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Tissue-mimicking materials [e.g., polyvinyl alcohol cryogel (PVA-C)] are

extensively used in clinical applications such as tissue repair and tissue

engineering. Various mechanical testing techniques have been used to assess the

biomechanical compatibility of tissue-mimicking materials. This article presents

the development of inverse finite element (FE) techniques that are solved using

numerical optimization to characterize the mechanical properties of PVA-C

specimens. In this study, a numerical analysis where the displacement influence

factor was employed in conjunction with a linear elastic model of finite thickness

was performed. In the analysis, the e�ects of Poisson’s ratio, specimen aspect

ratio, and relative indentation depth were investigated, and a novel mathematical

term was introduced to Sneddon’s equation. In addition, a robust optimization

algorithm was developed in MATLAB that utilized FE modeling for parameter

estimation before it was rigorously validated.

KEYWORDS

indentation, soft tissue, non-destructive, PVA-C, construct, isotropy, optimization, finite
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1. Introduction

Inverse finite element analysis is a numerical method used to characterize the material

properties of soft tissues for biomedical engineering applications [1, 2]. Many techniques

have been implemented previously to characterize tissue in vivo, ex vivo, or tissue-mimicking

materials [3]. During the characterization process, the first-order Ogden hyperelastic model

is used for estimating material properties. Many previous studies have indicated that

the indentation test is an effective technique for characterizing the compressive behavior

of tissue under small and large deformation loading conditions [4]. Samani et al. [5]

considered tissue hyperelasticity in their indentation-based measurement technique and

reported hyperelastic parameters of breast tissues. Soft tissues or tissue-mimicking materials

are typically modeled as non-linear, homogeneous, isotropic, and nearly incompressible.

The Ogden hyperelastic model is commonly used to capture biological tissue non-

linearity. Isvilanonda et al. used the first-order Ogden constitutive model in the material

characterization process, and after using an inverse problem analysis of experimental

data, they obtained very good results [6–8]. A similar approach is followed in this article

whereby indentation testing data are processed through an inverse FE framework to

estimate tissue hyperelastic parameters. For solving the inverse problem in this article, an

optimization algorithm developed in MATLAB was used where the tissue FE model was

used to calculate the cost function to be minimized [9]. For the first step, FE modeling
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is a good candidate and has been used extensively in this

article. For the second step, a cost or objective function that

measures the difference between measured and model-based

mechanical response is developed. With these two essential

elements, the hyperelastic parameters can be calculated and

optimized by iteratively refining the sought parameters with

initial estimates until the cost function reaches its minimum

value [10–12].

The main motivation of the article as well as the novelty of this

study can be highlighted clearly in the following paragraph.

A variety of clinical procedures for assessing structural and

functional damage of tissues and treating the effectiveness of

tissue therapeutics are under active investigation. Therapeutics of

soft tissues depend on the mechanical response of the organs

and neighboring tissues. Indentation techniques can be used to

probe the local mechanical properties of soft tissues and tissue

mimics. The effect of relative indentation depth, aspect ratio,

Poisson’s ratio, and dimensionless k on the indentation response

of soft tissue mimics needs to be further investigated for an

improved understanding of material characterization. One way

to solve this problem is mesh refinement which also verifies the

convergence of stresses, but most of the mesh sensitivity cases

showed divergence. Even with increasing load sharp edges form

crack that makes the cylindrical indenter very unpopular. To

overcome this problem, a novel approach displacement influence

factor (IF) is used with Boussinesq’s equation to calculate stress

at any point underneath the indenter. Non-linear, hyperelastic

models have been used previously to characterize sources of

non-linearities (i.e., material and geometrical) in this type of

problem but have presented some problems. In this study,

indentation responses from cylindrical indenters are investigated

using numerical methods to develop and optimize new techniques

for characterizing non-linear material properties using Ogden and

Mooney Rivlin’s hyperelastic models.

In this article, we develop a comprehensive understanding of

soft tissue characterization based on a hyperelastic model using

inverse analysis. Moreover, we conduct a parametric analysis

with varying material properties and examine the effectiveness of

an optimization method. Sensitivity analysis was conducted for

cylindrical and spherical indentation tests. Our analysis shows the

effect of specimen thickness, PVA-C concentration, and freeze–

thaw cycle on (µ, α).

1.1. Hyperelastic model

A hyperelastic or green-type elastic material [13–15] is a type

of material that follows constitutive models where the stress–

strain behavior is defined by a strain energy density function

[16]. They are considered to be truly elastic as they store energy

during loading and dissipate equal amounts of energy during the

unloading process. These materials experience large strains that

are mostly recoverable [17–19]. To define hyperelasticity, many

mathematical models have been developed and different aspects of

non-linear elastic material behavior have been explained [20, 21].

These types of models have been very successfully applied to soft

materials and tissues.

Polyvinyl alcohol cryogel (PVA-C) samples of 5%, 10%,

and 15% concentrations are modeled as soft tissue mimics to

examine their non-linear material properties. Experimental force–

displacement (F–D) data were used as an input parameter for the

Ogden hyperelastic model.

A hyperelastic material is a type of constitutive model

where the presence of a strain energy density function is

assumed, and the stress–strain relationship is derived from

a strain energy density function. The Ogden hyperelastic

model for isotropic material can be obtained from strain

as follows:

W=

∞
∑

i=1

µi

αi
(λ

αi
1 + λ

αi
2 + λ

αi
3 − 3) +

∞
∑

i=1

ki(J
el

− 1)
2i
, (1)

where µ, α, and K are presented as constitutive parameters, J is

the determinant of the strain tensor, and λ is known as the principle

stretch. For incompressible material deformation, J = 1 leads the

second term in the aforementioned equation to vanish. For the first-

order Ogden model, n = 1. Thus, the model will have only two

unknown parameters of shear modulus (µ) and strain hardening

exponent (α).

For a uniaxial compression test, the nominal stress (σ ) is

represented as a function of the stretch ratio λ. The first-order

Ogden material model can be presented in the form as given in

equation (2):

σ =
2µ

α

(

λ(α−1)
− λ(−α/2−1)

)

. (2)

The aforementioned two equations can take only positive

values. The experimental force–displacement (F–d) data are used

as an input parameter for the hyperelastic model. By applying curve

fitting to the experimental (σ – λ) data, the first-order Ogden

parameter is extracted.

1.2. Numerical analysis

Commercial FE software package Abaqus was used to create

an axisymmetric model for examining indentation. PVA-C was

used as a soft tissue mimic, and a flat-ended cylindrical indenter

was modeled in this simulation. The contact surface between

the indenter and the soft tissue was set as frictionless. Soft

biological tissue is generally considered to be incompressible

[22]. For optimal numerical accuracy, high mesh density was

adapted underneath the indenter, and convergence criteria were

verified. Indentation tests were simulated under linear and

non-linear hyperelastic model assumptions. Numerical analysis

was performed by FEM using Abaqus version 6:13–4 (2013).

Cylindrical indenters and rigid flat-ended cylindrical indenters

were used for numerical analysis. An indenter of radius

4mm was indented on a soft tissue-mimicking sample of

PVA-C with 5%, 10%, and 15% (w/w) concentrations. The

sample size was L = 19mm and B = 12mm. The soft

tissue sample was modeled as homogeneous, isotropic, and

nearly incompressible.
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TABLE 1 FE generated variable for cylindrical indentation.

Cylindrical indentation

Hyperelastic model—ogden strain energy function with N = 1

µ α D

0.0003 11.77 0.00000000

Problem size

Number of elements 3,864

Number of elements defined by the user 3,783

Number of internal elements generated

for contact

80

Number of nodes 7,818

Number of nodes defined by the user 3,875

Number of internal nodes generated by

the program

3,943

Total number of variables in the model 11,694

The Ogden hyperelastic material model used in simulation of soft tissue mimics 5% PVA-C

and 15% 2FTC.

An axisymmetric model was developed and meshed with

(CAX4RH) and (CAX3H) linear quadrilateral elements. A very

fine mesh was made at the contact zone and comparatively, the

coarse mesh was utilized outside the contact zone. The boundary

conditions for the three sides of the sample were fixed (U1 = U2

= U3 = UR1 = UR2 = UR3 = 0), and one side is variable (U1

= U3 = UR2 = 0). During the indentation test, a 4N vertical load

was applied, and the contact between the indenter and the sample

was considered frictionless. The Ogden hyperelastic material model

was considered for PVA-C samples undergoing the indentation

test, the data of which are provided in Ref. [23]. The simulation

was completed in 13 steps with a step size of 0.01. To observe

the indentation responses, the hyperelastic FE model was analyzed

including a sample with finite thick and infinite thickness made of

PVA-C with 5% and 15% concentrations.

1.3. Numerical model setting

A two-dimensional axisymmetric cylindrical indentation

model was developed by using Abaqus version 6:13–4 (2013).

The Ogden first-order strain energy density function was

used in the numerical simulation. In total, 7818 (CAX4RH)

nodes were generated in the meshing process, as shown

in Table 1.

An axisymmetric FE model was developed by using Abaqus,

and PVA-C 5% and 15% 2FTC experimental data obtained from

Ref. [23] were used as an input parameter for the first-order Ogden

hyperelastic model. The load–displacement graph for both PVA

concentrations is shown in Figures 1, 2.

1.4. Parametric studies

Based on previous research, it has been found that the

hyperelastic parameters determined using cylindrical or spherical

FIGURE 1

Load vs. displacement graph for PVA-C model with 5%

concentration.

FIGURE 2

Load vs. displacement graph for PVA-C model with 15%

concentration.

indentation testing are not always the same as those obtained

from experimental uniaxial compression tests [4, 6, 10, 20].

To investigate the sources of such disagreement, a parametric

study was conducted to examine the influence of (µ, α) on

the shape of the simulated data. An optimization algorithm

combined with MATLAB was used to minimize the sum of the

squared difference between the experimental measurements and

the FE-simulated Ogden hyperelastic model. This allowed for the

unknown parameters (µ, α) to be determined. A sensitivity analysis

was then conducted to verify the accuracy and robustness of

the parameters. For cylindrical uniaxial indentation obtained from

inverse analysis shown in Table 2.
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TABLE 2 For cylindrical and uniaxial indentation (µ, α) obtained from the inverse analysis.

Method Material Radius (B/2) Depth (L) Experimental Inverse Experimental Inverse

PVA (%) 2FTC (mm) (mm) Mu (kPa) Alpha Mu (kPa) Alpha

UCS 5 19 12 0.0025 10.749 0.0026 10.965

Cylindrical 5 19 12 0.00249 10.76 0.0025 11.8

Cylindrical 10 19 12 0.004 4.67 0.004 4.84

UCS 15 19 12 0.01 25 0.011 24.93

Cylindrical 15 19 12 0.011 25 0.016 25.43

Cylindrical 20 19 12 0.0213 25 0.02 25.4

For 5%, 10%, 15%, and 20% PVA-C, 2FTC specimens.

1.5. Inverse finite element analysis

The inverse FE method was used to determine the

hyperelastic material parameters of soft tissue specimens

from indentation responses [24, 25]. Based on Hadamard’s

definition, an inverse problem is posed if one of the three

conditions is violated: (i) existence, (ii) uniqueness, and (iii)

stability. Many optimization algorithms are commonly used

as such least square fitting power low, Levenberg–Marquardt

(LM) Trust Region Algorithm, and Kalman Filter to solve the

inverse problems.

The inverse analysis is introduced to minimize an objective

function with respect to unknown constitutive material parameters

(µ, α) that match the experimental data [10, 26]. The Levenberg–

Marquardt (LM) method was used in this dissertation to extract

the unknown parameters based on the inverse analysis. The LM

method is defined as the minimization of the error function Φ

with respect to a vector P̂. The error function is represented

as follows:

8

(

P̂
)

=
1

2

n
∑

i=1

[

ri

(

P̂
)]2

=
1

2
rTr (3)

Here, PĹ is a vector that contains unknown constitutive

parameters P̂
T

= {µ, α}, and n is the number of measurements.

The vector r̂ is defined as follows:

r̂ = t∗ − t̂, (4)

where t∗ and t̂ are the model-predicted and experimental data.

1.6. Optimization algorithm: Using ogden
model

A detailed flowchart of the inverse optimization process to

characterize the tissue hyperelastic parameters used in the current

study is shown in Figure 3.

First, experimental (F–D) data were used as an input parameter

for the numerical model (Abaqus). Simulated (F–D) data were

then used as an input parameter for inverse analysis (MATLAB).

An object junction was introduced to minimize the quadratic

difference between simulated- and model-predicted data. Through

the optimization process, a numerical convergence was achieved,

and an optimized unknown parameter was obtained. These

parameters were used as an input parameter of Abaqus for

numerical validation.

1.7. Mesh optimization with µ and α

Although the implicit method with Newton–Raphson iterative

solver is enough to obtain the converged solution, mesh

optimization through adaptive meshing was adopted for numerical

accuracy. Optimizedµ and α throughmesh convergence are shown

in Figures 4, 5.

1.8. Identification for estimating material
properties

The Ogden model is used to identify the hyperelastic material

properties. The Levenburg–Marquardt (LM) algorithm was used

to minimize the difference between experimental- and model-

predicted data. Here, a novel approach is introduced to determine

and validate material hyperelasticity. This method includes the

following steps:

• Experimental data are used as input for the Ogden

hyperelasticity model.

• Numerical analysis is carried out with FEM (Abaqus), and the

output of the load–displacement curve is recorded.

• This load–displacement data are used as input for the

Levenburg–Marquardt (LM) optimization algorithm

in MATLAB.

• Initial estimate values (µ, α) are used for initializing the

optimization algorithm.

• MATLABR Simulink: R2015a used @ fminsearch algorithm

was used to fit the Ogden first-order hyperelastic model as

shown in Equation (2). Moreover, the Levenburg–Marqardt

(LM) optimization algorithm was used as shown in Equation

(3). The optimized parameters (µ, α) are recorded as shown in

Equation (4).
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FIGURE 3

Flowchart of the inverse optimization process to characterize the unknown tissue hyperelastic parameters—Ogden parameter.

• These optimized parameters (µ, α) are inserted in

FEA (Abaqus) for validation and verification of the

inverse problem.

Through inverse analysis, extracted Ogden parameters are

readily available to use in simulation and also to verify the stability

of the solution. The detailed process is shown in the flowchart of

Figure 3.

A new technique has been developed to characterize the

biomechanical properties of nonlinear material using Ogden and

hyperelastic models. Experimental results are compared with the

novel inverse technique that can be further investigated to develop

patient-specific artificial organs.

1.9. Validation exercise

FE-simulated cylindrical load–displacement data were used in

the robust optimization algorithm through inverse analysis. The

entire procedure is shown as a flowchart in Figure 3. A validation

exercise was conducted using Ogden parameters (µ), which were

varied while α was kept constant and vice versa as shown in

Figures 6, 7 [10].

The results obtained from the load–displacement curve

indicated that there is a significant effect of (µ), as this parameter

explains the strength of the material and α is the strain hardening

coefficient. In the process of validation, µ and α values were

compared with that of Ref. [10] and found good agreement.

2. Results

Before conducting any surgical procedures, planning for

biomaterial research, or any other fields where applicable, unique

identification of material properties is essential. The accuracy,

effectiveness, and robustness of such procedures need verification

[3] with FE-simulated data. The performances of the novel model

are illustrated in this section. In general, 5% and 15% (w/w) soft

tissue mimic data [23] were used in the hyperelastic model. During

the simulation, cylindrical, spherical, and uniaxial indentation tests

were conducted.
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FIGURE 4

Graph of µ vs. number of elements for PVA-C modeled with 5%

concentration and finite thickness.

FIGURE 5

Graph of α vs. number of elements for PVA-C modeled with 15%

concentration and finite thickness.

The hyperelastic model was simulated in the Abaqus

environment, where Ogden first-order constitutive model was

used, and experimental data were fitted for parameter optimization.

The indentation response from cylindrical indentation for 5%

and 15% soft tissue mimics are shown in Figures 8, 9 along with

optimized (µ and α) values.

Experimental data obtained from Ref [7, 23, 27] were used

as an input parameter for the FE-simulated Ogden model. FE-

simulated and model-predicted load vs. displacement curve for

PVA-C, 2FTC5%, and 15% specimens are shown earlier. This

process is used as an optimization algorithm for the determination

of material properties (µ and α).

Figure 10 shows a residual–stretch graph. It is defined by

the proportion of variance (R-square) between the observed and

FIGURE 6

FE-simulated load–displacement graph for the Ogden hyperelastic

model. Material property α was kept constant and µ was varied.

FIGURE 7

FE-simulated load–displacement graph for the Ogden hyperelastic

model. Material property α was varied and µ was kept constant.

the predicted data. The FE-simulated Ogden model was used in

the optimization algorithm to gain the residual–stretch results.

Experimental data at a concentration of (i) PVA-C 5%, 2FTC and

(ii) PVA-C 15%, 2FTC were used from cylindrical indentation.

2.1. Optimization algorithm

A detailed flowchart of the inverse optimization process to

characterize the tissue hyperelastic parameters used in the current

study is shown in Figure 11.
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FIGURE 8

Load vs. displacement graph for PVA-C sample with finite thickness

and 5% concentration.

FIGURE 9

Load vs. displacement graph for PVA-C sample with finite thickness

and 15% concentration.

First, experimental (F–D) data are used as an input parameter

for the numerical model (Abaqus). Simulated (F–D) data were

then used as an input parameter for inverse analysis (MATLAB).

An object junction was introduced to minimize the quadratic

difference between simulated and model-predicted data. Through

the optimization process, a numerical convergence was achieved

and an optimized unknown parameter was obtained. These

parameters were used as an input parameter of Abaqus for

numerical validation.

FIGURE 10

Residual vs. stretch graph for PVA-C samples with 15%

concentration, where fitness coe�cient is R2 = 0.9998.

2.2. E�ect of µ and α on thickness

The extracted Ogden parameters from the inverse optimization

algorithm are plotted against various concentrations of PVA-C 5%,

2FTC and PVA-C 15%, 2FTC as shown in Figures 12, 13.

It can be hypothesized that (µ, α) values have a greater

dependency on thickness. As the thickness increases, both µ and

α increase.

2.3. E�ect of concentration

The freeze and thaw technique is a part of the stability testing

that determines whether any formulation will remain stable under

various conditions. The extracted Ogden parameters from the

inverse optimization algorithm are plotted against concentration

and freeze–thaw cycles are shown in Figures 14, 15.

This led us to conclude that there is a proportional relationship

between (µ, α) values and PVA-C concentration and freeze-thaw

cycles. With the increase in PVA-C concentration, (µ, α) values

increase. With the increase of the freeze–thaw cycle time (FTC), the

values of (µ, α) also increase.

2.4. Sensitivity analysis: Cylindrical
indentation

To overcome the stability problem, sensitivity analysis was

conducted by adding noise (±1% and ±2 %) to the solutions.

This noise modulation with the input data will enable us to

investigate whether there is any extraneous influence on material

and equipment. Fellay et al. [6, 13] considered this problem as

another minimization approach.
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FIGURE 11

Flowchart of the inverse optimization process to characterize the unknown tissue hyperelastic parameters Mooney–Rivlin parameters.

After determining optimal material parameters, the sensitivity

analysis of the solution was analyzed by adding noise (±1% and

±2%) to the iterative solutions. Based on Hadamard’s [9] article,

a solution to any inverse problem continuously depends on the

stability of the data [28]. The sensitivity of the solution indicates

that there was no external influence in the solution. This again

proved the uniqueness of the solution.

The objective of the study was to characterize the nonlinear

behavior of soft tissue phantom. The combination of the

inverse method in conjunction with the FE method enables

the identification of unknown material parameters. The LM

optimization algorithm was used to optimize material properties

by minimizing the sum of squared differences between the model-

predicted and experimentally measured load–displacement data,

which provided benchmarks for accurate Ogden parameters (µ,

α). The accuracy, effectiveness, and robustness of such procedures

were validated through FE-simulated data, which is cross-checked

by the LM optimization technique and finally, compared with

published results.

First, the simulated data were used as an input parameter for

the MATLAB optimization algorithm. The robust optimization

technique was performed as expected, which confirmed the

uniqueness of the solution. Second, the Ogden parameters were

plotted at various thicknesses. This proved that µ and α have

a significant effect on specimen thickness. Moreover, µ and α

were plotted against concentration and freeze–thaw cycles. The

simulated result confirmed the dependency of µ and α on

PVA concentration and freeze–thaw cycles. This means that the
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FIGURE 12

Graph of µ vs. various thicknesses for PVA-C 5%.

FIGURE 13

Graph of α vs. various thicknesses for PVA-C 5%.

value of µ and α increases with the increase in concentration

and freeze–thaw cycles with the little exception of PVA at

higher concentrations.

R-squared values for 5% and 15% PVA-C, 2FTC were obtained

through the parameter estimation techniques, and their fitness

coefficients were 0.99999 and 0.9998, respectively. This led us

to conclude that the optimization algorithm provided accurate

results in the determination of the Ogden parameter. Finally,

PVA-C 5% and PVA-C 15% have undergone a sensitivity test by

adding y ± 2% noise to the solution. No extraneous effect was

observed. Thus, supporting the uniqueness of the solution. This

robust technique will be proposed as a “gold standard” for future

biomedical research.

Finally, some perspectives and future works of this study have

been summarized in the Conclusion section.

FIGURE 14

Graph of µ vs. various PVA-C concentrations.

FIGURE 15

Graph of α vs. various PVA-C concentrations.

3. Conclusion

A numerical study was conducted to characterize the

nonlinear mechanical properties of PVA-C. A range of

PVA-C phantom data was analyzed in the numerical

study. The force–displacement data were recorded and

used in FEA studies for experimental data validations and

material characterizations.

1. The developed finite element model (FE) can be utilized to

determine the distribution of resulting stresses of linear and

nonlinear elastic thin-structuredmaterials for a given load. Since

this FE model incorporates an influence factor (IF), the stress
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distribution could be computed up to 36% (with IF = 1, and IF

= 0.637) more reliably.

2. Introduction of friction coefficient (�) in the developed

analytical model provides up to 23% difference in magnitude

of the functional parameter k used in different standard models

such as Zhang’s, Cao’s, and Hayes’ models. Thus, the proposed

analytical solution can potentially provide an improved

understanding of the indentation response of soft tissues.

3. The developed inverse algorithm is suitable to identify a

few biomechanical properties (e.g., Ogden and Mooney–

Rivlin parameters) for a new development of artificial

materials (e.g., scaffolding, tissue generation, and phantoms for

surgical training).

4. Overall, the finite element model, the analytical model,

and the inverse algorithm developed in this study would

provide an important tool in the design and characterization

of soft tissue materials. In future research, this technique

can be further explored to help develop patient-specific

artificial organs, which can replace the need for human

organ transplantations.
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