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Abstract: Freeform optics has certain characteristics such
as complex surfaces and more degrees to be controlled, so
that it is capable of achieving optical mapping relation-
ship, which cannot be achieved by the conventional opti-
cal surfaces. There is no applicable method for designing
all freeform optics in the optical field until now. The selec-
tion of design methods should be based on specific appli-
cations. The paper introduces the main optical freeform
design methods and their typical applications.
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1 Introduction

With the development of ultraprecision machining tech-
nology, it is possible to realize the machining of freeform
optics, which has been increasingly applied in various
areas such as the aviation and aerospace, bioengineering,
environment, and communication. Therefore, the devel-
opment of designing freeform optical surfaces has become
an important area in freeform optics.

Freeform optics is defined as any nonrotationally sym-
metric surfaces or microarray surfaces [1]. There are three
main ways to describe the freeform surfaces, i.e., NURBS [2],
XY polynomial [3], and radial basis function representation
[4-8]. As optical freefrom surfaces have more freedom than
traditional surfaces, there is no universal design method
until now; thus, specific methods are needed to be selected
based on the applications of the freeform surfaces.
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2 Available design methods

The available optical freeform design methods include
multiparameter optimization, Wassermann-Wolf differen-
tial equation, tailoring method, point-to-point mapping,
geometric and variational method, and simultaneous
multiple surface method. These methods are briefly intro-
duced below.

2.1 Multiparameter optimization

The multiparameter optimization method is an indirect
optical freeform surface design method, which needs
to establish an initial surface first. The parameters of
freeform surface are set to optimize the surface gradually
until the design requirements are met [9]. The optimiza-
tion time and final results are affected by the selection of
the initial surface. It usually has a long design period. This
method has been integrated in commercially available
optical design softwares.

2.2 Wassermann-Wolf differential equation

The imaging optical surfaces can be developed gradually
according to spherical, aspheric, higher-order aspheric,
anamorphic aspheric, and freeform surfaces, and the
optical systems are from symmetric to nonrotationally
symmetric systems. Currently, the imaging systems are
designed by optical optimization softwares, but the non-
rotationally symmetric systems are still needed to form
initial surfaces for optimization.

Wasserman-Wolf differential equation is the basis for
the design of imaging optical elements, especially that has
an important significance in conformal optical surfaces.

The Wassermann-Wolf differential equation was
derived by Wasserman and Wolfin 1949 and used to design
two aspheric surfaces for centered system, as shown in
Figure 1, basing on the Abbe sine condition to solve a first-
order differential equation, and the system could correct
axial stigmatism and sine condition [10]. In 1957, Vaskas
provided a method to extend the Wassermann-Wolf
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Figure1 Layout of a typical system [10].

method to a more general situation, in which the two sur-
faces can be separated by a number of known surfaces
[11]. In 2002, Knapp in his doctoral dissertation provided a
new approach for the design of correctors for nonrotation-
ally symmetric optical systems, which was similar to that
of Wassermann-Wolf’s. They implemented it in a com-
mercial software macro called the Generalized Aspheric
Design Program (GAP) to validate the new equations [12].

From the above discussion, it can be seen that the cal-
culation of the Wassermann-Wolf method is for discrete
light and only can be used in 2D freeform optics design.
Although this method was proposed for imaging systems,
but because its calculation is for light, it also can be used
in non-imaging optics, which is noteworthy.

2.3 Tailoring method

Tailoring method is for illumination design, the shape of
the optical surface is obtained by solving a set of partial
nonlinear differential equations according to the relation-
ship among the incident light vector, the exit light vector,
and the normal vector, and simultaneously according to
the restrictions between the light source and the reference
surface irradiance distribution [13].

The tailoring method first appeared in 1993; Winston
and Ries designed the non-imaging reflector by the estab-
lishment of the function about the angle of incidence and
target surface illumination distribution [14]. The edge-ray
principle is an important theory in tailoring method. In
1994, Davies tested and verified the edge-ray principle by
geometrical optics. In the same year, Ries and Rabl veri-
fied the edgy ray principle in phase space, which estab-
lished a foundation for the tailoring method [15]. In 1993,
Ries and Winston determined the reflector profile by

numerically solving a differential equation. Beyond the
angular region in which the power distribution could be
strictly controlled, the power dropped to zero in a finite
decay range, and this decay range became narrower as the
reflector increases in size [16]. In 1994, Rabl and Gordon
obtained a solution for extended sources by establish-
ing differntial equation, instead of the point source [17].
In 1996, Jenkins and Winston used a new integral design
method based on the edge-ray principle of non-imaging
optics, which gave much more compact reflector shapes
by eliminating the need of a gap between the source and
the reflector profile [18]. In 1996, Ong based his study on
the study of Rabl to design tailoring lighting reflectors by
partial differential equations for an extended Lamber-
tian source. He defined the method as tailored edge-ray
designs (TEDs), and divided it into four topologically dis-
tinct classes of such reflectors. The source was a tubular
light source [19].

In 2002, Ries and Muschaweck used freeform ele-
ments to attain a desired irradiance distrbution by using
the tailoring method, as shown in Figure 2 [13].

In 2003, Timinger and Ries et al. used the tailoring
method to attain a rectangle distribution, which was used
on street lighting, office lighting, and so on, and the uni-
formity is as good as expected [20]. In 2008, Ding et al.
used this approach on LED lighting to achieve uniformity
of LED lighting, and the uniformity is up to 90% [21].

However, the exact solution of nonlinear partial differ-
ential equation is a problem, which usually used Runge-
Kutta to get approximate solution. Subsequently, Oliker
proposed geometric and variational method [22-24].

A non-isotropic point source is positioned at the
origin of a Cartesian coordinate system O in R? and emits
rays in a set of directions defined by the aperture Q given
as a closed set on a unit sphere S centered at O. I(m) is
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Figure 2 Sketch of the setting and irradiance distribution [13].

the intensity of this source in the direction (me Q). The
light ray that emits from the source O in the direction m is
perfectly reflected by the surface R at point r(m), and the
reflection ray is in the direction y(m) [22]. Thus, the surface
R defines a map y: m—y. This freeform design problem is
solved using the variational method [25, 26].

The geometrical optics is combined with calculus of
variations, which could solve the beam-shaping problem
of the known illumination distribution of target surface
and complete the one-reflector or two-reflector design.
Variational method is about solving the extremum
problem and makes the boundary to be discrete under
geometrical optics to obtain a linear solution. Oliker
found a set of optimal solutions according to the Monge-
Kantorovich quality problems [25, 26].

Figure 3 is a design example of two reflectors using
this method. B, is the incoming beam, and B, is the output
beam, which consists of parallel light rays propagating
in the same dirction as B,. The rays in B, are reflected by

Reflector 1

Figure 3 Design of two-reflector optical systems [25].

Horizontal position [relative units]

reflector R and then intercepted by reflector R, and at last
reach the target suface (z=d) [25].

The approach is based on a rigorous mathematical
theory and does not assume rotational or other symmetry
of the data. There is restriction of input or output aper-
tures and intensities [22].

From the above discussion, it can be seen that the
calculation of the tailoring method is based on energy
and can be used in 3D freeform optics design. As the
non-imaging optics is concerned with energy collection
rate, the method has important applications in non-
imaging optics. But the solving process of the method is
very complex, and the calculation for extended source is
approximate, and the method cannot be used to complete
more than two freeform surface designs.

2.4 Mapping method

Mapping method is based on the principle of energy con-
servation to establish the equation between the lighting
energy emitted by the source and the lighting energy
obtained by the target to get the point-to-point mapping.
Then, this mapping is used to abtain the coordinates and
the normal vector of the points on freeform surfaces by
iterative solution, finally getting the shape of the lens
surface.

Figure 4 is the schematic diagram of the mapping
method. The source S is located at the origin of an orthog-
onal coordinate system; the points on the target plane
T for the illumination can be expressed as t(x, y, z). The
freeform lens p is located in a spherical coordinate system,
that is, (6, ¢, p(0, ¢)), and the normal vector at points p of
the lens is N, I is the vector of the incident light at point p.
Figure 4B is the topological mapping from source to target
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Figure 4 (A) The relationships between the vectors in refraction. (B) The topological mapping from source to target plane [21].
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Figure5 The two girds [27].

plane, which means lights of equal ¢ would be refracted
to the same edge of the rectangle [21].

In 1998, Parkyn proposed the mapping method to
design lenses for general illumination tasks. The crux of
the method was the specification of the illumination task
by a grid on the unit sphere of directions and used extrin-
sic differential geometry (EDGE) to obtain the normal
vectors of the lens to generate a smooth surface. One of
grid had cells, which varied in a solid angle such that each
encompassed the same luminous flux; the other grid had
the same topology, and the number of cells was formed
according to the intensity distribution of the source, as
shown in the Figure 5 [27].

In 2006, Parkyn and Pelka based their study on the
research of Parkyn to apply a new pseudo-rectangular
spherical grid to establish a correspondence between the
source grid cells and the rectangular cells of a target grid.
He obtained the central spines by a linear integration,
after that, obtaining the adjacent rows successively in a
lawnmower fashion as shown in Figure 6 [28].

In 2010, Fournier proposed a freeform reflector design
method based on the mapping of equi-flux grids between
a point source and a target, and the maps satisfied inte-
grability condition. The generated reflectors can produce
continuous illuminance distributions [29, 30].

In addition, it can also be combined with other design
methods, such as combining with the Monte Carlo ray
tracing. A LED package was developed to ensure high-
performance LED lighting [31]. Combining with optimiza-
tion calculation, in 2007, a gradient method was proposed
to design freeform for forming a specified irradiance on
a curved surface, basing on eikonal polynomial to mini-
mize the error functional that represents the difference of
the calculated and specified irradiance gradiently [32]. A
feedback modification method was introduced based on
variable separation mapping in design of freeform optical
system with uniform illuminance for LED source. The
size of LED source was taken into account, and a smooth
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Figure 6 Rectangular grid on shere has uneven coverage (left) vs.
pseudo-rectangular grid (right) with polar coverage [28].
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Figure 7 (A) Cartesian oval transforms one input congruence into another output congruence and (B) the SMS method provides two sur-

faces transformimg two input congruences into output ones [35].

freeform lens with rectangular illuminance distribution is
designed. The illuminance uniformity is improved from
18.75% to 81.08% after optimization [33].

The mapping method is based on energy and light,
and this method is easy to combine with other methods.
However, this method can only be used to calculate one
freeform surface. The calculation for extended light source
is only approximate.

2.5 Simultaneous multiple surface method

Simultaneous multiple surface (SMS) method was proposed
in 1990, which began from the 2D non-imaging optical
design. It is an important breakthrough in freeform optics
design. The abbreviation SMS comes from the fact that it
enables the simultaneous design of multiple optical sur-
faces. The original idea came from Minano. The first gener-
alization to 3D geometry came from Benitez. Thus, SMS also
is called as the Minano-Benitez design method [34].

SMS is compact, efficient, and simple [35] with a prin-
ciple of ‘bundle-coupling’ and ‘prescribed-irradiance’.
‘Bundle-coupling’ means that input and output bundles
are coupled, i.e., any incidence ray entering into the optic
device is the exit rays. ‘Prescribed-irradiance’ means
one bundle must be included in the other [35], i.e., SMS
couples two input wavefronts into two output wavefronts,
as shown in Figure 7. The SMS 3D method is a procedure for
designing two optical surfaces such that two given normal
congruencies, W, W,, are transformed into another two
given normal congruencies, W and W ,. The computing
of SMS resorts to chain and ribs as shown in Figure 8 [35].

The 3D SMS is at present the most powerful direct
design method for illumination devices using extended
sources [36].

Compared with other methods, SMS is based on the
edge principle and the Fermat theorem of light. SMS is
not only capable of calculating the point source but also
calculating the extended light source. SMS can be used
to take the size and angle of the source into calculations.

Figure 8 SMS chain and ribs [35].
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Figure 9 Surface profile of the TIR-R concentrator [37].

SMS is also capable of designing at least two free surfaces
once.

SMS can be used in imaging and non-imaging optics.
Since 1990, Light Prescriptions Innovators Europe (LPI,
Altadena, USA) has designed a variety of concentrators
used in CPV, including R(refractive)R [37], X(reflective)R
[37], RX [38], RXI [total internal reflection (TIR)] concen-
trator [38], TIR-R concentrator [37, 39], and so on. Taking
the TIR-R concentrator, for example, as shown in Figure
9, it has two parts: the primary surface is TIR surface as a
microstructure with infinitesimal flat facets, and the sec-
ondary surface is refractive surface. The aim of this design
is to avoid the metalized surfaces, which cause reflection
losses and are difficult to manufacture, and to optimize
the position of the emitter/receiver for the encapsulation,
electrical connection, and heat sink. A concentrator with a
magnification of 1256 has a theoretical efficiency of 100%
(without optical losses) with an acceptance angle of +1.7°
and aspect ratio of 0.34 [37, 39]. Figure 10 shows another
3D freeform device designed by SMS for CPV applications.
The concentration is 1000. Its tolerance angle is +1.5°, and
overall efficiency (solar to electric energy) is above 27%
[36]. 1t is believed that the optical freeform technology
would be used in nontracking solar concentrator systems
to achieve greater economic benefits.

f

Free-form lens Free-form mirror

Figure 10 Freeform XR photovoltaic applications [36].

LPI also used 3D SMS to design illumination opti-
cals elements. Figure 11 shows a freeform device (RXI)
for a LED, which can perfectly control the bundle of rays
issuing from the LED chip corners [36]. Figure 12 shows
an example of an RXI with Kohler integration for automo-
tive applications. This strategy allows obtaining intensity
patterns quite insensitive to the source (LED) positioning
errors and can be used to get uniform illumination on
the cell of photovoltaic concentrators for any incidence
angle [36]. In addition, LPI used freeform condenser,
which designed to overcome the limitations inherent to
conventional condensers. The power sent by the freeform

Figure 12 A freeform Kohler integrator RXI for illumination [36].
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Figure 13 Ultrawide-angle projection mirror with conventional slide projector [41].

condenser is 1.8 times of that by an equivalent elliptical
condenser for a 4:1 target aspect ratio and 1.5 times for 16:9
target and for practical values of target etendue [40].

LPI used SMS to design imaging devices. Figure 13
is an example of an SMS imaging device, which is a new
video projection optics system. It has short throw dis-
tance, high compactness, and wide angle projection [41].

The SMS method is based on light so that the freeform
optics for imaging optical system can be realized by dis-
cretization of the light. Multiple surface designs can be
achieved simultaneously, and also, the extended source
can be calculated accurately. The calculation of the SMS
method is relatively simple and easy to realize. It can be
said that the SMS method is one of the most promising
freeform design methods.

3 Conclusions

Freeform optics is a new generation of optics, having
more controllable freedom degrees. The freeform optics of
imaging system can be employed to simplify the system
structure, correct the distortion of large field-of-view, and
make the system structure more innovative. The freeform
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