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In this article, we study the sampling recovery problem for certain relevant
multivariate function classes on the cube [0, 1], which are not compactly
embedded into Ls([0, 1]9). Recent tools relating the sampling widths to the
Kolmogorov or best m-term trigonometric widths in the uniform norm are
therefore not applicable. In a sense, we continue the research on the small
smoothness problem by considering limiting smoothness in the context of
Besov and Triebel-Lizorkin spaces with dominating mixed regularity such that the
sampling recovery problem is still relevant. There is not much information available
on the recovery of such functions except for a previous result by Oswald in the
univariate case and Dinh D0ng in the multivariate case. As a first step, we prove
the uniform boundedness of the ¢p-norm of the Faber coefficients at a fixed
level by Fourier analytic means. Using this, we can control the error made by a
(Smolyak) truncated Faber series in Lq([0, 119) with g < oo. It turns out that the
main rate of convergence is sharp. Thus, we obtain results also for 5%,00'[([0' 119),

a space “close” to S% W([0, 119), which is important in numerical analysis, especially
numerical integration, but has rather poor Fourier analytical properties.

KEYWORDS

sampling recovery, limiting smoothness, non-compact embedding, Faber basis, mixed
smoothness

1. Introduction

In this article, we continue to study the approximation power of Smolyak sparse
grid sampling recovery for multivariate function classes with small mixed smoothness
;)QB([O, 1]%) and S;’QF([O, 1]) based on the multivariate Faber representation [1, 2] of f.
The advantage of such a representation is the fact that the coefficient functionals only use
discrete functional values of f, see (2.1) and (2.3) below, which allow for various applications.
For instance, Kempka et al. [3] used the Faber system to analyze the path regularity of the
Brownian motion, where a small smoothness setting is also required.

It provides a powerful tool for studying various situations of the sampling recovery
problem where errors are measured in L. Surprisingly, the proposed method turned out to
be sharp in several regimes. A systematic discretization of multivariate functions with mixed
smoothness in terms of Faber coefficients is given [1, 2, 4, 5], see also [6] for further history.
In this article, we study an endpoint situation for the sampling recovery problem on the cube
[0,1]9, where r = 1/p in the source space and the fine parameter 6 < 1 is sufficiently small.
This still allows for an embedding into the continuous functions (therefore making function
evaluations possible). However, the embedding into L is only compact if g < oo.

Recent observations regarding the problem of optimal sampling recovery of function
classes in L, bring classes with mixed smoothness to the focus again since several newly
developed techniques only work for Hilbert-Schmidt operators [7-9] or, more generally,
in situations where certain asymptotic characteristics (approximation numbers) are square
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summable [10, 11]. We need new techniques for situations where
this is not the case. In Temlyakov and Ullrich [12, 13], the authors
consider the range of small smoothness where one is far away
from square summability of the corresponding widths. However,
we have the compact embedding into Lo, for those examples. This
embedding seems to be of crucial importance when (non-linear)
sampling widths (0,,)m, defined by

inf sup|If - RGN, s fE™NIX,

F,X = i f
Qm( ) lnme_Cm%XfeF

with X = L, are related to certain asymptotic characteristics such as
Kolmogorov (dy,)m or best m-term trigonometric widths (o), in
Leoo. It has been shown by Temlyakov [14], Bartel et al. [9] and Jahn
et al. [15] that the following inequalities hold for relevant function
classes F

(1.1)

; C
QZ:,;(F» L) < mdm(f“» Loo),

1)
Q"Dm(log m)3] (Fs L2) S Jm(F> LOO) .

Here, we have some constants C,D > 0 and oversampling
parameter 1 < b < 2 in the first relation. We speak about
linear sampling widths denoted by (0"),, if the reconstruction
mapping R is linear. The second relation might not need a compact
embedding into L. at first glance. However, the proof heavily
relies on certain compactness properties of the embedding, see [15].
Clearly, a compact embedding into Lo, allows us to use the decaying
Kolmogorov widths for controlling the linear sampling widths. As
discussed by Temlyakov and Ullrich [12], sparse grid techniques
[16] perform asymptotically worse by a log factor for classes with
mixed smoothness compactly embedded into Lu.

In this article, we continue our research in this direction. Note
that there are several relevant (multivariate) function classes F
which are continuously but not compactly embedded into Lu.
Thus, at least the first relation in (1.1) is useless. In fact, only
few results have been published on reconstructing functions from
samples, which only satisfy a Besov regularity with smoothness
r = 1/p or Sobolev type regularity with r = 1 and p = 1. Our aim
is to investigate this problem systematically in the Fourier analytic
context. As a first step, we prove the following relation for the Faber
coeficients djz)k(f ) of f, namely

1/p
sup (Y2 145NI) < 1718y mungpun BEY|
jeNd, kezd

in case 1/2 < p < oo. Our contribution is a proof that works for
Fourier analytic defined spaces and allows for incorporating also
the extreme cases Sf 21 /ZB(]R"I) and Sgo,lB(Rd) [in contrast to Diing
[17], Theorem 3.2]. It represents an extreme case of the considered
limit situation, in which the Faber approximation can benefit from
the highest regularity of smoothness equals 2. The above relation
directly implies that the truncated Faber representation still works
well when we consider errors in Ly with ¢ < 0o. We make progress
toward the solution of an open problem mentioned [[18], Section
3.2]. The univariate class B‘ll,/ f ([0,1]) and its approximation by
equidistant samples in [0, 1] have been considered by Oswald [19]
in the beginning of the 80s. In 2011, Ding [[17], Theorem 3.2]
obtained results for the multivariate situation in the framework of
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Besov spaces with a bounded mixed difference. In contrast to the
spaces considered by Diing [17], we highlight that the Besov and
Triebel-Lizorkin spaces considered here are defined using Fourier
analytic building blocks. Note that in the considered limiting
situation and p < 1, it is not yet known whether these spaces
coincide with the ones considered by Diing [see [20], Remark
2.3.4/2].

Notation. In general, N denotes the natural numbers, Ny =
N U {0}, N_; = Ny U {—1}, Z denotes the integers, R denotes the
real numbers, and C denotes the complex numbers. The letter d is
always reserved for the underlying dimension in R%, 74, etc. For
a € R, we denote a4 := max{a,0}. For 0 < p < occandx € R4,

we denote |x|, = ( ?:1 |xi|?)Y/P with the usual modification in
the case p = oco. We further denote x4 : = ((x1)4,...,(x4)+)
and |x|+: = |x4|1. By (x1,...,x4) > 0, we mean that each

coordinate is positive. If X and Y are two (quasi-)normed spaces,
the (quasi-)norm of an element x in X will be denoted by |x|X]|.
The symbol X—Y indicates that the identity operator is continuous.
< b, if there exists a

~

For two sequences a, and b,, we will write a,
constant ¢ > 0 such that a, < cb, for all n. We will write a,, < b,
ifa, <byand b, < ay

2. The tensor Faber basis

As a main tool, we will use decompositions of functions in
terms of a Faber series expansion.

2.1. The univariate Faber basis

Let us briefly recall the basic facts about the Faber basis taken
from [[4],3.2.1and 3.2.2]. Forj € Ngand k € Dj := {0,1,.., 2 — 1},
we denote the dyadic interval by I; given by

Lk = 27k, 277 (k+ 1)].

Definition 2.1. [The univariate Faber system] Let

1:te[0,1/2),
—1:te(1/2,1],and
0 : otherwise,

h(t) =

the Haar function and v(x) be the integrated Haar function, i.e.,
X
v(x) = 2/ h(t)dt, xeR,
0
and forj € Npand k € ]D)j, then
vik(): = w2 - k).

For notational reasons, we let v_; o = xand v_;; := 1 — x for
j = —1 and obtain the univariate Faber basis

{Vj,kij € N_l,k € Dj},

where D_; :== Dy = {0, 1}.
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Faber [21] observed that every continuous (non-periodic)
function f on [0, 1] can be represented as

J&)=f0)-0=x)+f(1)-x

0o 2J—
%ZZ 2 (2R,
=0 k=0
(2.1
with uniform convergence [see e.g., [4], Theorem 2.1, Step 4]. The
analysis of Besov and Triebel-Lizorkin spaces on R as defined in
Section 4 requires a version of the Faber representation acting on
R. For this purpose, we extend the number of translations to the

whole integers and obtain
fG) = flpv_1 () — = Z YA (2R, (22)
keZ ] =0 keZ

where v_y () == voo((- + 1+ k)/2).

2.2. The multivariate Faber basis

Let f(xi,.. C(RY).
By fixing all variables except x;, we obtain by g() =
f(xl,---,xi—1>~,xi+1,--
By applying (2.2) in every such component, we obtain the

.,X4) be a d-variate function, f €

.,X4), a univariate continuous function.

representation
=) ) &P (2.3)
jeN‘il kezd
in C(K), K c R4 compact, where
—le)l A 2€0) , ieN. kezd
k(f = (;+1)(f> x],k)> JENT,, ke >
Vj,k(xb CeXg) = Vivk (x1) - -~ de,kd(xd)’ je Nil, kez4 N

and |e(j)| denotes the cardinality of e(j). Here we put e(j) = {i:j; #
—1}and xj; = Q2 k..., 270+ k).

In Section 6, we apply the Faber series expansion for functions
on the d-variate unit cube [0,1]¢. For this purpose, we simply
truncate the series expansion to all translations whose support has

a non-empty intersection with [0, 1]4. That is

Dj:=Dj x - xDj, j=(jts....ja) € N9,

With similar arguments as above, we obtain for f € C([0, 119
the representation

f =3 Y & ().

]EN‘i keD;

(2.4)

3. Faber coefficients and bandlimited
functions

In the sequel we deal with two tensor domains. On the one
hand the d-variate unit cube I = [0,1]¢ and on the other hand
the d-variate Euclidean space RY. We use the notation

v
il = Ly @] = ( /H feor dx)” <,
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= o00. The space C(I?) is
often used as a replacement for Loo(I9). It denotes the collection

with the usual modification in case p
of all continuous and bounded d-variate functions equipped with
the uniform norm. The computation of the Fourier transform (and

its inverse) of an L;-integrable d-variate function is performed by
the integrals (£ € R%)

1 .
_ _
O = =i /Rdf(x)e dx,

1 i&-x
G fR e e,

where & - x = &x; + ---
the concept of a dyadic decomposition of the unity. The space

FfE =
+ &4x4. To begin with, we recall

Co°(R) consists of all infinitely many times differentiable compactly
supported functions.

Definition 3.1. Let ®(R) be the collection of all systems ¢ =
{on(0)}52, C C3P(R) satisfying

(i) supp o C {x:|x] <2},

(i) supp g, C {x:2" 1 < x| < 2"}, n=1,2,..,

(iii) for all £ € Ny, it holds sup 2" Dy, (x)| < ¢ < 00, and

X1

o0
(iv) Y @n(x) = L forallx € R.
n=0
Now we fix a system ¢ = {@ulneny, € P[R). for £ =
(L1,...,24y) € Ng, let the building blocks f; be given by
fex) = F o, (&) xeR?.

@i, () FF (§)](x), (3.1)

Because of the Paley-Wiener theorem, the functions f; are
entire analytic functions and therefore continuous. The goal of this
section is to derive bounds for fixed “levels” j of the Faber expansion
(2.3) of such a bandlimited function f;. To be more precise, we aim
at bounds for || D" 74
support of vj , we may replace v; x by the characteristic function xjx
of the parallelepiped [27/1ky, 2770 (k1 +1)] X - - - x [270d kg, 27d (kg +
1)] . Note that for any continuous function f € C(RY)

| 3 dpmor], = | X dunmao],

kezd kezd

(2—|j|1 Z |d]2k(f)|p> /p

kezd

djz) Vi (llp . Clearly, due to the compact

)(

X

where 0 < p < oo. To perform this, we need some tools from
harmonic analysis. We state a mixed version of the Peetre maximal
inequality, proved in [[20], 1.6.4].

Lemma 3.2. [Peetre maximal inequality] Let 0 < p < oo and
a > 1/p (a > 0in case p = 00). Furthermore, let f € L1(R%)
such that supp 7f C [—b1,b1] x -+ x [=bg, by], where b =
(b1,...,by) € ]Rﬁ. Then there is a constant ¢ > 0, only depending
on a and p but not on f and b, such that

H fx+ )l
eRd (I +balyr)?* ... (1 + balyal)® Ip

<cllfllp-
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The following univariate pointwise estimate connecting
differences between bandlimited functions and Peetre maximal

operator is taken from [[22], Lemma 3.3.1].

Lemma 3.3. Leta,b > 0and f € L;(R) with supp Ff C [—b,b].
Then there exists a constant C > 0 such that

If(x+ »)

< Cmin{l, |bh|™} max{1, |bh .
| (L ") a1, i sup £

|Apfx

The bound may be slightly improved when replacing pointwise
estimates with estimates involving L,-norms. We have the
following.

Lemma 3.4. Letj,¢ € Ng,a > 0,0 < p < oo,and f € C(R). Then
we have

sup [f(x+hllp, $2P|1  sup
\h|<2-f I <2-G+0

[fCe+ Ml

sup flx+y)

< 2‘3/17’ _ S
R (Lt e

independent of x € R, , £, and f.
Proof. We start with a pointwise estimate

sup |[f(x+h)| = sup sup  |f(x+ k200 4 )
Ik <27 Ik|<2¢—1 |h <26+

A 1p
< ( Z sup  [flx+ k27 0F0 4 h)|P)
|kj<2t—1 |h|<2=(+0

Taking Ly-norms on both sides gives

. 1/p
I sup [fCe+ Wl < sp [fiae(x+ k2700 4 P d)

(Z ]

Ihl<277 k<2t 17 & Ihl<270+0)
<2 sup  |fGe+ -
Ihl<2~0+0
Finally, we trivially observe
2¢ h
| s yeem] =] s SESEH
k| <2—G+0) 7| <2—G+0) (1+1)
(x+h)
s H sup % (3.2)
|h]<2-G+0 (14 27+ h)e lp
< ‘ su 7Lf(xfy)|
yeR (I+ 2JJFZU’D“ p

In the next lemma, we combine both univariate bounds
and derive a multivariate estimate via iteration with respect to
coordinate directions. Let f € L1(R9) and fi+e denotes the
bandlimited function from (3.1).

Lemma3.5. Let0 < p < o00,j € Nil, and ¢ € Z%. Then we have

HZ G0 <|u§+e||p1'[mm{22" 1} max(27, 1)

kezd
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Proof. Step 1. To provide a technically transparent proof of this
lemma, we start with the univariate case (d = 1). In the second
part of this proof, we deal with the multivariate case, which requires
more involved notation. For x € R, we define

Y i xix)

keZ

]Z(x

Letx € [277k,277(k + 1)]. For this x, we have

)| S firelk-27 +2.270HD))
+ 2fipe (k- 27 + 270D - (fiyg (k- 279

S osup fire(x + Al
Ih<2

|dj2,k(]§'+£))(j,k(x

Since xjk(x) do not overlap, we receive

el = | Y 0| S sup [fivetx+ ).
keZ 1h| S27

By Lemma 3.4, we find

Sire(x+y)

_ (3.3)
ek (L+ 12770yl

I1Fjellp S max(27, 1) su

for some a > 0, which is at our disposal.
In case £ < 0, we may continue arguing pointwise. First of all,
we have

IFie()] < sup AT e+ )
ys2™

Using Lemma 3.3 and the fact that £ < 0, we obtain

[f(x+ )]

|Fie(x)] < 22 sup ——— 25—
! yer (1+ 27t y))a

(3.4)

Combining (3.3) and (3.4) gives

If(x + )|

e/py s 2t
yeR(1+|2’+£}’|)” max{1,2"F} min{1, 2°"}.

I1Fie@llp S | sup

Choosing a > 1/p and applying the Peetre maximal inequality in
Lemma 3.2 gives the result ford = 1.

Step 2. We deal with the multivariate case and start with a
pointwise estimate of

Fie(x):= Z k(,f}+z)xj,k(x),

kezd

where we apply the above procedure in every direction. In order
not to drown in notation, we introduce the following direction-wise
maximal operator

im;:f(x) = sup |f(x+ eh)l,
[h| <277
where e; = (0,...,0,1,0,...,0). Clearly, for x € R¥, we have
————
i—1 d—i
1Bl < ([T o) (T o) e ([T a3 )i
i:li>0 i: ;<0 i:4;<0
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Here we use the fact that we have in every direction
A2 fivel < M),

including the case j = —1, where the difference is replaced by
the function value at the respective point. This case is included
in (Hi12i>0 im;) since for £; < 0 there is nothing to prove in
this case. We use the triangle inequality in order to estimate the
difference by point evaluations. Taking sup over the step length
of this absolutely valued point evaluations leads to the direction-
wise maximal operator. In case £; < 0, we keep the direction-wise
difference. Nevertheless, in order to get rid of the characteristic
function, we have to additionally apply a direction-wise sup also
in this case. Since it holds that

M (x) < M g(x)

with [f] < |g|, we first estimate

(T a2 e

i:4;<0

pointwise from above using Lemma 3.3 iteratively. This gives

Virex+ > yied)l

i:4;<0
X su -
( le_[ p i 1)f+£( yge% TT (14 28y

i:0;<0i:¢;<0

l_[ 225,‘ ,

i:4;<0

for any @ > 0. The maximal operators (]];., 9)?}1,) go on the
same coordinates. Since ¢; < 0 we clearly also have

(TT =)o ( TT A% )

i:4;<0 i:4;<0
iretx+ > yied)l
i:4;<0 .
< sup S 2%
gk [1 (14 28Miy))e rllo
i14;=<0i:6;<0 e

It remains to apply ([];.,,~o mt;li) and take the L,-norm, p <
00. Here we use Lemma 3.4 iteratively:

[, ax
<[ [ JICTL =)= (T 2)

{(xi)i: ¢;=0} {(xi)i:¢;=0} i:ti>0 i:4i=0
i
(T 224 Ypweof TT s T 5
i:4;<0 i:4;>0 i:4;<0

d
< 1_[ min{2%%, 1} max{2%, 1} x
i=1

]

{(6i)iz g;=o H(xi)iz >0}

]_[ dx; ]_[ dx; .

i:4;i>0 i:4;<0

e Cx + 35 ¢,<0 yiei)| )"

[T (14 25%y)a
i:0;<0 i:¢;<0

J(CTT200) s

i:4;>0
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Finally, we use the trivial estimate [already known from (3.2)]

to replace the operators D!

s by the Peetre maximal function.

This gives

d
/ |Fje(0)IF dx < Hmm{ZzPe‘ 1} max{2%,1}

i=1

P
/(sup [fi+e(x + »)] ) i
d
RA yeR4 1—[(1+2€i+ji|yi|)a

i=1

R4

d
< nmln{ZZPﬁ‘ 1} max{2¢
i=1

Wifisel

if we choose a > 1/p. For the sake of completeness, let us
additionally consider the case p = co. We have

(1 )= 1 )

sup |Fje(x)| < sup

xeR4 xeR4 " Vg
o( 1 Azij_l)fju(x)ﬂ
i:4;<0
d 2 e+ )l
< Hmm{z i1} sup sup ————
i=1 xeRd yeRd l—[(l +2‘i+f"|yi|)“

i=1

d
S [ ming2?, Dilfielioo»

i=1

if we choose a > 0.

4. Besov and Triebel-Lizorkin spaces
with mixed smoothness

For the definition of the corresponding function spaces on R,
we refer to [1, 20, 23]. The corresponding function spaces on [0, 14
are defined via restrictions of functions on R? [see [1], Section
3.4]. In this section, we mainly focus on the definition of Besov
and Triebel-Lizorkin spaces with dominating mixed (in the sequel
only called mixed) smoothness on R since they are crucial for our
subsequent analysis. We closely follow [[20], Chapter 2] and use the
building blocks f;(-) defined in (3.1).

Definition 4.1. [Mixed Besov and Triebel-Lizorkin spaces] (i) Let
0 <p0 <oo,andr > (1/p — 1)4+. If 0 < min{p, 1}, we admit
r = (1/p — 1)4+. Then S;’GB(R"Z) is defined as the collection of all
fe LmaX{P,l}(]Rd) such that

) 1/6
17184 BEDI? = (D 20 1519)
jeNg

is finite (with the usual modification if 6 = c0).

(ii) Let 0 < p < 00,0 < € < oo, andr > (1/p — 1)4. Then
S;’QF(Rd ) is defined as the collection of all f € Liaxp,1 }(Rd) such
that

|V|S;)9F(Rd)”(p = H ( Z olihro w(x)|9>1/9 Hp

jeng
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is finite (with the usual modification if = 00).

It is noted that this definition is independent of the
chosen system ¢ in the context of equivalent (quasi-)norms.

Moreover, in the case min{p,60} > 1, the defined spaces

are Banach spaces, whereas they are quasi-Banach spaces in
the case min{p,#} < 1. For details, we refer to [[20],
Section 2.2.4]. In the next lemma, there appears the condition

r > (1/p — 1)4, which is caused by the parameter range

in our Definition 4.1. All the subsequent embeddings, of
course, also hold true for the general situation, where r €
R. We have the following elementary embeddings [see [20],
Section 2.2.3].

Lemma4.2. Let 0 < p < oo (including p = oo in the B-case),

0 <6 <oo,andr > (I/p — 1)4. If 0 < min{p, 1}, we admit
r = (1/p — 1)1 in the B-case. Furthermore, let A € {B, F}.

(i)Ife > 0and 0 < v < oo, then
Sy AR>S, ARY).

(iia) Ifp < u < 00,0 < 0,01,6, <oo,andr—1/p=1t—1/u,
then
Sy BRY)=>S, , B(RY),
7 o FR)=S, ; F(RY).

(iib) (Jawerth-Franke embedding ) If 0 < p < < 00,0 < w <
oo,andr — 1/p =t — 1/u, then

Sy BR)-S!,  F(RY).

(iic) (Jawerth-Franke embedding II) If 0 < p < u < oo,
0<0 <oo,andr—1/p=1t—1/u,then

8y g F(RY)=S, ,BRY).

(iifa) If r > 1/p (including p = oo, r > 0), then

85 9BRY)—>C(RY).

(iiib) If r = 1/p and 0 < 1, then we still have

SyTBRY)->CRY),

and especially the limiting case

$% ¢ BRY)—=C(RY).

(iiic) It holds

S} o FRY)>CRY) .
(iv)If1 < p < coand r > 0, then

S;,min{pﬁ}B(Rd)%S;ﬂF(]Rd)»ST

'p,max

d
poyBARY).
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Proof. The embeddings (i), (iia), (iiia), (iiib), and (iv) are standard
and can be found in [[20], Chapter 2] especially we refer to [[20],
Remark 2, p. 132], which includes the limiting case p = oo in
(iiib). As for the Jawerth-Franke type embeddings, we refer to [[24],
Theorem 1.2 and 1.4] and the summary [[6], Lemma 3.4.2 and
3.4.3]. See also [[6], Rem. 3.4.4] for further references, especially
for the mixed smoothness case. Finally, the embedding in (iiic) is a
consequence of (iic) and (iiib).

4.1. Spaces on domains

We aim for approximating functions defined on the unit cube
[0,1]¢ with the above regularity assumptions. This requires the
definition of function spaces on domains. The domain Q@ C
R? represents an open connected set. Later, when dealing with
continuous bounded functions, we may use as well compact sets
like [0, 1.

Definition 4.3. Let 2 be a domain in R¥.

1. Furthermore,let 0 < p,6 < oo, and r > (1/p — 1)4. If in case
0 < min{p, 1}, we admit r = (1/p — 1)+. Then we define

Sp0B(R) = {f € Lmax(p,1(?):3g € S;,QB(Rd) with glq = f},
where
1S B := inf{l1g1} BRI : g € S} 4 BR?, gl = f}.
2. Incase 0 < p < 00,0 <6 <o00,and r > (1/p — 1), we define
859 F(Q) = {f € Lmaxtp1)(R): 3¢ € S, F(RY) with gl = f},
where
If185, g F()1| := inf{[g1S) s FRY)| : g € S ,F(RY), gl = f}.

On bounded domains €2, all the embeddings in Lemma 4.2 keep
valid. In addition, we have the following embeddings. If 0 < p, <
p1 < oo (F-case: p; < 00),0 < 6 < oo, and || < oo, then

S;l’eF(Q)QS;,Z’@F(Q),
and
S;I,HB(Q)»S;Z,HB(Q).

Clearly, this is a trivial consequence of the embedding
Lp, ()L, ().

It is well-known that spaces S;)QB( [0, 1]9) with sufficiently large
smoothness, namely r > 1/p, are compactly embedded into
Loo([0,1]9). This is a direct consequence of results on entropy
numbers of the classes SgoﬂB([O, 1]%) in Lo ([0, 1]%) [see [25], Cor.
23, (iii) or [12], Theorem 6.2], and the embeddings stated in Lemma
4.2 above.

However, in case r = 1/p, we do not have a compact
embedding. For the convenience of the reader, we give a direct

proof.
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Lemma 4.4. [Non-compactness of limiting embeddings] (i) Let
0 < p <ooandf < min{p, 1}. Then the embedding

Sy B0, 11> Lo ([0,11%) (1)
is not compact.
(i) If p < 1and 0 < 6 < oo, then the embedding

SYPE([0, 11> Loo([0, 11%) 42)

is not compact.

Proof. We show the non-compactness of the embedding (4.1) first
in the case d = 1. Clearly, by standard (tensorization) arguments,
this would also imply the non-compactness in higher dimensions.
Note further that the non-compactness of (4.2) is implied by the
Jawerth-Franke embedding [see Lemma 4.2, (iib)]

1 1
Spifn, B([0, 118,52 F([0,1])

together with the non-compactness of (4.1). So, it remains to be
proved the non-compactness of Bfl,,/ep([O, 1])=Loo([0,1]) for any
0 < min{p,1} and 0 < p < oo. This fact is certainly known and
can be found in the literature. However, we would like to present a
direct argument here since it fits the scope of the article. The idea
is to find a sequence (g;); of functions with ||gj|B}1,,/9p([0, <1
for all j, which is not convergent in Lo ([0, 1]). A straightforward
choice for the gj is the Faber basis functions (Loo-normalized hat
functions) for different levels j. To be more precise, we let j =
0,1,2,... and consider the sequence (gj)j:= (vj0)jen,. Clearly, we
always have

sup 1AM violl, S 2777,
|h|<2—k

In case k > j, we even obtain (due to cancellation)

—k/prjk
sup ([ AT voll, S 27MP27K,
|h|<2=F

see, for instance [[2], (3.19) and (3.20)]. According to [[26], p.
110] we can equivalently describe the norm of B;)H(R) in terms of

differences. Note that here we have to use differences of sufficiently
high order m > ssince 1/p may get large. The estimate from above
implies

i 1/6
%013 (10,11 =< Iviolly + (D125 sup 147 0llp1°)

k=0 |hj<27k

= 27ilp 4 (Z[stzfj/i’]é) + Z[stz—k/pzj—k]e)
k<j k>j

1/6

=1

in case s < 1/p. Hence, the elements v have uniformly (in j)
bounded quasi-norm in B;’Q([O, 1]) . However, it holds

g —gello = L,

if j # ¢, see, for instance, Figure 1. This directly disproves the
compactness of the unit ball of B;’/g,p([o, 1]) in Lo ([0, 1]).
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definition of the
with
approximative characteristics considered here. For a compact

Remark 4.5. We need to formulate the

Kolmogorov widths to demonstrate some relations

set F>X of a Banach space X, we define the Kolmogorov widths as
follows:

dn(F,X):= inf sup inf
{u,-};”ZICXfeF Ci

X\, m=12,...,

m
=Y
i=1

and

do(F, X) == sup ||f|X].
feF
Clearly, considering F as the unit ball in S;g B([0,1]9) with
0 < min{p, 1} and X = Lo([0, 1]) then

(S, B([0, 11), Loo([0, 11) = 0

by Lemma 4.4.

5. The decay of the Faber coefficients

Now we are ready for proving our main tool: an assertion

about the decay of the Faber coefficients of functions from
1/p

Sp,min

space of doubly indexed sequences.

{pJ}B(Rd) . In order to do so we need to define the following

Definition 5.1. Let0 < p,6 < ocandr > 1/p.
(i) The sequence space s} ,b is the collection of all doubly indexed
sequences {)‘j:k}jeN’il,keZd such that

Paslsobl = [ 30 200200 3 par) ]

: d
jeNd, ke

is finite (with the usual modification if max{p,0} = 00).

(ii) Let @ C R? be a compact domain. We define the index set
D;(2) to be the set of all k 74 such that xjx € K. The space
s;ﬂb(Q) is defined as the space of all doubly indexed sequences

{)Lj,k}jeN,il’kGDj(Q) such that

. 0/p1/6
|35k ]s50 ()| :=[ 3 zml(H/p)e( ) Mﬂ{'p) ]

jeN?, keD;(2)
is finite (with the usual modification if max{p, 6} = o00).

Remark 5.2. (i) In case = [0,1]¢ we have D;(2) = Dj, which
was defined right before (2.4). In a certain sense the elements of
s;)gb(Q) are restrictions of elements in s’ﬂb to indices related to Q.
(ii) These sequence spaces already appeared in [[23], Def. 2.1, 3.2].
Let 0 < p,0 < oo and r € R. The spaces s}’wb and s;)eb(Q) are
Banach spaces if min{p,6} > 1. In case min{p,0} < 1 the space
s;)gb is a quasi-Banach space. Moreover, if  := min{p,6, 1} it is a
u-Banach space, i.e.,

1A+ 1215 BI* < I01s) o BI" + ISy bI", Ao pr € b,

Here is the first main result.
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V0,0 V1,0 v1,1

FIGURE 1
Univariate hierarchical Faber basis on [0, 1] for levelsj € {0, 1} and their union.

Proposition 5.3. Let 1/2 < p < oo. Then there exists a constant Proof. Assume fes
¢ > 0 (independent of f) such that

p mm{p 1) B(2). Then, by Definition 4.3 there is

B(R?) with gla = f. By Proposition 5.3 we obtain

ag €s pmm{p 1}
1/p 1/p d
Spaob|| < c||f|S \B(R 5.1 ! 1
[ 2D lspseb]l = € £y minipy BRD| (5.1) |@2@)Isp b < cl1g1S, i BRI
1/p
forallf € Sp min{p,1} B(Rd) Since djz)k(g) = djz)k(f) forj e Nd_l and k € D;(£2) we have
Proof. Let us put u = min{p,1}. We make use of the 1/p 1/p
b(Q2 b
decomposition (2.3) in a slightly modified way. For fixed j € Nd_l |4 k(f)|spoo @] < k(g I$pic |
we write f = Y, 4 fi+e. Putting this into (5.1) and using the we obtain
u-triangle inequality yields
1 1
o i |2 DIsp b < clglS, iy 1y BRDI
| )lspocbl]” = SuP zu‘m/p” Y d k(f)X]k(X)H
JjeN kezd The last inequality holds for every extension g of f. Taking the
i u infi ields th It.
< 'sup oulili/p Z H Z djz,k(ﬁM)Xj,k(x)Hp- Infimum ylelds the resu

d
JENTy tezd  kers The last corollary can be interpreted as a generalization of
[[2], Proposition 3.4] to the limiting smoothness case r = 1/p.

Applying L 3.5 btai . N .
bplymg Lemma 2.0 we obtain Related results concerning non-limiting smoothness were obtained

. n[l,5,27].
” k(f)| 1/p b|| < sup Z 2uU+£I1/PM+L,||z
jeNL | pezd

< » » 6. Application for sampling recovery in
—ubi/P mi ut; uti/p .

HZ min{2“"", 1} max{2 1} Lq with g < o

i=1

ulj+e u

S ( Z 21 Il/plerl”P) In this section, we would like to apply the Faber embedding

tezd

in Corollary 5.4 for sampling recovery on the unit cube Q2 =

d [0, 1]9. As we have shown in Lemma 4.4, we cannot expect an error
sup 1_[ 27HE/P min {2244 1} max{246i/P | 1) . .
P decay of a sampling recovery operator in the worst case when we
i=1
= measure the error in Lo ([0, 1]4). Hence, we focus on the recovery
S Hf|sp,u in Ly([0, 1]%) with q < oo. Based on the Faber representation,

we will use a sparse grid truncation in order to obtain a recovery

since the sup stays finite since 1/2 < p < 0. operator. Let

As a direct consequence we have the following restricted Lf = Z Zdjz)k(f)vj,k (6.1)
version. |jl1<n keDj

Corollary 5.4. Let1/2 < p < 0o. Then there existsa constant¢ > 0 With the notation from Section 2.
such that Lemma 6.1. The following estimates hold true for & > 0

|22 D5y b (@] < ¢ [[£18,/ 2 B (i)

Z gl o pmanpd=1 gy

lili>n

forall f € 5,0 B(R).
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(ii)

> ol < ompd

lih=n

Proof. We refer to [[28], p. 10, Lemma D].

We first consider the case where p = g.

Theorem 6.1. Let 1/2 < p < oo. Then there is a constant C > 0
(independent of n and f) such that

”_f _ nf”p < Cz*ﬂ/pn(dfl)/ min{p,l} ”f|SI/P

p-min{p, 1}B [0’ l]d) H

holds for all n € N.

Proof. The representation in (2.4) allows us to express and estimate
the error by u = min{p, 1}

If — Inf”p = H Z Zdlk(f)vka

jli>n keD;
= Z ” Z k(f)v "H ulil/p 5—ulili/p
lili>n = keDj
< (sup27] 32 | ) 3 o,
/ kel; lihi=n

Finally applying Proposition 5.3 or Corollary 5.4 yields

If = Tnf s S [ (Plsp/kb(o, 11 D 274li/e
lili>n
S 2 18y By B0 DI,

min{p,1}
where the sum is estimated by Lemma 6.1.

Remark 1. A one-dimensional version of the above result has been
proven by Oswald [19] about four decades ago. Ding proved
n [[17], Theorem 3.2] that a related result for slightly different
Besov-type function spaces, especially not including the case p =
1/2.

In the situation p < g, we loose in the main rate. This
phenomenon has been observed earlier in the literature [see [6]].
We will use Jawerth-Franke type embeddings to improve the order
of the logarithmic term.

Theorem 6.2. Let1/2 < p < g < 00. Then
- _ 1
If = Inflly < C27"an=V0aypis0 o B(I0, 11)].

Proof. Using Jawerth-Franke I (see Lemma 4.2), we obtain

If = Lnfllg S NIF = Lf1Sy 2~ 9B((0, 1)l
< ( 3 alinli/p-iza H S d k(f)XJkH ) Y
[fli>n ke
< lih/p 2 —in )
< | sup 2 Hdeqﬂx,kH (> 2m)
jeNd, lili>n

where we used the inverse Faber characterization for spaces with
positive smoothness [cf. [1], Theorem 4.18]. This reference deals
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with the R? case but can be easily extended by standard arguments
as shown, for instance, in the proof of Corollary 5.4 or following the
arguments in [[1], Theorem 4.25] to the unit cube setting. Finally
applying Proposition 5.3 yields

1
I = Taflg S 27/ D1 0 B

B([0,1]%)].

Let us now deal with the space Si’OOF([O,l]d), which is
embedded into C([0,1]9), as shown in Lemma 4.2, (iiic). By
Jawerth-Franke embedding II [(Lemma 4.2, (iic)], we even know

1
1198,/ B([0,1]%.
As a direct corollary of Theorems 6.1 and 6.2, we make the new

that for every 1 < p < oo, we have Si)ooF([O,

observations.

Theorem 6.3. (i) It holds for any small ¢ > 0

If = Lnfll Se 27" N£1S] o F ([0, 1191

(ii) For any 1 < g < oo we have

If — Lnfllg S 27" n9=V/9 1181 F([0,119)] .

Proof. By the embedding S{’OOF([O, l]d)f»S;,/fB([O, 119 forp > 1,
we may apply Theorem 6.2 to obtain the result. For (i), we simply
choose small g > 1 and use the fact that the L;-norm dominates
the Li-norm. Clearly, the logterm can be dropped in this regime.

6.1. Sampling widths

Let us focus our considerations toward the problem of optimal
sampling recovery. We compare the number m of samples to the
resulting error in an algorithm and call the quantity

om (S5 A0, 119), Ly([0,119)
”f - ‘p(f(Xm))|Lq([0, 1]

= inf sup
X Cl01]%, [ X, |= =1 £1S}, A0} <1
g T L((0,1)9)

the m-th sampling width. If, in addition, the mapping ¢ : C* —
Ly([0, 1]%) is linear, then we obtain the linear sampling widths

on (S A0, 119, Ly([0, 119)
= in sup If = o(f X)) | Ly (10, 11%) |,
X CL01]% X |= m|[f| A([0,1]9)]<1
@ :C"—Ly([0, 119
lmeur

where A € ({B,F}. Therefore, according to the definitions
mentioned above, we have

0m(Spa A0, 119, L ([0, 119) < 0,(S},A(10, 11D, Ly ([0, 1]9)).

In the next theorems, we apply the linear algorithm I,,f [cf.

lin

(6.1)] to obtain upper bounds for o, and 0,,.

Theorem 6.4. Let 1/2 < p < 0o. Then

lm(sl/P

pminipa B0 1D, Lp((0.11) < m™ VP (log? ™" m)!/p+1/ minip.1)

for all m € N.
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Proof. The upper bound is due to Theorem 6.1 recognizing that
the algorithm I,, in (6.1) samples f in m =< 2"n%~! nodes. This can
be trivially checked by applying Lemma 6.1, (ii). For the sake of
completeness, we refer to [[1], Section 5.1] where further properties
of this operator were studied.

Theorem 6.5. Let1/2 < p < g < co. Then
(i)

lin Sl/p

O (S, oy BUO, 11D, Lg([0,11%)) S ™/ (log? ™" m)*/

and

(ii)

o' (81 o F([0,1]%), Lg([0, 11) < m ™"/ 9(log™" m)?/4
forallm e N.
Proof. The upper bound in (i) is due to Theorem 6.2 taking the

number of sampling nodes into account, see Theorem 6.4. The
upper bound in (ii) is due to Theorem 6.3.

6.2. Lower bounds

The linear width of class F in a normed space X has been
introduced by Tikhomirov [29] more than 60 years ago. It is
defined by

Am(F)X) = A: Xé%fginear;lelllz ”f - A(f)|X” '
rank A<m

Romanyuk [30, 31] proved for F, the unit ball in S;,IB([O, 11%),
thatincasel <p <g<2andg>1
Jon(Sy B0, 119, Lg([0, 11) = dn (S, B(10, 11%), Ly([0,11)
> (m~'log? ™t m)V/4.

(6.2)

We obtain the following lower bounds for the (linear) sampling
widths.

Theorem 6.6. (i) Let 1 < p < g < oo. Then we have

om(S,B(10,11%), Ly([0, 1)) 2 m™/4.

(ii) If, additionally, 1 < p < g <2and g > 1, then
ol (S, P B0, 11, Ly([0,11%) 2 (m™ " log ™" m)!/1.

Proof. The result in (ii) follows immediately from (6.2). For the
lower bound in (i), we use a fooling function that is constructed
as the simple tensor function, containing the univariate fooling
function obtained from [32] in the first direction smooth compactly
supported (bump) functions in all remaining directions. We obtain
our result by considering that all corresponding norms have
product properties related to simple tensor functions.
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7. Outlook and discussion

In this article, we have shown that for the sampling
recovery problem the compact embedding into Loo([0,119) is
not necessary. There are several relevant multivariate function
classes that fall under this scope, such as limiting mixed
Besov and Triebel-Lizorkin spaces with smoothness » = 1/p
and further parameter conditions to ensure the embedding
into the class of continuous functions. We were able to give
upper bounds for the sampling widths in Lq([O,l]d) with
q <
As for the right order of the logarithm, the situation is

00, which are sharp in the polynomial main rate.

completely open.

Let us comment on the particular case of Lj-smoothness
spaces. Smoothness spaces built upon L ([0, 1]¢) with smoothness
r = 1 play an important role in numerical integration. This
includes, for instance, the space S% W([0,1]9) defined using
weak derivatives. This space cannot be described using Fourier
analytical means and is therefore difficult to handle. However,
these spaces are considered in the scope of this article since
we also have r = 1/p and a non-compact embedding into
Loo([0,1]%). A Faber characterization is shown, similar to above,

including

sup Y 1d% (N1 S [fIstwrD)] . 7.1)

jeN| kezd

In particular, this would imply the following so-called sampling
inequality

Do LS [fsiw®D).

kezd

This extends the result in [[33], Prop. 2] in several
directions. On the one hand, we consider the multivariate
case, and on the other hand, the space S{ W(Rd) is larger
than S} | B(RY) .

Having (7.1) at hand, the following slightly sharper version of
Theorem 6.3 is immediate.

Theorem 7.1. Forany 1 < g < oo, we have
If = Luflg < 27"/ 4| wgo, 119

A proper Fourier analytical replacement of the spaces
S%W([O,l]d) are the spaces Si)qF([O,l]d). However, these
spaces are not really comparable, especially when g = oo.
Using the methods in [[34], Theorem 1.9], there is strong
evidence for proving a version of (7.1) also for the spaces
S%,OOF(]R"I). This would imply a version of Theorem
7.1. By well-known arguments, a cubature formula with
performance

N
| /[ il dx—Y " ()| S N7 log NPV f[s] o F(l0, 119
’ i=1

can be constructed by integrating the approximand. Note that
there were efforts made in the literature to treat such limiting
cases, see, for instance [[35], Cor. 6.5]. Suboptimal bounds
were proven there. Note that results for such limiting cases
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are related to the Kokhsma-Hlawka inequality, showing that
QMC-cubature in S% W([0, 1]9) is related to the star discrepancy of
the cubature nodes.
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