations and 
suggestions to the retailers to fix their optimum strategies and 
finalize their decisions to succeed in the highly competitive 
business environment.

 • If the demand parameters λ and A  are increased, then the 
optimum JIT ordering quantities 1B∗  and 2B∗  are also increased 
by the impact on the decrease of the optimum total length of the 
cycle. As a result, the total optimal cost per unit of time 
also increases.

 • The holding cost and deterioration cost are moderately increased 
for the increase in the deterioration parameter θ , whereas the 
purchase cost is highly decreased due to the increase of θ  
in the OW .

TABLE 1 Effect of variation of λ  and A  on the optimizing measures.

2∗t 6∗t
∗TC 1∗B 2∗B

λ

0.19 3.21 9.94 1734.19 5.97 3.16

0.21 3.37 9.42 1804.91 6.90 3.67

0.23 3.50 8.97 1874.14 7.97 4.27

0.25 3.68 8.58 1941.32 9.2 4.96

0.27 3.86 8.23 2005.87 10.62 5.76

0.29 4.06 7.92 2067.20 12.27 6.69

0.31 4.26 7.64 2124.68 14.17 7.77

A

3.4 3.75 8.10 1999.99 10.98 5.99

3.6 3.91 8.01 2034.78 11.63 6.34

3.8 4.06 7.92 2067.20 12.27 6.69

4 4.20 7.84 2097.48 12.92 7.04

4.2 4.32 7.76 2125.79 13.56 7.39

4.4 4.44 7.68 2152.29 14.21 7.75

4.6 4.55 7.61 2177.12 14.85 8.10

FIGURE 4

Effect of variation in λ  on ∗
1B  and ∗

2B .

FIGURE 5

Effect of variation in A  on ∗
1B  and ∗

2B .
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In the future, the present study may extend its scope to include 
factors such as price and advertisement-dependent demand, 
retailers’ late payment options with and without installment 
payments, screening of items, and system re-do facility. 
Incorporating these factors could yield fruitful suggestions and 
recommendations for many retailers in different 
business environments.
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