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Abstract: SMS 3D (simultaneous multiple surfaces in their 
three-dimensional version) is a well-known design method 
comprising two freeform surfaces that allow the perfect cou-
pling of two wavefronts with another two. The design algo-
rithm provides a collection of line pairs on both surfaces 
(called SMS spines), whose three-dimensional shape seems 
arbitrary at first sight. This paper shows that the shapes of 
the spines are partially governed by applying the étendue 
conservation theorem to the biparametric bundle of rays 
linking the paired spines, which is one lesser known éten-
due invariants found by Poincaré. The resulting formulae for 
the spines in three-dimensional space happen to coincide 
with the conventional étendue formulas of two-dimensional 
geometry, like for instance, the Hottel formula.
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1  Introduction
Rotationally symmetric optics cannot satisfactorily solve 
some non-symmetric design problems in illumination. 
Typical examples of these cases are automotive low-beam 
headlights solar concentrators and street lights. In these 
cases, sources and targets usually have very asymmetric 
requirements. A rotational symmetric optical device can 
partially solve the problem, particularly if we relax condi-
tions on the efficiency of light transfer and on the number 
of elements that make up the optical system.

Freeform surfaces provide additional degrees of 
freedom which may be used to solve asymmetric problems 
more satisfactorily, with higher efficiency or a fewer ele-
ments at the expense of tooling freeform surfaces, which 
are more difficult than rotational or linear symmetric 
ones. However, this extra cost is rapidly paid back through 
mass production in most cases.

Design procedures for freeform optical devices have 
not evolved as fast as tooling [1, 2]. Essentially, there are 
two strategies for optical design methods: numerical opti-
mization [3–6] and direct methods.

A direct method is a mathematical procedure which 
delivers the optical surface equations without iterations 
when the optical prescription is given, as opposed to 
optimization, in which a sequence of optical surfaces is 
obtained in iterations.

There are basically three direct design methods for 
freeform surfaces in nonimaging optics: Monge-Ampere 
type partial differential equations [7–9], generalized Car-
tesian ovals, and the simultaneous multiple surfaces 
in their three-dimensional version (SMS 3D) [10]. The 
Monge-Ampere equations and Cartesian ovals solve their 
design problems exactly only for point sources, whereas 
SMS deals with the extended ones. Significant progress is 
being made in the Monge-Ampere case to generalize it to 
an extended source, using iterative compensation algo-
rithms [11].

A generalized Cartesian oval is an optical surface 
which makes the optical path length between two pre-
scribed wavefronts constant. The optical prescription is 
given by these two wavefronts. Descartes was the first to 
design using this procedure but restricted it to spherical 
wavefronts. The resulting surfaces are called Cartesian 
ovals (they are named after him) are not freeform (strictly 
speaking) but aspherics [12, 13]. When the optical surface 
is a reflector, the Cartesian ovals obtained from spheri-
cal wavefronts are quadrics. Levi-Civitta generalized the 
problem to non-spherical wavefronts. In this case, the 
resulting optical surfaces are, in general, freeform [14].

The SMS 3D design method can be seen as one step 
ahead of the Cartesian oval problem [15]. To design an 
optical system that perfectly couples two input wavefronts 
into two output wavefronts, it turns out that two freeform 
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surfaces are in general sufficient for the optical system to 
solve the problem. The optical prescription is given by the 
sets of input and output wavefronts. The resulting optical 
surfaces have no analytical expression and must be cal-
culated simultaneously point by point. The coupling of a 
greater number of wavefronts even with only two surfaces 
is also possible when the rays of the design wavefronts 
cross only a fraction of the surfaces [16].

In this paper, we will focus on some new aspects of 
the SMS 3D method related to the étendue conservation of 
two-dimensional (2D) ray bundles inherent in the design 
process. One of the interesting aspects of the SMS freeforms 
is that they can be not only designed for nonimaging appli-
cations but also for imaging applications [17]. However, the 
imaging SMS is outside of the scope of this paper.

2  The SMS 3D design method
Let us consider an asymmetric mirror lens concentrator, 
known as XR in the SMS nomenclature, shown in Figure 1  
as an example of SMS design in which the two surfaces 
are a mirror and a single-sided lens. Such a device has 
been applied for both photovoltaic applications [18] and 
(reversed) for automotive LED lighting [19]. Seen in the 
photovoltaic mode, the two input wavefronts that will 
be perfectly coupled with the SMS method are the plane 
wavefronts whose rays will be impinging on the mirror 
and are perpendicular to the red and blue directions of the 
direction cosine p-q plane, as detailed in Figure 1. These 
wavefronts will be coupled to the spherical wavefronts 
converging on the respective blue and red points on the 
edge of the solar cell in Figure 1, and these rays are called 
edge rays in the nonimaging optics nomenclature.

In the Cartesian oval problem, once the refractive 
indices are given, the boundary condition is just one point 
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Figure 1 XR SMS 3D freeform photovoltaic concentrator.
Figure 2 SMS seed ribs calculated in the plane of symmetry of the 
XR in Figure 1 using the green and pink wavefronts and rays.

on the surface. However, in the SMS 3D, the boundary 
condition is a full line in 3D space contained in one of the 
surfaces and the normal vectors to the surface along the 
line, and the length of the optical path between one of 
the wavefront pairs. This line is called a seed rib in SMS 
nomenclature, and can be selected to couple with another 
two wavefront pairs along it also using the SMS. In the case 
detailed in Figure 1, these wavefronts are also selected as 
those associated with the edge rays in the green and pink 
colors, and then the SMS lines are contained in the plane 
of the y-z symmetry and are shown in Figure 2. Any of 
these two lines can be used as the seed rib for the follow-
ing SMS 3D construction.

From each point of the seed rib, the SMS design 
method applied to the red and blue wavefronts provides 
a succession of isolated points on both surfaces, called 
an SMS chain. After a smooth interpolation between 
two adjacent points of an SMS chain, the SMS method 
can be applied to join the isolated points creating the 
SMS spines, which are rather transversal to the seed rib 
(Figure 3). Therefore, the procedure guarantees the perfect 
coupling of the blue and red wavefronts, whereas the pink 
and green wavefronts are only perfectly coupled along the 
seed rib in the symmetry plane.

3   Understanding the SMS freeform 
shapes

The shape of the freeform mirror in Figure 1 is not too 
far from an axisymmetric off-axis paraboloid, because 
the reflected rays are concentrated onto the rather small 
surface of the lens. However, it is interesting to take a 
detailed look at the very unusual shape of the freeform 
surface of the lens, as shown in Figure 4.

To understand the shape of the freeform lens, it is 
useful to consider first the comparison between the two 
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symmetric XR designs in 2D shown in Figure 5. Both designs 
have the same design parameters LE, LC and α, that is, both 
are designed to transfer perfectly the biparametric input 
bundle impinging on the mirror length LE with an angle 
with the vertical small or equal to α onto the cell of length 
LC. However, the two designs differ in the distances from the 
mirror to the lens (set by the selection of the optical path 
length between the input and output wavefronts). As a con-
sequence of this difference, as will be explained next, the 
lens on the more compact design is slightly concave near 
the vertex, whereas the less compact one is fully convex.

Let us look at the four profiles (two mirrors and two 
lenses) of the two designs in Figure 5 that can be param-
eterized using the same parameter. In the design on the 
left in Figure 5, consider two points A′ and A on the mirror 
and the lens, respectively, and their symmetric points B′ 
and B with respect to the symmetry axis (Figure 6). The 
mirror profile can be parameterized using the abscissa x 
of point A′ in Figure 6 as a parameter. Then, we can asso-
ciate each point A on the secondary with the point A′ on 
the primary so that the étendue of the fraction of the input 
bundle impinging on the mirror segment A′-B′ is equal to 
the étendue of the fraction output bundle that illuminates 
the receiver from the A-B line, that is:

 
2 ( 2 )( 2 sin ) 2( - )D

M

E dxdp x b aα= = =∫∫
 

(1)

Figure 3 Two perspective views of the SMS spines lying on the 
seed ribs calculated using the blue and red wavefronts and rays.

Freeform lens

Figure 4 Freeform lens surface of the XR.
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Figure 5 Two XR designs in 2D with the same entry and receiver 
sizes (LE and LC) and the same acceptance angles α but very differ-
ent separation between the mirror and the lens vertices.

The last equality is given by the well-known Hottel formula 
[20] for the étendue of the rays illuminating the receiver of 
length LC from the A-B line. This equality describes, for a 
given value of the x parameter, the equation of a hyper-
bola with foci at the edges of the receiver and passing 
through point A (drawn in blue in the insert in Figure 6). 
This hyperbola is a flow line of the exit bundle [21].

The dashed line joining A′ and A in Figure 6 indicates 
the point-to-point mapping given between the mirror and 
the lens by the equi-étendue condition Eq. (1). This gives the 
common parameterization of the two profiles of the design 
on the left in Figure 5. The dashed line does not coincide 
with a ray trajectory; however, it is not far from it: it does 
become a ray trajectory in the aplanatic limit [22], which 
is obtained when both α and LC tend towards zero, with  
LC/sinα  =  constant (this constant being the focal length 
of the aplanat). As a consequence, the slope of the lens at 
point A can be deduced approximately from Snell’s law 
with the dashed line as an input ray and the tangent to the 
hyperbola (which bisects the two edge rays through A [21]).

Considering now the same value x of the parameter for 
both designs in Figure 5, the common parameterization for 
the four profiles is then obtained. Figure 7 highlights the 
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Figure 6 Common parameterization of the mirror and lens in the 2D 
XR design.
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dashed lines associated with x = LE/8 for the two designs in 
Figure 5 in red. The two red dashed lines connect to the 
same blue hyperbola defined in Eq. (1) but at two differ-
ent points. Because the distance between the mirror and 
the lens is much larger in the design on the right, and 
both dashed red lines come from the same abscissa x at 
their respective mirrors, the red dashed line on the right is 
closer to the vertical than the one on the left. However, the 
slope of the tangent to the blue hyperbolas is very similar 
(both points are not far from the hyperbola asymptote). 
As a consequence, through the approximate application 
of Snell’s law for the red dashed line to the blue hyperbola 
deflection, it is deduced that the lens on the right is suf-
ficiently convex to produce such a deflection, whereas the 
one on the left is even slightly concave on axis to do so.

The shape of the SMS 3D lens in Figure 4 is intimately 
related to the aforementioned 2D reasoning. To deduce 
such a relationship formally, it is necessary to define a 
biparametric bundle associated with the SMS spines and 
use the proper étendue calculations in 3D space, which is 
done in the following sections.

3.1  Bundle of rays through spine pairs

From each point of the seed rib, using the blue and red 
wavefronts in Figure 1, the SMS 3D method builds paired 
SMS spines on the lens and on the mirror, as shown in 
Figure 3. Consider the bundle of rays M defined by those 
that, at each point on the mirror spine, pass through the 
lens spine between the two SMS edge rays (blue and red). 
That ray fan is shown in yellow for the central point of 
one mirror spine in Figure 8. That bundle M is bipara-
metric, because any ray is defined by the two points of 
intersection with the spines, and those are defined by 
one parameter on each line. That bundle contains the two 
one-para metric subsets of rays of the SMS constructions, 
drawn as red and blue rays in Figures 3 and 8.

Figure 7 The red dashed lines indicate the common parameteriza-
tion of the four surface profiles of the designs in Figure 5 for the 
parameter value x = LE/8.

For four-parametric ray bundles in 3D, the theorem of 
conservation of the étendue states that this is an invari-
ant of the ray bundle when it is propagated through 
an optical system. In differential form, it is given by 
dxdydpdq+dydzdqdr+dxdzdpdr. This étendue is one of 
Poincaré’s invariants, and this theorem is equivalent to 
Liouville’s theorem in three dimensions. There exists 
another lesser-known étendue in 3D that is defined for 
biparametric ray bundles in 3D (not necessarily coplanar). 
This 2D étendue is given by:

 
2 D

M M

E dxdp dydq dzdr d d= + + = ⋅∫∫ ∫∫ v r
 

(2)

This second invariant is another of Poincaré’s invariants 
and it is equivalent to Lagrange’s invariant. When the rays 
of the bundle are coplanar, it is also equivalent to Liou-
ville’s theorem in two dimensions, and it is just the first 
equality in Eq. (1).

We are interested in calculating Eq. (2) along a spine, 
so we will compute the interval [v1, v2] of integration in dv 
for each point r of the spine to obtain:

 2 2 1d ( - )DE d d= ⋅ = ⋅∫∫ ∫v r v v r
 

(3)

3.2   Common parameterization of the  
SMS spines

To find the common parameterization of the mirror and 
lens spines, equivalent to that expressed by Eq. (1) for the 

Figure 8 The yellow ray fan passes through the points on the lens 
spine in between the red and blue SMS edge rays.
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2D case, we will calculate the étendue E2D of the bundle 
defined in 3.1 for a segment of the spine symmetric with 
respect to the symmetry plane. We will perform the cal-
culation at both the input and output side, and equating 
both étendues will lead to the expression equivalent to 
Eq. (1).

Consider first the calculation of E2D at the input side 
along the mirror spine between points B′ and A′ (Figure 9). 
Because in this case the edge ray vectors v1 and v2 are con-
stant (independent of r), and 1 2

ˆ- 2sin ,α=v v x  we deduce:

 
2

ˆ( 2 sin ) ( 2 sin )( 2 )DE d xα α
′

′

= ⋅ =∫ x r
A

B  
(4)

where x is half the projected length of the mirror spine 
in the x-axis direction. Eq. (4) coincides exactly with the 
second equality in Eq. (2). Thus, we have found that it is 
a general formula, even though the mirror spine and the 
rays are not contained in a plane (which occurs in the 2D 
case).

Secondly, consider the calculation at the output side 
along the corresponding lens spine between points B and 
A (Figure 10). For this case, consider the eikonal functions 
[12] Ψ1 and Ψ2 associated with the spherical wavefronts 
converging to red and blue points, respectively. Then the 
edge ray vectors v1 and v2 (on the left of Figure 10) vary 
with r but can be computed as v1 = ∇Ψ1 and v2 = ∇Ψ2 [12]. 
Therefore, and
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where we have used the gradient theorem [23] and dimen-
sions a and b are those indicated on the right-hand side of 
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Figure 9 Calculation of the étendue of the biparametric bundle on 
the mirror spine segment A′-B′.

Figure 10 Calculation of the étendue of the biparametric bundle on 
the lens spine segment A-B.

Figure 10. As occurred at the input side, Eq. (4) coincides 
exactly with the third equality in Eq. (2). Thus, we have 
also found that the Hottel formula is a general formula, 
even though the lens spine and the rays are not contained 
in a plane.

3.3  Visualization

Because Eqs. (4) and (5) lead to exactly the same expres-
sion in Eq. (1), this allows the common parameterization 
of mirror and lens spine pairs with parameter x to be 
defined, as we did for the 2D case in section 2. Therefore, 
the qualitative conclusions on the convexity and concav-
ity of the 2D lens profiles in Figure 7 can also be extrapo-
lated to the 3D shapes of the spines.

Figure 11 highlights two of these pairs of spines, one 
pair in blue, close to the top rim of the mirror, and the 
other pair in red close to the bottom. The shape of the 
freeform lens in Figure 4 is then revealed: the lens is flatter 
close to the red spine than to its blue spine, because the 
distance between the red spines in the lens and the mirror 
is smaller than that of the blue spines.

Therefore, the étendue conservation has provided 
us with clues about how the spines evolve in a 3D space. 
However, this information is only partial. At the entry side 
only the projected length of the mirror spine on the x-axis 

dtop

dbottom

Figure 11 The lens is flatter close to the red spine than to its blue 
spine, because the distance between the red spines in the lens and 
the mirror is smaller than that of the blue spines (dbottom <  < dtop).
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is involved in Eq. (4), so the étendue does not give us any 
information as to how long the y or z projections of the 
mirror spine will be. By contrast, Eq. (4) only indicates 
that the points A and B lay on two hyperboloids (obtained 
through revolving that shown in Figure 6 around the 
x-axis), but no further clue as to how the 3D shape of the 
lens spine is obtained.

4  Conclusions
The shape of the spines calculated in the SMS 3D method 
is not as arbitrary as they seem at first sight, but are 
partially governed by étendue considerations. This is a 
consequence of the conservation of the étendue of the 
biparametric bundle linking the associated spine pairs, 
the bundle that contains the two one-parametric sets of 

SMS design rays passing through them. As a consequence, 
the shape of a highly freeform lens of an asymmetric XR 
design, whose curvature varies noticeably, can be qualita-
tively deduced a priori.
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