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This paper presents a composite fuzzy learning finite-time prescribed
performance control (PPC) approach for uncertain nonlinear systems with
dead-zone inputs. First, a finite-time performance function is constructed by
a quartic polynomial. Subsequently, with the help of an error transformation
function, the restriction problem of the tracking error performance is
transformed into a stability problem of an equivalent transformation system.
In order to ensure that all signals of the closed-loop system are bounded,
a finite-time PPC method combined with fuzzy logic systems (FLSs) is
proposed. Although the tracking error can be guaranteed to be limited
within a predefined range, the proposed finite-time PPC method only uses
instantaneous data, which cannot guarantee the accurate estimation of
unknown functions under the influence of dead-zone inputs. Therefore, based
on the persistent excitation (PE) condition, a predictive error is defined by using
online recorded data and instantaneous data, and a corresponding composite
learning finite-time PPC method with parameter updating the law, which can
not only achieve the control aim of the former method but also improve the
control effect, is designed. The simulation results verified that the composite
learning finite-time PPC method is more effective than the finite-time PPC
method without learning.

nonlinear system, performance function, partial persistent excitation, dead-zone
input, finite-time

1. Introduction

The traditional control methods, such as adaptive control [1-3], feedback control
[4-6], active control [7-9], impulsive control [10, 11], can ensure that the tracking error
converges to a residual set whose size is usually unknown. Although these controllers
can achieve satisfactory steady-state error performance, the transient error performance
(including settling time and maximum overshoot) cannot be guaranteed. Thus, many
researchers focused on the transient performance of control systems, and a lot of methods
were proposed, for example, in Bechlioulis and Rovithakis [12], Niu and Zhao [13], Li
and Tong [14], Yao and Tomizuka [15], and Zhi and Xu [16]. In order to ensure that the
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tracking error satisfies certain transient performance, a
prescribed performance control (PPC) method was proposed
by Bechlioulis and Rovithakis [12]. It is concluded that the
characteristic of the PPC method is that the tracking error is
limited within a small pre-defined range, and its convergence
rate is not less than a predefined constant. Thus, the PPC method
can ensure that the tracking error satisfies both steady-state
performance and transient performance. Some recent research
works on PPC can be referred to Kostarigka et al. [17], Zhang
et al. [18], Zhang and Cheng [19], Bu et al. [20], Xiang and Liu
[21], and Liu et al. [22]. Kostarigka et al. [17] designed a PPC
method for the flexible joint robot with unknown or possibly
variable elasticity in order to make the link position error meet
the pre-set performance index. In Zhang et al. [18] proposed
a PPC control strategy for a generic flexible air-breathing
hypersonic vehicle, which ensures that the velocity and altitude
tracking errors of the vehicle have ideal transient performance.
For non-strict feedback systems with unmeasurable states, an
observer-based neural adaptive prescribed performance control
approach [19] was proposed to achieve expected output tracking
performance. The PPC methods in Kostarigka et al. [17], Zhang
et al. [18], Xiang et al. [23], and Zhang and Cheng [19] can not
achieve the convergence of tracking error with sufficiently small
overshoot. To solve this problem, an improved PPC control
strategy combined with backstepping technology is proposed
by Bu et al. [20] to guarantee the convergence of tracking error
with small overshoot for uncertain nonlinear dynamic systems.
Using a similar PPC strategy, the transient performance of
tracking errors for uncertain systems with unknown control
gain signs was discussed by Xiang and Liu [21]. In order to
realize the finite-time control of tracking error, a finite-time
performance function and a corresponding finite-time PPC
method were proposed for strict-feedback nonlinear systems
by Liu et al. [22]. However, it should be pointed out that the
above PPC methods mainly focus on driving the tracking error
to meet certain transient performances, in addition, although
fuzzy logic systems (FLSs) or neural networks (NNs) are used to
approximate the nonlinear functions of the controlled system,
the approximation errors are not further discussed.

In practical control systems, using FLS or NN to deal
with system uncertainty has brought us great help. However,
if the parameter updating law of FLS or NN is designed
based on instantaneous data, it may not guarantee the accurate
estimation of the unknown function. To obtain an accurate
estimation of system uncertainty, a valid strategy is to define
a prediction error by using online recorded data together
with instantaneous data, and then design a composite learning
parameter updating law [24-32]. Based on a partial persistent
excitation (PE) condition, an NN composite learning control
scheme was proposed by Wang and Hill [24], which can
accurately approximate the unknown function. In Pan and
Yu [32], a composite learning robot control approach was
developed to achieve accurate parameter estimation under an
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interval excitation (IE) condition. To the best of our knowledge,
most of the composite learning control methods only consider
linear input, and the existing results are not valid for nonlinear
input, such as dead-zone and saturation. In addition, the
composite learning control method can achieve the steady-
state performance of the tracking error; however, whether it
can be combined with PPC technology to achieve transient
performance will become an interesting topic.

Inspired by the above discussion, a composite learning
finite-time PPC was proposed for an uncertain multi-input
(MIMO)
Compared with Xiang et al. [23], the highlights of this paper

multi-output nonlinear second-order system.
are presented as follows: 1) The proposed method in this paper
ensures that the tracking error is limited within the predefined
region at the settling time. 2) By using online recorded data and
instantaneous data, composite learning parameter updating laws
are designed. 3) The proposed control method overcomes the
influence of dead-zone inputs and realizes accurate estimation
of unknown functions.

The paper is arranged as follows. The control problem and
some preliminaries are presented in Section 2. The composite
learning finite-time PPC method is designed in Section 3. Some
simulation results are shown in Section 4. The conclusion is

provided in Section 5.

2. Preliminaries

2.1. System description

Consider a MIMO nonlinear second-order system whose
dynamics can be described as

& = FE.£,0)+T(u(), (1)

where £ = [£,&, .67 € R" is a state vector,
£ = [héy, &7 and E = [ELE, 80T
are the first derivative and the second derivative

of &, respectively. F(§,&,1) = [[1(£,€,1),,(§,€,1),
e fn(&‘,é‘,t)]T € R" is the nonlinear function vector;
u(t) = [ur(t),uz(t),--- ,un())T € R" is the control input
vector and T'(u(t) = [Ty (u1 (1), T2(ua(8)), -, Tulun()] €
R™ is the output of dead-zone function vector in the actuator,
which is described as

mit (ui(t) — b)), ifui(t) = by,
Ti(uit) = {0, if —b; < ui(t) < b,
mip(ui(t) + b;), if ui(t) < —b;,

@)

where m;; and mj; represent the right and the left slopes of the
dead-zone and are assumed to satisfy that m;; = mj; = m;. Z_J,'
and b; stand for the breakpoints of the dead-zone.

From Equation (2), the equivalent form of I' (u(t)) can be
expressed as

T(u(1)) = Mu(t) + Au(t), 3)
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where M = diag(my, ma,--- ,my), Au(t) =
[Aur(t), Aun(D), - -+, Aup(D)]T and Au;(t) is described as

—mibi,  if ui(t) > bj,
Aui(t) = | —miui(t), if —b; < ui(t) < b, @)
mib;, ifui(t) < —b;.
where £ is defined as & = [¢],6117 [§T,§:'T]T-

Substituting (Equations 3-1), the system (Equation 1) can be
rewritten as

§1=6
&, =F(&,t) + Mu(t),

where FE,1) = (A€ 0.LE D, fn& 0" = [1E:5,0 +
Aul(t))f2(§>g) t) + Auz(t), e )f?’l(€>§> t) + Aun(t)]T~
The following assumptions and lemmas are provided to

©)

facilitate control analysis.
Assumption 1. State vectors & and & are measurable.

Assumption 2. ﬁ-(é,t),i = is an unknown

continuous function.

1)2)...’;1

Remark 1. Assumptions 1 and 2 are common assumptions for
the second-order nonlinear system [8, 23].

Lemma 1. Assume that f(x) is a continuous function, which is
defined on a compact set Qy, then there exists an optimal FLS
(pT(x)G* satisfles

sup [f(x) — @l (x)0%| < &7,

XEQy

(6)

where 0% = [9*,9;, . ,0;’,‘1]T € R™ is the ideal weight vector,
m € N is the number of the fuzzy rules, €7 is the desired level, and
@(x) is a basis function vector, which can be expressed as

[91(%), 92(%), -+, om(2)]T

X)) =
p(x) - @)
> ¢ix)
J=1
lx—cill?\ . ‘ .
where j(x) = exp | ——————— | is a Gaussion function, ¢j =
bj b;
[cj1 ¢ - ,ij]T, and bj = [bj1,bj, - ,bjm]T are the center

vector and the width of ¢;j(x), respectively.

According to Lemma 1, the unknown function]_‘i(é ,t) can be
written as

o
FiE. = 0l @07 +e7.6), ®)

where <pJ;'(§) is the basis function vector and & (£) is the
1 1
estimation error satisfying ISJ;_ &) < e* is a positive
: ]

T

*
> €=
fi
constant. 8% can be defined as
i

. ~ .z T /E\A
67 =arg min { sup [fi6,0)—@ &Nzl (9)
f b-erm | cp. fi2 i
f € §eD;
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where éf is an adjustable parameter vector. In this paper,
go; (& )0 7 is applied to approximateﬁ(é J1).

Tig\g*x T (g\p* TiEvg* ... ol (gVp*x 1T
Let gl €07 = lo] €07, o @07, .0l ©02 ],

T(E\) - _ Tea- oI (£)\0- Tevg- 1T
‘PF(E)GF = [(oj_fl (§)0f1>¢f2(§)0f2>"' > ‘pf"@)efn] >
T(Evi. _ T Evi. oT(Ed ... o T(Ed. 1T
(013(5)01: = [‘Pfl(g)e 1>¢f2($)92> :‘an(s)ef”] >

ep(é) = [Sfl(é)’gfz(é)’” -, SJ;n(é)]T and ép = 0%‘ - éﬁ is the
estimated parameter error, where 0;"-: = [GET,G}EZT, e ,GET]T
and é}-; = [é}‘;,é};, cee ,éf‘n]T. Thus, the system (Equation 5)
can be modified as

§:1=‘§'2,_~ - i (10)
£, =0l €05 + 9l ()05 +ex(E) + Mu(h).
The tracking error e is defined as e = [e1, ez, - - en]T =

E1—EgandE; = [£4,.84,,- -, &4, ] T isareference signal vector,
where Sdi, édp and édi are continuous, recurrent, and available.

Definition 1. Pan and Yu [27] proposed that if the inequality
¢(r)¢T(r)dr > I holds for a bounded signal ¢(t), then it

t—14
is said that ¢(t) satisfies the PE condition, where i, T are positive

constants and I is an identity matrix.

Lemma 2. Pan and Yu [27] proposed that if x is recurrent, then
there exists a regression vector @(x) in Equation (7) such that the
PE condition is satisfied.

Remark 2. In Pan et al. [26, 31], Liu et al. [29], and Pan
and Yu [32], a PE condition criterion for (p}({;) in Equation
(8) is given, that is, by calculating the minimum singular

t - -
value of/ 95, (E)qofT(‘;‘)dr. If the minimum singular value of
t—tg 7! i

/:Td (p};i (é)(p%(g)dr is greater than zero, (pj;i (&) can be regarded
as satisfying the PE condition, i.e., there exists a positive constant
Wi such that -/tird (pfi (E)w%(é)dr > wil, and p; is only used for
the theoretical proof of the proposed control method in this paper.

Remark 3. In Wang and Yang [33], a recurrent trajectory is
described as periodic or period-like trajectory, that is, given a o-
neighborhood and a constant time T(0), the return time of the
recurrent trajectory to any point in the o-neighborhood will not
exceed T(o). If a recurrent trajectory & is given in advance and
|¢ — &| < o holds after a certain time, { can also be regarded as a
recurrent trajectory.

Lemma 3. (Boundedness of basis function). There exists a
positive constant \, which is independent of x, such that ¢(x) in
Equation (7) satisfies max{|| ¢(x)|, lex) ||} < .
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2.2. Prescribed performance

First, a finite-time performance function p(t, ®g, oo, Te) is
introduced as

I1;

_ Pi(t:%’o:%‘oo» Te)Pi(t>&i0»&ioo» TE) - Pi(t»%’o’ﬂioo: Te)Pi(t> 55i0>55ioo» TE) - ei(t)(Pi(t> &iO)&ioo) Te) - Pi(ﬂ%mgioo: Te))

10.3389/fams.2022.1041588

where r = diag(ry,72,- - -, 7n), I1 = [I11, T, - - -, 1], and

1
— 00 = 0i())(pi(t, @io, Ticos Te) — Pilts Xjgs Wiy Te))”

T

. (16)

Pit, @i, Xioos Te) — pilts jps Xjngs Te)

aut* + a3t + oat? 4+ oyt + g,
0<t<T,,
oo, t > Te,

P(t)(YO:aoo, TE) = (11)

where g and oo are the initial value and boundary value of
the performance function p(t, g, ¢too, Te), respectively. T is the
predefined experienced time of p(t, g, oo, Te) than that from
ap to aeo. To guarantee that p(f, g, oo, Te), p(t, 00, 0toos Te),
and p(t, a0, 00, Te) are continuous at + = T,, parameters
a1,02, 3, and oy are designed as

] = 4(0[00;0[0))
oy = 6(01()_20‘00)
7
_ o) (12)
o3 = Tg 5
oy = HEe
e

[61’623 DY en]T; assume
that each e; satisfies the following prescribed performance

boundary (PPB):

For the tracking error e =

(13)

Pi(tvgi@gioo’ Te) <€ < Pi(t’ &iox&ioo> TE)>

where p;(t, 0,0, %n0> Te) and p;(t, &g, Xioo, Te) are the lower
boundary and the upper boundary of e;, respectively. The
designed parameters o g, @;o0> @0, Qoo satisfy ;oo < ;g < @ig
and o, < doo < Q.

In this paper, a transformation variable z; is defined as

s =In (1205),

_ ei*Pi(ﬁgm’Qio@’Te)
Pi(t.Qi0,inosTe) —Pi(t,ejns@ing>Te) ©

Obviously, the following result holds:

(14)

where 0;(t)

Lemma 4. The boundedness of z; can guarantee that e; satisfies
the PPB (13).

Proof.  From  Equation (14), one obtains that
oi(t) = % . Since z; is bounded, which means
0 < oi(t) = 6 Pi{t ooy Te) < 1. Obviously,

Pit0iosico, Te) —pi(£:0jgsQjngsTe)
Pilt g Uines Te) < e < pi(t, &g, Xioo» Te). The proof

is completed.

z is defined as z = -,zn]T, the derivative of

[ZI: ZZ) T
z becomes

izr(Ez—éd-l—n), (15)
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Remark 4. If e; is limited within PPB (Equation 13), then 0 <
0i(t) < 1and 0 < 1 — gi(t) < 1, which implies that r; is
negative and bounded. For t > Te, one has pi(t, o, %jno> Te) =
Yoo pi(tagio’gioo’Te) =0 pi(t>&i_0’ @ico> Te) = Qjoo, and
b (t. G G - S Yio—®ig -

Pi(t, &io> Aioo> Te) = 0, then rj = (&ioo_ei)(eij"gm) and T1; = 0.

Obviously, there exists a minimum value r* = % such that
=100

Uico
ri > r* during t € [Te, 00).

z1 and z; are defined as z| = z, z) = z, the transformation
system is given as follows:

z1 =2z,
2 =rplE)0r +rol )0 + rep€) +rMu(r) —rky
+rIl+ A,

(17)
where I = [I1},T1y,---,I1,]T, A = #&, — &4 + M), and

r = diag(i1, 72, 7).

3. Composite learning control design

First, introduce a variable 0 = [0, 07, - - ,an]T as
o =2 +cz|, (18)
where ¢ = diag(cy,c2, - ,cn), ¢ is designed as positive

constant. From Equations (15) and (18), the time derivative of
o becomes

6 = T‘P;(g)é[: + rtp%:(é)ép + rep(€) + rMu(t)

- . (19)
—r€ 5+ rI1 + A + cz,

In order to make variable & and the estimated error 6 P
bounded, the following theorem shows the first main result of
this paper.

Theorem 1. For the MIMO nonlinear second-order system
(Equation 1) with Assumptions 1 and 2, if the controller u is
designed as

u=(rM)"! [—r<p11-;(§‘)ép + 'éd — 1M1 — A — cz; — Ko,
(20)
where K = diag(ky, ko, - - - , kn), ki is the positive parameter. And
the updating law éﬁ is chosen as

*Jz,, = n;:(riffifpji(é) - Vpéjzi), (21)
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where ng and yg are designed positive constants. All signals in
Equation (22) are bounded, and then e; satisfies PPB (Equation
13). Meanwhile, &1 and & are recurrent after T,.

Proof. Consider the following Lyapunov function

1/ 7 1:Ts
—|o a+—0‘0*),
2( g F7F

Substituting Equations (19)-(21) into V1, one gets

V= (22)

V, = —Ko'lo +0'Trep(§) +0o rqo};(é‘)GF

Z L6/ @;
= —Ko'lo —I—UTrsl-:(g) + i airitp%(é)éﬁ_
- Z e_f [np(rzaz¢f &) — )/F9 )]

(23)

noooSTA
=—Kolo +0o 781‘:(5) + > ype—zef
i=1 !

= —Kolo +o rsF(E) + yFOFO

By using Young’s inequality, one obtains

T
_ olo _
olrep®) < ——+| 7‘6‘1’:(5) 1%,
T V (24)
VPOPOPS - FGFGF—‘,- Il 0* ”2
Because r and & I—;(é ) are bounded, there exists an unknown
upper bound b}, such that || re F(é_‘ ) ||< bf,. Therefore,

Vi< —kolo — 78 Fe +R¥ (25)
where k = mln{k - 4} > 0,R}] = b2 + F I 0}; 2. The
following compact sets are defined as follows:

|Ri
Qo =0 |loll<\/= ¢
’ k
(26)
2R}
Q = ||9p|| ||‘9p|| = .
Y

Obviously, ifoe ¢ Qg orép ¢ Qé_, one has V1 < 0. Thus,o and
P

0 7 are semiglobally uniformly bounded. Notice thatz; = 2] =

1
0 — cz1, selecting Lyapunov function. Let V, = Elezl, one has

Va=2zl2 =zl - leczl

| /\

cmmz1 a + z 2ile 2 @7

A

—Cz1 Z] +
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where ¢ = ¢min — % > 0, cmin = min{c;}. The compact set is
1

defined as Q, = {z1 ’ Izl < /{% },if21 ¢ Q,, V2 < 0. S0,
Ci

z1 is bounded, and then
lz2 |l <llo Il + Il czy |l

R*
< \/:—F cmax || 21 || (28)

_\/;(ch/ag)

where cmax = max({c;}. According to Lemma 4, the boundedness
1

of z1 ensures that all tracking errors e; meet PPB (Equation 13),
which means that o, < & — &;; < Qo after T. Because &; is
recurrent, according to the description of recurrent trajectory in
Remark 3, we know that &; is also recurrent.

Form Equation (15), one gets £ — éd,- = %’ — I1j, and
according to Remark 4, one has r; > r*, I1; = 0 after Te. Thus

. — |Zl‘ HZ H _ R} max ) 1
I — Eail = 5 < 5 = /3 (1 + Cﬁ)?*,tz Te. (29)
It can be found that &; is limited within the ‘/ (1 + C‘\‘?") rl*

neighborhood of &; after T. Since &4; is recurrent, therefore, &;
is also recurrent. Therefore, we can conclude that £; and &, are
recurrent vector after time T,. [J

Remark 5. Notice that the parameter updating law (Equation
21) in Theorem 1 only uses instantaneous data, which may not
estimate the unknown function F(E, 1) accurately. Therefore, we
need to use online recorded data and instantaneous data to design
composite learning parameter updating law.

t _ -
Define G;(t) = / (pJ;_(E)tpr(E)dn t > 14+ T,. Notice
t—1y ! f’

that £ = [£7,61]7
Lemma 2 and Remark 2, if the selected fuzzy basis function

is recurrent vector after Te, according to

0 ) in Equation (8) satisfles that the minimum singular value
ofl Gi(t) is greater than zero, it means that G;(t) satisfies the
PE condition, i.e. there exists a positive constant p; such that
Gi(t) = il

From Equation (5), one gets

miu,-(t). (30)

.fl(é) t) = Sl -
Multiplying (pj;i () to both sides of Equation (30) and
integrating over [t — 7, t], one has
t t
-(E)f(E = -(E L (E)0* + ¢ (£
[ op@nmar = /quoﬁ(s)«fﬁ €02 +¢; E)dr

= Gl(t)e}i

- f 0: B)(E — miui(2)dr.
t—14 fl

6

(31)
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Therefore, one obtains
~ t - .. -
Gi(t)07 = / (0}1,(&)(51‘ — mjui(t) — 8ﬁ.(§))df (32)
t—14

Because &; is not measurable, a second-order filter is used to

estimate é,':
wj] = op,
) . (33)
{ wp = —a2fwp + alwi — &))
with w1 (0) = £;(0) and w;»(0) = 0, where o denotes the natural

frequency and B stands for the damping factor. According to
Lemma 2 in Huand Zhang [34], £ and &; can be estimated by wi1
and wjy, respectively. Moreover, for any given positive constant
7j, there exist corresponding o and g so that |wj — &| <
7; holds.

Define a prediction error €;(t) as

€i(t) = Gi(8} + ee,(1), (34)
where &, (¢) is a lumped approximation error given by
t - . —
o= [ opon—Ereg@ur  (9)
t—1y

From Equations (32) and (35), €;(t) can be computed by

t
@01 = [ op@on—muondr. (0

t

Obviously, [[e¢; (1)l < /—rd ||<0f($)|| (loiz — &l + Ief(é')l)df

< ¥(m; + €)1, by using Lemma 3 and Lemma 2 in Hu and
1

Zhang [34]. Therefore, we modify the updating law (Equation
21) as follows

-

where yl-; is a designed positive constant.

UP(TiUi‘Pﬁ_(é) - )/péfi), t<ty+ T

_ 37
Wi ®) + yaO), 12 g+ T O

The following theorem shows the second main result of
this paper.

Theorem 2. For the MIMO nonlinear second-order system
(Equation 1) with assumptions 1 and 2, if the selected based
function 7 (&) in Equation (8) satisfies Gi(t) > I after Te + 74,
then, the controller (Equation 20) and the composite learning
law (Equation 37) guarantee that each tacking error e; satisfies
PPB (Equation 13) at t € [0,00) and él:“ converges to a small
neighborhood of zero during t € [T, + 14, 00).

Proof. Theorem 1 has proved that e; satisfies PPB (Equation
13)att € [0, T, + t4] and é,» = [EiT,éiT]T is recurrent after
Te. If the selected based function ¢ ) in Equation (8) satisfies

1
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Gi(t) > pil after Te + 74, then we just need to prove the stability
ofo andél-; att € [Te + 74, 00).
Consider the following Lyapuonv function

1 1 -7~
V3 = 7<O‘TO' + f0p0;;>, t>Te+ 14 (38)
2 N

Substituting Equations (19), (20), and (37) into V3, one gets

n

Z /of €i(t)

V3 = —Kolo + o*TreF(E

= Koo —|—aTrsF(§‘)
" 107 Gi(B: — 3 117 4y (1)
_iglypfi i )fi—i;)/f; ﬁsei( .

(39)

Substituting G;(t) > u;l, t € [T, + 7,4,00) to V3, one has
V3 < —KoTlo +0Tr£P(§)

n n
~T~ ~T
= wivgb50;7, — ) V07 eei(t)
i=1 i=1

/
AL (40)
= —KoTo +oTreq(E) - TFoI—fop
"ORiVE e 2.
Fpl E:
- 616 + 6t 0, (1)),

where i = min{u;}. Applying Young’s inequality, one gets
1

" WiV ri 2T N
—Z 10767 + - Opeald] =) —+ e
5 i=1 1
Yily (i + &)1yl
- Z #
(41)

Substituting the first inequality of Equations (24) and (41)
into Equation (40) shows that

V3 < —koTo — "igl5; 4 v, (42)
where k = min{ki — %} > 0,Ry = b*2 Xn: M
Letk = m1n{2k L } From Equation (42), it yields
V3 < —k V3 + Rj. (43)
Solving the inequality (Equation 43) leads to
V3(H) < V3(Te + 1)e ™t + 22, Ve e [T, + 1400),  (44)

which means o and g tendto \/g — neighborhood of zero that
can be arbitrarily diminished by properly designed parameters
ki, ng, and y[é are chosen. Since o is bounded, similar to the
derivation of Theorem 1, we can conclude that e; is limited

within [e,, @co].
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Remark 6. Theorem 1 shows a finite-time PPC method without
learning. The parameter adaptive law uses instantaneous data,
which does not guarantee the accurate estimation of the unknown
function (see Figures 2A-D in Section 4). Theorem 2 improves
the parameter adaptive law by using online recorded data
and instantaneous data after the preset time T,. Figures 4A-C
in Section 4 show the control effect. Obviously, the unknown
functions are not affected by the dead-zone inputs and are
accurately estimated.

4. Example

In this section, an inverted double pendulum system [35]
(shown in Figure 1) was studied to illustrate the different control
effectiveness of the proposed two methods. The dynamic model
of the inverted double pendulum system (IBPS) was expressed as

01 = f1(61,601,02,02,1) + T1(cur (1)),

. . . (45)
6 = £2(01,61,62,62, 1) + Ta(sus(t)),

where 0; and 6; were the angles and angular velocities of
the inverted double pendulum. f (01,61, 62,62,1) = x0; +
h(t)(—a ()01 +a(t)0r—81+82)+d1 (01,61), (61,061,602, 02, 1) =
x02 + h(t)(—a ()02 + a()01 — 81 + 82) + da(62,62), x = %,

om = e () = KeO=D g (9, 6,) = — 262 sin(ey),

TR Myom 2 M
and dy(05,6,) = —::—Z@zz sin(#,) were external disturbances for
the IBPS (Equation 45), and control coeflicient ¢ = m The

parameter values of the IBPS were selected as m,; = m;, = 50,
L = 2g = 2k = 2] = 2,8 = sin(2t), 5 = sin(3t) + L.
Let&; = [091,6’2]T,§2 = [él,éz]T, the reference signal £; =

10.3389/fams.2022.1041588

(Ea1.6n)T 641 = —Egp = &g lsin(t) + 0.3sin(31)]. The initial
angles and angular velocities were set as §1(0) = [0.8, — 0.8]7
and £,(0) = [0, 0]T. The control parameters were chosen as
mp = my = 5,?)1 = l_Jz =3,k =ky =10,and¢; = ¢ = 5.
Let fi(E,1) = f1(61,61,02,602,1) + Ar(sui(t)) and fr(€,1) =
f2(61,61,62,62,) + Ax(sup(t)) and & = [61,61,62,6,]T. The
fuzzy membership functions were defined as

E—-£)TE &)

where §j = [-2+j,—2+j—2+j,—2+j1T, j = 1,2,and
3. The initial values of 0f1 (t) and sz(t) were designed as zero,
parameters 7z, ¥g, and yl-’: in Equations (21) and (37) were set
as np = 10, yp = 0.01, and Vp/ = 6. The parameters & and 8
in Equation (33) were designed as @ = 100 and 8 = 0.7. The
tracking errors were defined ase; = 61 — &,y and ey = 0, — &1,
and the following prescribed performance boundary conditions

were chosen:

p1(t,0.4,—0.05,T,) < e] < py(t,1.2,0.05, Te),
pa(t,—1.2,—-0.05,T,) < ez < pa(t,—0.4,0.05, T¢),

(47)

where T, = 5. The method in Theorem 1 was denoted as the
TPPC method (Equation 20) without learning. Based on the
above designed parameters and initial values, the simulation
results of the IBPS by using the TPPC method (Equation 20)
without learning are shown in Figures 2A-D.

Figure 2A shows that tracking errors e; and e, are limited
within PPBs (Equation 47). However, it was found that gojglw & )é}_ﬁ

and ij (E)éjz appeared as some large jumps after 10 s in
2
Figure 2B, indicating that the parameter updating law (Equation

A

mg

(M) )

FIGURE 1
The inverted double pendulum system.
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FIGURE 2

(A) Tracking errors e1 and ey, (B) estimation of f; (€, t) and £2(£, t), (C) control inputs us and u,, and (D) states 61, 61, 6>, and 6, by using the time
prescribed performance control (TPPC) method (Equation 20) without learning.
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The minimum singular value Amin of Gt).

21) cannot ensure that the unknown functions fi(£,t) and
f2(E,t) are accurately estimated. From Figure 2C, one finds
that each jump of controllers u; and u, is consistent with
each fluctuation of (p-T (& )6~ and ol (& )é- , which indicates
foTh Lo Th
that the TPPC method (Equation 20) without learning cannot
overcome the influence of dead-zone inputs I'i(cu;) and
I'2(guy). Meanwhile, Figure 2D shows that states 61,61, 62,
and 6, are recurrent, which also confirms the conclusion
of Theorem 1.

Before using the method in Theorem 2, we need to verify
whether G(t) = /tt—rd <pg (£)<p1;.(§ )dt > ul is always true after
time T + 74. According to Remark 2, we only need to verify that
the minimum singular value of G(t) is greater than zero. The
method in Theorem 2 was denoted as the TPPC (Equation 20)
method with learning and let t; = 3 and

0,t < Ty+ 14
Amin{G()}, t > Ty + 74.

(48)

Amin =

Figure 3 shows that the selected fuzzy basic vector ¢z (£) satisfies
Amin{G(t)} > 0 for t > T, + 14, which means that there
is a constant u such that G(t) > uI holds. The simulation
results of the IBPS by using the TPPC method (Equation 20)
with learning are displayed in Figures 4A-C. By comparing
Figure 2A with Figure 4A, the tracking error control effect of
the TPPC method (Equation 20) with learning is obviously
better than that of the TPPC method (Equation 20) without
learning after Te 4 7;. By comparing the estimation effect of
unknown functions in Figures 2B, 4B, <p]-?; (& )9}71 and (pjf (& )9;;2
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do not show big fluctuation in Figure 4 by using the TPPC
method (Equation 20) with learning and unknown functions
fi (£,1) and fz(é ,1) are estimated accurately. Figure 4C shows
that controllers 1] and u were stable without large fluctuation
by the TPPC method (Equation 20) with learning. Through
the comparison of simulation results, the control effect of
the TPPC method (Equation 20) with learning was obviously
better than that of the TPPC method (Equation 20) without
learning, which also confirmed the theoretical analysis of

this paper.

5. Conclusion

In this paper, a composite learning finite-time PPC method
was proposed for uncertain nonlinear systems with dead-zone
inputs. A finite-time performance function and a transformation
function were introduced, which can ensure that the racking
error can be limited within a predefined region at a settling
time. Then, in order to improve the accurate estimation effect
of the unknown function, a prediction error was defined and a
corresponding composite learning parameter law was designed.
The simulation comparison of IBPS showed the superiority of
the control effect of the proposed composite learning finite-
time PPC method. Meanwhile, one can notice the limitation
of the proposed method in this paper is that all states must be
measurable. If some states are unmeasurable, the results of this
paper cannot be obtained. Therefore, it is necessary to further
study the problem of effective estimation of uncertainties based
on partially measurable states.
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